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Part I: Basic Model Options,
Technical Settings, and Output
Sections

1 Introduction to Part I (Basic Models)

Latent GOLD Choice is a program for the analysis of various types of pref-
erence data; that is, data containing (partial) information on respondents’
preferences concerning one or more sets of alternatives, objects, options, or
products. Such data can be obtained from different response formats, the
most important of which are:

e first choice out of a set of M alternatives, possibly including a none
option,

e paired comparison,
e full ranking of a set of M alternatives,
e partial ranking of a set of M alternatives,

e best and worst choices out of a set of M alternatives; also referred to
as maximum-difference scaling,

e binary rating of a single alternative (positive-negative, yes-no, like-
dislike),

e polytomous rating of a single alternative, e.g., on a 5-point scale,

e assigning a probability to a set of M alternatives; also referred to as
constant-sum data,

e distribution of a fixed number of points (votes, chips, dollars, etc.)
among a set of M alternatives; also referred to as an allocation format,

e pick any out of a set of M alternatives,

e pick k (a prespecified number) out of a set of M alternatives, which is
an example of what can be called a joint choice.



Latent GOLD Choice will accept each of these formats, including any com-
bination of these.

The purpose of a discrete choice analysis is to predict stated or revealed
preferences from characteristics of alternatives, choice situations, and respon-
dents. The regression model that is used for this purpose is the conditional
logit model developed by McFadden (1974). This is an extended multinomial
logit model that allows the inclusion of characteristics of the alternatives —
attributes such as price — as explanatory variables. Although the conditional
logit model was originally developed for analyzing first choices, each of the
other response formats can also be handled by adapting the basic model to
the format concerned. For example, a ranking task is treated as a sequence
of first choices, where the alternatives selected previously are eliminated; a
rating task is modelled by an adjacent-category ordinal logit model, which is
a special type of conditional logit model for ordinal outcome variables.

Latent GOLD Choice is not only a program for modeling choices or pref-
erences, but also a program for latent class (LC) analysis. A latent class or
finite mixture structure is used to capture preference heterogeneity in the
population of interested. More precisely, each latent class corresponds to a
population segment that differs with respect to the importance (or weight)
given to the attributes of the alternatives when expressing that segment’s
preferences. Such a discrete characterization of unobserved heterogeneity
is sometimes referred to as a nonparametric random-coefficients approach
(Aitkin, 1999; Laird, 1978; Vermunt, 1997; Vermunt and Van Dijk, 2001;
Vermunt and Magidson, 2003). Latent GOLD Choice implements a non-
parametric variant of the random-coefficient or mixed conditional logit model
(Andrews et al., 2002; Louviere et al., 2000; McFadden and Train, 2000). The
LC choice model can also be seen as a variant of the LC or mixture regression
model (Vermunt and Magidson, 2000; Wedel and DeSarbo, 1994, 2002).

Most studies will contain multiple observations or multiple replications
per respondent: e.g., respondents indicate their first choice for several sets
of products or provide ratings for various products. This introduces depen-
dence between observations. It is this dependence caused by the repeated
measures that makes it possible to obtain stable estimates of the class-specific
regression parameters.

A third aspect of the model implemented in Latent GOLD Choice is that
class membership can be predicted from individual characteristics (covari-
ates). In other words, one can not only identify latent classes, clusters, or
segments that differ with respect to their preferences, but it is also possi-
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ble to predict to which (unobserved) subgroup an individual belongs using
covariates. Such a profiling of the latent classes substantially increases the
practical usefulness of the results and improves out-of-study prediction of
choices (Magidson, Fagle, and Vermunt, 2003; Natter and Feurstein, 2002;
Vermunt and Magidson, 2002).

The next section describes the LC models implemented in Latent GOLD
Choice. Then, attention is paid to estimation procedures and the correspond-
ing technical options of the program. The output provided by the program
is described in the last section.

Several tutorials are available to get you up and running quickly. These
include:

e chcRESP.sav - a simulated choice experiment

- Tutorial 1: Using LG Choice to Estimate Discrete Choice Models
- Tutorial 2: Using LG Choice to Predict Future Choices

e brandABresp.sav - a simulated brand-price choice experiment

- Tutorial 3: Estimating Brand and Price Effects
- Tutorial 4: Using the 1-file Format

e bank45.sav & bank9-1-file.sav - real data from a bank segmentation
study

- Tutorial 5: Analyzing Ranking Data

- Tutorial 6: Using LG Choice to Estimate max-diff (best-worst)
and Other Partial Ranking Models

e conjoint.sav, ratingRSP.sav, ratingALT .sav, ratingSET.sav: simulated
data utilizing a 5-point ratings scale

- Tutorial 7: LC Segmentation with Ratings-based Conjoint Data
- Tutorial 7A: LC Segmentation with Ratings-based Conjoint Data

All of the above tutorials are available on our website at
http://www.statisticalinnovations.com/products/choice.html#tutorialslink
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2 The Latent Class Model for Choice Data

In order to be able to describe the models of interest, we first must clarify
some concepts and introduce some notation. The data file contains infor-
mation on [ cases or subjects, where a particular case is denoted by 7. For
each case, there are T; replications, and a particular replication is denoted
by t. Note that in the Latent GOLD Choice interface, the T} observations
belonging to the same case are linked by means of a common Case ID.

Let y;; denote the value of the dependent (or response) variable for case
1 at replication ¢, which can take on values 1 < m < M. In other words,
M is number of alternatives and m a particular alternative. Three types
of explanatory variables can be used in a LC choice model: attributes or
characteristics of alternatives (zfy ), predictors or characteristics of repli-
cations (zj, ), and covariates or characteristics of individuals (z{?"). Here,
the indices p, ¢, and r are used to refer to a particular attribute, predictor,
and covariate. The total number of attributes, predictors, and covariates is
denoted by P, (), and R, respectively. Below, we will sometimes use vector
notation y;, z;, and z{° to refer to all responses, all explanatory variables,
and all covariate values of case i, and z%* and z%, to refer to the attribute
and predictor values corresponding to replication t for case 7. Another vari-
able that plays an important role in the models discussed below is the latent
class variable denoted by x, which can take on values 1 < x < K. In other
words, the total number of latent classes is denoted by K.

Two other variables that may be used in the model specification are a
replication-specific scale factor s; and a replication-specific weight v;;. Their
default values are one, in which case they do not affect the model structure.

2.1 First Choices

We start with the description of the regression model for the simplest and
most general response format, first choice. For simplicity of exposition, we
assume that each replication or choice set has the same number of alterna-
tives. Later on it will be shown how to generalize the model to other formats,
including choice sets with unequal numbers of alternatives.

A conditional logit model is a regression model for the probability that

case 1 selects alternative m at replication ¢ given attribute values z%* and

pre att pre)

predictor values z,°. This probability is denoted by P(y; = m|z%*, z;
Attributes are characteristics of the alternatives; that is, alternative m will
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have different attribute values than alternative m’. Predictors on the other
hand, are characteristics of the replication or the person, and take on the
same value across alternatives. For the moment, we assume that attributes
and predictors are numeric variables. In the subsection “ Coding of Nominal
Variables”, we explain in detail how nominal explanatory variables are dealt
with by the program.

The conditional logit model for the response probabilities has the form

P(yit — m|zfttt, Zzptre) — MQXP(Um\zu) ;

/=1 XP (D |z,)

where 7,,),,, is the systematic component in the utility of alternative m for
case 4 at replication ¢. The term 7,5, is a linear function of an alternative-
specific constant 37", attribute effects 5;”, and predictor effects 57 (Mc-
Fadden, 1974). That is,

P Q

__ Qcon att _att pre . pre

77m\m - ﬁm + Z ﬁp Zitmp + Z mq Z’Ltq 9
p=1 q=1

where for identification purposes M _ pn = 0, and =M, Ty = 0 for
1 < ¢ <@, arestriction that is known as effect coding. It is also possible to
use dummy coding using either the first or last category as reference category
(see subsection 2.8). Note that the regression parameters corresponding to
the predictor effects contain a subscript m, indicating that their values are
alternative specific.

The inclusion of the alternative-specific constant 3" is optional, and
models will often not include predictor effects. Without alternative-specific

constants and without predictors, the linear model for 7,,,,, simplifies to

P

_ j : att _att
nm\zit - D Zitmp .
p=1

In a latent class or finite mixture variant of the conditional model, it is
assumed that individuals belong to different latent classes that differ with
respect to (some of) the 3 parameters appearing in the linear model for n
(Kamakura and Russell, 1989). In order to indicate that the choice proba-
bilities depend on class membership x, the logistic model is now of the form

" eXp(nm\:c 2i1)
P(yzt = m|x7zgtt7zf 6) = : : (1>
! ! Z%ﬂ eXp(nm/lx,zz‘t)
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Here, 12,2, is the systematic component in the utility of alternative m at
replication t given that case ¢ belongs to latent class x. The linear model for

77m|z,zit 1S
__ Qcon att att pre pre
nm\x,zlt - + Z ztmp Z mgq th (2)

As can be seen, the only dlfference with the aggregate model is that the logit
regression coefficients are allowed to be Class specific.

In the LC choice model, the probability density associated with the re-
sponses of case ¢ has the form

T;
(Yz |Z Z H yztlxa Z;‘lttty thred). (3)

Here, P(x) is the unconditional probability of belonging to Class z or, equiv-
alently, the size of latent class . Below, it will be shown that this probability
can be allowed to depend an individual’s covariate values z{°”, in which case
P(z) is replaced by P(z|z§).

As can be seen from the probability structure described in equation (3),
the T; repeated choices of case i are assumed to be independent of each
other given class membership. This is equivalent to the assumption of local
independence that is common in latent variable models, including in the
traditional latent class model (Bartholomew and Knott, 1999; Goodman,
1974a, 1974b; Magidson and Vermunt, 2004). Also in random-coefficients
models, it is common to assume responses to be independent conditional on
the value of the random coefficients.

2.2 Rankings and Other Situations with Impossible
Alternatives

In addition to models for (repeated) first choices, it is possible to specify
models for rankings. One difference between first-choice and ranking data is
that in the former there is a one-to-one correspondence between replications
and choice sets while this is no longer the case with ranking data. In a
ranking task, the number of replications generated by a choice sets equals the
number of choices that is provided. A full ranking of a choice set consisting
of five alternatives yields four replications; that is, the first, second, third,
and fourth choice. Thus, a set consisting of M alternatives, generates M — 1
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replications. This is also the manner in which the information appears in the
response data file. With partial rankings, such as first and second choice, the
number of replications per set will be smaller.

The LC model for ranking data implemented in Latent GOLD Choice
treats the ranking task as sequential choice process (Bockenholt, 2002; Croon,
1989; Kamakura et al., 1994). More precisely, each subsequent choice is
treated as if it were a first choice out of a set from which alternatives that
were already selected are eliminated. For example, if a person’s first choice
out of a set of 5 alternatives is alternative 2, the second choice is equivalent
to a (first) choice from the 4 remaining alternatives 1, 3, 4, and 5. Say that
the second choice is 4. The third choice will then be equivalent to a (first)
choice from alternatives 1, 3, and 5.

The only adaptation that is needed for rankings is that it should be
possible to have a different number of alternatives per set or, in our termi-
nology, that certain alternatives are “impossible”. More precisely, M is still
the (maximum) number of alternatives, but certain alternatives cannot be se-
lected in some replications. In order to express this, we need to generalize our
notation slightly. Let A;; denote the set of “possible” alternatives at replica-
tion ¢ for case i. Thus, if m € Ay, P(yy = m|x,z%, z1¢) is a function of the
unknown regression coefficients, and if m ¢ Ay, P(yy = m|z, 28" z°) = 0.
An easy way to accomplish this without changing the model structure is
by setting 7m(zz, = — oo for m ¢ A;. Since exp(—oo) = 0, the choice
probability appearing in equation (1) becomes:

exp(nm\x Zit)
P(yy = m|z, 2%, 20 = :
W =l 2 ) = e D)

if m e Ay and P(yy = m|z, 24", 2% °) = 0 if m ¢ A;. As can be seen, the
sum in the denominator is over the possible alternatives only.

When the dependent variable is specified to be a ranking variable, the
specification of those alternatives previously selected as impossible alterna-
tives is handled automatically by the program. The user can use a missing
value in the sets file to specify alternatives as impossible. This makes it pos-
sible to analyze choice sets with different numbers of alternatives per set, as
well as combinations of different choice formats. In the one-file data format,
choice sets need not have the same numbers of alternatives. In this case, the
program treats “unused” alternatives as “impossible” alternatives.
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2.3 Ratings

A third type of dependent variable that can be dealt with are preferences in
the form of ratings. Contrary to a first choice or ranking task, a rating task
concerns the evaluation of a single alternative instead of the comparison of
a set of alternatives. Attributes will, therefore, have the same value across
the categories of the response variable. Thus for rating data, it is no longer
necessary to make a distinction between attributes and predictors.

Another important difference with first choices and rankings is that rat-
ings outcome variables should be treated as ordinal instead of nominal. For
this reason, we use an adjacent-category ordinal logit model as the regression
model for ratings (Agresti, 2002; Goodman, 1979; Magidson, 1996). This is
a restricted multinomial /conditional logit model in which the category scores
for the dependent variable play an important role. Let y be the score for
category m. In most cases, this will be equally-spaced scores with mutual
distances of one —e.g., 1, 2,3, ... M,or0, 1,2, ... M —1—but it is also pos-
sible to use scores that are not equally spaced or non integers. Note that M
is no longer the number of alternatives in a set but the number of categories
of the response variable.

Using the same notation as above, the adjacent-category ordinal logit
model can be formulated as follows

P Q
Mmlazie = Bom + Y - (Z o Zip + O By ZZ’Z,@) :
p=1 q=1

The attribute and predictor effects are multiplied by the fixed category score
Yy, to obtain the systematic part of the “utility” of rating m . As can be
seen, there is no longer a fundamental difference between attributes and
predictors since attribute values and predictor effects no longer depend on
m. For ratings, 7,4, is defined by substituting y;, - z% in place of the
category-specific attribute values zfgﬁlp in equation (2), and the category-
specific predictor effects GI75  are replaced by ys - - The relationship
between the category-specific utilities 7,4, and the response probabilities
is the same as in the model for first choices (see equation 1).

As mentioned above, in most situations the category scores y, are equally
spaced with a mutual distance of one. In such cases, y;;, — y; _; = 1, and as

result

— att ., pre
1o Py = m|z, 25, 2} ") = T n ‘
— att _pre - m|x,z;e — 'Im—1|z,z2;
P(yit_m_”mazit ) Zijy )
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_ con __ pcon
- xm z(m—1)
p Q
att _att pre . pre
+ Z wp Fitp + Z wq “itq -
p=1 q=1

This equation clearly shows the underlying idea behind the adjacent-category
logit model. The logit in favor of rating m instead of m — 1 has the form

of a standard binary logit model, with an intercept equal to 359" — om—1)
and slopes equal to 4g, and (%¢. The constraint implied by the adjacent-

category ordinal logit model is that the slopes are the same for each pair
of adjacent categories. In other words, the attribute and predictor effects
are the same for the choice between ratings 2 and 1 and the choice between
ratings 5 and 4.

2.4 Replication Scale and Best-Worst Choices

A component of the LC choice model implemented in Latent GOLD Choice
that has not been introduced thus far is the replication-specific scale factor
sit. The scale factor allows the utilities to be scaled differently for certain
replications. Specifically, the scale factor enters into the conditional logit
model in the following manner:

eXp(Sit * Nz Zit)
P(yt = m|x tht zlc S't) = 7 '
i » fit 5 Tt 0 2t Z%':l eXp(Sit 'Um’lz,zit)

Thus, it is seen that while the scale factor is assumed to be constant across
alternatives within a replication, it can take on different values between repli-
cations. The form of the linear model for 7,,), ,,, is not influenced by the scale
factors and remains as described in equation (2). Thus, the scale factor al-
lows for a different scaling of the utilities across replications. The default
setting for the scale factor is s; = 1, in which case it cancels from the model
for the choice probabilities.

Two applications of this type of scale factor are of particular importance
in LC Choice modeling. The first is in the analysis of best-worst choices
or maximum-difference scales (Cohen, 2003). Similar to a partial ranking
task, the selection of the best and worst alternatives can be treated as a
sequential choice process. The selection of the best option is equivalent to a
first choice. The selection of the worst alternative is a (first) choice out of the
remaining alternatives, where the choice probabilities are negatively related
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to the utilities of these alternatives. By declaring the dependent variable to
be a ranking, the program automatically eliminates the best alternative from
the set available for the second choice. The fact that the second choice is
not the second best but the worst can be indicated by means of a replication
scale factor of -1, which will reverse the choice probabilities. More precisely,
for the worst choice,

exp(—1 - Nmz.z,, )
J2 Y = mlz tht Zpre Sir) = Zit
( it ’ P Tt lt) Em’eAz‘t eXp(_l ‘77m’|r,zit)

if me Ay and 0if m ¢ Ay.

The second noteworthy application of the scale factor occurs in the si-
multaneous analysis of stated and revealed preferences. Note that use of a
scale factor larger than 0 but smaller than 1 causes s;; - 1)z, to be shrunk
compared to 7|z, and as a result, the choice probabilities become more
similar across alternatives. A well-documented phenomenon is that stated
preferences collected via questionnaires yield more extreme choice probabil-
ities than revealed preferences (actual choices) even if these utilities are the
same (Louviere et al., 2000). A method to transform the utilities for these
two data types to the same scale is to use a somewhat smaller scale factor
for the revealed preferences than for the stated preferences. Assuming that
the scale factor for the stated preferences is 1.0, values between 0.5 and 1.0
could be tried out for the revealed preferences; for example,

a re €Xp 0.75 - 0, ©,2;
P(ylt = m‘x7 Zittt7 th 73”) = i ( U I t) )
Soo—1exp(0.75 Nyt i)

A limitation of the scale factor implemented in Latent GOLD Choice is
that it cannot vary across alternatives. However, a scale factor is nothing
more than a number by which the attributes (and predictors) are multiplied,
which is something that users can also do themselves when preparing the
data files for the analysis. More precisely, the numeric attributes of the
alternatives may be multiplied by the desired scale factor.

2.5 Replication Weight and Constant-sum Data

The replication weights v; modify the probability structure defined in equa-
tion (3) as follows:

K T;

Plyilz) = 3 P(2) [T [Plyule, zif", 25 )] ™

r=1 t=1
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The interpretation of a weight is that choice y;; is made v;; times.

One of the applications of the replication weight is in the analysis of
constant-sum or allocation data. Instead of choosing a single alternative
out of set, the choice task may be to attach a probability to each of the
alternatives. These probabilities serve as replication weights. Note that
with such a response format, the number of replications corresponding to a
choice set will be equal to the number of alternatives. A similar task is the
distribution of say 100 chips or coins among the alternatives, or a task with
the instruction to indicate how many out of 10 visits of a store one would
purchase each of several products presented.

Other applications of the replication weights include grouping and differ-
ential weighting of choices. Grouping may be relevant if the same choice sets
are offered several times to each observational unit. Differential weighting
may be desirable when analyzing ranking data. In this case, the first choice
may be given a larger weight in the estimation of the utilities than subse-
quent choices. It is even possible to ask respondents to provide weights — say
between 0 and 1 — to indicate how certain they are about their choices. In
the simultaneous analysis of stated and revealed preference data, it is quite
common that several stated preferences are combined with a single revealed
preference. In such a case, one may consider assigning a higher weight to
the single revealed preference replication to make sure that both preference
types have similar effects on the parameter estimates.

2.6 Other Choice/Preference Formats

In the previous sections, we showed how to deal with most of the response for-
mats mentioned in the introduction. To summarize, first choice is the basic
format, rankings are dealt with as sequences of first choices with impossi-
ble alternatives, ratings are modelled by an ordinal logit model, best-worst
choices can be treated as partial rankings with negative scale factors for the
second (worst) choice, and the analysis of constant-sum data involves the use
of replications weights.

A format that has not been discussed explicitly is paired comparisons
(Dillon and Kumar, 1994). Paired comparisons are, however, just first choices
out of sets consisting of two alternatives, and can therefore be analyzed in
the same way as first choices. Another format mentioned in the introduction
is binary rating. Such a binary outcome variable concerning the evaluation of
a single alternative (yes/no, like/dislike) can simply be treat as a rating. The
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most natural scoring of the categories would be to use score 1 for the positive
response and 0 for the negative response, which yields a standard binary logit
model. The pick any out of M format can be treated in the same manner
as binary ratings; that is, as a set of binary variables indicating whether the
various alternatives are picked or not.

Another format, called joint choices, occurs if a combination of two or
more outcome variables are modelled jointly. Suppose the task is to give the
two best alternatives out of a set of M, which is a pick 2 out of M format.
This can be seen as a single choice with M - (M — 1)/2 joint alternatives.
The attribute values of these joint alternatives are obtained by summing the
attribute values of the original pair of alternatives. Other examples of joint
choices are non-sequential models for rankings (Bockenholt, 2002; Croon,
1989) and best-worst choices (Cohen, 2003). For example, a pair of best and
worst choices can also be seen as a joint choice out of M - (M — 1) joint
alternatives. The attribute values of these joint alternatives are equal to the
attribute values of the best minus the attributes of the worst. What is clear
from these examples is that setting up a model for a joint choice can be quite
complicated.

Another example of a situation in which one has to set up a model for a
joint response variable is in capture-recapture studies (Agresti, 2002). For the
subjects that are captured at least ones, one has information on capture at
the various occasions. The total number of categories of the joint dependent
variable is 27 — 1, where T is the number of time point or replications.

Note that these examples of joint choice models all share the fact that
the number of possible joint alternatives is smaller than the product of the
number of alternatives of the separate choices. That is, in each case, certain
combinations of choices are impossible, and hence the model of interest can-
not be set up as a series of independent choices. Instead, these situations
should be specified as a single joint choice.

The last “choice format” we would like to mention is the combination of
different response formats. The most general model is the model for first
choices. Models for rankings and ratings are special cases that are obtained
by adapting the model for first choices to the response format concerned.
This is done internally (automatically) by the program. It is, however, also
possible to specify ranking or rating models as if they were models for first
choices. In the ranking case, this involves specifying additional choice sets
in which earlier selected alternatives are defined as “impossible”. A rating
model can be specified as a first choice model by defining the categories of
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att

the dependent variable as alternatives with attribute values zf;

* att
Ym * itp-

Given the fact that each of the response formats can be treated as a
first choice, it is possible to make any combination of the formats that were
discussed. Of course, setting up the right alternatives and sets files may
be quite complicated. An issue that should be taken into account when
using combinations of response formats is the scaling of the replications. For
example, it might be that the utilities should be scaled in a different manner
for ratings than for first choices.

equal to

2.7 Covariates

In addition to the explanatory variables that we called attributes and pre-
dictors, it is also possible to include another type of explanatory variable —
called covariates — in the LC model. While attributes and predictors enter
in the regression model for the choices, covariates are used to predict class
membership. In the context of LC analysis, covariates are sometimes referred
to as concomitant or external variables (Clogg, 1981; Dayton and McReady,
1988; Kamakura et al., 1994; Van der Heijden et al., 1996).

When covariates are included in the model, the probability structure
changes slightly compared to equation (3). It becomes

K T;

P(yilz;) = 3 P(alz®) [] Plyule, 25", 2). (4)

x=1 t=1

As can be seen, class membership of individual ¢ is now assumed to depend
on a set of covariates denoted by z{®. A multinomial logit is specified in

which class membership is regressed on covariates; that is,

exp(nx‘z.)
P(x|z;") = - :
( | ' ) Zf’:l exp(nx’\2¢)

with linear term n
Na|z; = Yoz T+ Z YraZgy - (5>

r=1
Here, 7y, denotes the intercept or constant corresponding to latent class x

and 7, is the effect of the rth covariate for Class x. Similarly to the model
for the choices, for identification, we either set Zle Yre = 0, 1 = 0, or
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Yk = 0 for 0 < r < R, which amounts to using either effect or dummy
coding. Although in equation (5) the covariates are assumed to be numeric,
the program can also deal with nominal covariates (see subsection 2.8).

We call this procedure for including covariates in a model the “active
covariates method”: Covariates are active in the sense that the LC choice
solution with covariates can be somewhat different from the solution with-
out covariates. An alternative method, called “inactive covariates method”,
involves computing descriptive measures for the association between covari-
ates and the latent variable after estimating a model without covariate effects.
More detail on the latter method is given in the subsection explaining the
Profile and ProbMeans output.

Another approach that can be used to explore the relationship between
covariates and the latent variable is through the use of the CHAID option.
This option may be especially valuable when the goal is to profile the latent
classes using many inactive covariates. This option requires the SI-CHAID
4.0 add-on program, which assesses the statistical significance between each
covariate and the latent variable. For further information about the CHAID
option see Section 4.9.

2.8 Coding of Nominal Variables

In the description of the LC choice models of interest, we assumed that
attributes, predictors, and covariates were all numeric. This limitation is
not necessary however, as Latent GOLD Choice allows one or more of these
explanatory variables to be specified to be nominal. For nominal variables,
Latent GOLD Choice sets up the design vectors using either effect (ANOVA-
type) coding or dummy coding with the first or last category as reference
category for identification. Effect coding means that the parameters will
sum to zero over the categories of the nominal variable concerned, In dummy
coding, the parameters corresponding to the reference category are fixed to
zZero.

Suppose we have a nominal attribute with 4 categories in a model for first
choices. The effect coding constraint implies that the corresponding 4 effects
should sum to 0. This is accomplished by defining a design matrix with 3

; : att att att : : 3
numeric attributes 237, 25%5,,, and z5.. The design matrix that is set up
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for the 3 non-redundant terms (8%, 5%, 8%

) is as follows:

categoryl 1 0 O
category2 0 1 0
category3 0 0 1~
category 4 -1 —-1 -1

where each row corresponds to a category of the attribute concerned and each
column to one of the three parameters. Although the parameter for the last
category is omitted from model, you do not notice that because it is computed
by the program after the model is estimated. The parameter for the fourth
category equals — ;’):1 ﬂ;;;t; that is, minus the sum of the parameters of the
three other categories. This guarantees that the parameters sum to zero since
2:1 g;t - 2:1 g;t =0.
Instead of using effect coding, it is also possible to use dummy coding.

Depending on whether one uses the first or the last category as reference
category, the design matrix will look like this

category 1 0 0 O
category 2 1 0 0
category 3 0 1 0°
category4 0 0 1
or this
category1 1 0 0
category2 0 1 0
category 3 0 0 1°
category4 0 0 0

Whereas in effect coding the category-specific effects should be interpreted in
terms of deviation from the average, in dummy coding their interpretation is
in terms of difference from the reference category. Note that the parameter
for the reference category is omitted, which implies that it is equated to 0.
It also possible to work with user specified coding schemes. An example
is
category 1 0
category 2 1
category 3 1
category 4 1

— -0 O
_ o O O
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which yields parameters that can be interpreted as differences between ad-
jacent categories. More precisely, 5% is the difference between categories 2
and 1, % between categories 3 and 2, and %' between categories 4 and 3.

As explained in the previous sections, the effect and dummy coding con-
straints are not only imposed on the attribute effects, but also on the con-
stants and the predictor effects in the regression model for first choices and
rankings, on the constants in the regression model for ratings, and on the
intercepts and covariate effects in the regression model for the latent classes.

2.9 Known-Class Indicator

Sometimes, one has a priori information — for instance, from an external
source — on the class membership of some individuals. For example, in a four-
class situation, one may know that case 5 belongs to latent class 2 and case
11 to latent class 3. Similarly, one may have a priori information on which
class cases do not belong to. For example, again in a four-class situation,
one may know that case 19 does not belong to latent class 2 and that case 41
does not belong to latent classes 3 or 4. In Latent GOLD, there is an option
— called “Known Class” — for indicating to which latent classes cases do not
belong to.

Let T; be a vector of 0-1 variables containing the “Known Class” infor-
mation for case ¢, where 7;, = 0 if it is known that case ¢ does not belong
to class x, and 7, = 1 otherwise. The vector 7; modifies the model with
covariates defined in equation (4) as follows:

5

P(yilzi, ;) = Zm ()25 T P (il x, 232, 2274,

As a result of this modification, the posterior probability of belonging to class
x will be equal to 0 if 7, = 0.
The known-class option has three important applications.

1. It can be used to estimate models with training cases; that is, cases
for which class membership has been determined using a gold standard
method. Depending on how this training information is obtained, the
missing data mechanism will be MCAR (Missing Completely At Ran-
dom, where the known-class group is a random sample from all cases),
MAR (Missing At Random, where the known-class group is a random
sample given observed responses and covariate values), or NMAR (Not
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Missing At Random, where the known-class group is a non-random
sample and thus may depend on class membership itself). MAR oc-
curs, for example, in clinical applications in which cases with more than
a certain number of symptoms are subjected to further examination to
obtain a perfect classification (diagnosis). NMAR may, for example,
occur if training cases that do not belong to the original sample under
investigation are added to the data file.

Both in the MAR and MCAR situation, parameter estimates will be un-
biased. In the NMAR situation, however, unbiased estimation requires
that separate class sizes are estimated for training and non-training
cases (McLachlan and Peel, 2000). This can easily be accomplished
by expanding the model of interest with a dichotomous covariate that
takes on the value 0 for training cases and 1 for non-training cases.

. Another application is specifying models with a partially missing dis-
crete variable that affects one or more response variables. An important
example is the complier average causal effect (CACE) model proposed
by Imbens and Rubin (1997), which can be used to determine the effect
of a treatment conditional on compliance with the treatment. Compli-
ance is, however, only observed in the treatment group, and is missing
in the control group. This CACE model can be specified as a model in
which class membership (compliance) is known for the treatment group,
and which a treatment effect is specified only for the compliance class.

. The known-class indicator can also be used to specify multiple-group LC
models. Suppose we have a three-class model and two groups, say males
and females. A multiple-group LC model is obtained by indicating that
there are six latent classes, were males may belong to classes 1-3 and
females to classes 4-6. To get the correct output, the grouping variable
should not only be used as the known-class indicator, but also as a
nominal covariate.

2.10 Zero-Inflated Models

When the zero-inflated option is used, the model is expanded with M latent
classes that are assumed to respond with probability one to a certain cate-

pred

gory; that is, P(y; = m|z z}, ") = 1 for x = K + m. Such latent classes are
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sometimes referred to as stayer classes (in mover-stayer models) or brand-
loyal classes (in brand-loyalty models).

2.11 Restrictions on the Regression Coefficients

Various types of restrictions can be imposed on the Class-specific regression
coefficients: attribute and predictor effects can be fixed to zero, restricted to
be equal across certain or all Classes, and constrained to be ordered. More-
over, the effects of numeric attributes can be fixed to one. These constraints
can either be used as a priori restrictions derived from theory or as post hoc
restrictions on estimated models.

Certain restrictions apply to parameters within each Class, while others
apply across Classes. The within-Class restrictions are:

e No Effect: the specified effect(s) are set to zero;

e Offset: the selected effect(s) are set to one, thus serving as an offset.?
The offset effect applies to numeric attributes only.

Between-Class restrictions are:

e Merge Effects: the effects of a selected attribute/predictor are equated
across 2 or more specified Classes;

e Class Independent: the effects of a selected attribute/predictor are
equated across all Classes;

e Order (ascending or descending): in each Class, the effect of a selected
numeric attribute/predictor is assumed to have the same sign or the
effects corresponding to a selected nominal attribute/predictor are as-
sumed to be ordered (either ascending or descending). That is, for
numeric attributes/predictors, the ascending restriction implies that
the Class-specific coefficients should be at least zero (8 > 0) and the
descending restriction that they are at most zero (5 < 0). For nominal
attributes/predictors, ascending implies that the coefficient of category

2The term offset stems from the generalized linear modeling framework. It refers to
a regression coefficient that is fixed to 1, or equivalently, to a component that offsets the
linear part of the regression model by a fixed amount. An offset provides the same role as
a cell weight in log-linear analysis. An offset is in fact, the log of a cell weight.
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p + 1 is larger than or equal to the one of category p (8, < B,+1, for
each p) and descending that the coefficient of category p + 1 is smaller
than or equal to the one of category p (8, > (,+1, for each p).

The “Class Independent” option can be used to specify models in which some
attribute and predictor effects differ across Classes while others do not. This
can either be on a priori grounds or can be based on the test statistics from
previously estimated models. More specifically, if the Wald(=) test is not
significant, it makes sense to check whether an effect can be assumed to be
Class independent.

There is a special variant of the Class-independent option called “No Sim-
ple” that can be used in conjunction with the constants in a rating model.
With this option, the constants are modeled as 57" = B0 + 35" -y, where
B is subjected to an effect or dummy coding constraint. This specification
of Class-specific constants is much more parsimonious and is, in fact, equiv-
alent to how z-y relationships with ordinal y’s are modeled in LC Cluster
models. Rather that estimating K - M intercept terms, one now estimates
only M + K — 1 coefficients; that is, one extra coefficient per extra latent
class.

“Order” constraints are important if one has a priori knowledge about
the sign of an effect. For example, the effect of price on persons’ preferences
is usually assumed to be negative — or better, non-positive — for each latent
class (segment). If the price effect is specified to be “Descending”, the result-
ing parameter estimate(s) will be constrained to be in agreement with this
assumption.

The “No Effect” option makes it possible to specify a different regression
equation for each latent class. More specifically, each latent class may have
different sets of attributes and predictors affecting the choices. Post hoc
constraints can be based on the reported z value for each of the coefficients.
An example of an a priori use of this constraint is the inclusion of a random-
responder class, a class in which all coefficient are zero. This is specified as

follows:
Class 1 Class 2 Class 3 Class 4

Constants — 2 3 4
Attributel — 2 3 4 ’
Attribute2 — 2 3 4

“_»

where indicates that the effect is equal to 0. In this example, Class 1 is
the random-responder class.
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“Merge Effects” is a much more flexible variant of “Class Independent”.
It can be used to equate the parameters for any set of latent classes. Besides
post hoc constraints, very sophisticated a priori constraints can be imposed
with this option. An important application is the specification of LC DFactor
structures in which each latent class corresponds to the categories of two or
more latent variables. For example, consider a set of constraints of the form:

Class 1 Class 2 Class 3 Class 4

Constants 1 1 3 3
Attributel 1 2 1 2 ’
Attribute2 1 2 1 2

where the same numbers in a given row indicate that the associated class pa-
rameters are equal. This restricted 4-Class model is a 2-dimensional DFactor
model: the categories of DFactor 1 differ with respect to the constants and
the categories of DFactor 2 with respect to the two attribute effects. Specifi-
cally, level 1 of DFactor 1 is formed by Classes 1 and 2 and level 2 by Classes
3 and 4; level 1 of DFactor 2 is formed by Classes 1 and 3 and level 2 by
Classes 2 and 4.

The option “Offset” can be used to specify any nonzero fixed-value con-
straint on the Class-specific effect of a numeric attribute. This means that
it is possible to refine the definition of any Class (segment) by enhancing or
reducing the estimated part-worth utility of any numeric attribute for that
Class. Recall that numeric attribute p enters as 55 2 in the linear part
of the conditional logit model. Suppose, after estimating the model, the es-
timate for 42 turned out to be 1.5 for Class 1. If 2{}! | is specified to be an
offset, the importance of this attribute to be reduced (1.5 would be reduced
to 1) for this Class. But suppose that you wish to enhance the importance of
this attribute for Class 1; say, you wish to restrict ﬁg;t to be equal to 2. The
trick is to recode the attribute, replacing each code by twice the value. Thus,
the recoded attribute is defined as 2 - 2} . If we restrict the effect of this
recoded attribute to 1, we obtain 1-2- 2§  which shows that the effect of
zgt’;fw is equated to 2. Such recoding can be done easily within Latent GOLD
Choice, using the Replace option.

In addition to post hoc refinements to customize the definition of the
resulting latent classes, the offset restriction can also be used to make the
(Classes conform to various theoretical structures. Probably the most impor-
tant a priori application of “Offset” is that of defining stayer- or brand-loyal

classes. A brand-loyal class selects one of the brands with a probability equal
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to 1 and is not affected by the other attributes. An example of a restrictions
table corresponding to such a structure is:

Class 1 Class 2 Class 3 Class 4
Brand1(100) * — — —
Brand2(100) — * —
Brand3(100) - — *
Constants — — —
Attributel - — —
Attribute2 — — —

QNN

(13

Here, “—” means no effect and “*” means offset. As can be seen, Classes 1,
2, and 3 are only affected by an offset, and Class 4 — the brand-switching
or mover class — is affected by the constants and the two attributes. The
numeric “attributes” Brand1(100), Brand2(100), and Brand3(100) are brand
“dummies” that take on the value 100 for the brand concerned and are 0
otherwise.® As a result of the fixed effect of 100, the probability of selecting
the corresponding brand will be equal to one. To illustrate this, suppose
that a choice set consists of three alternatives and that (only) alternative
1 is associated with brand 1. The probability that someone belonging to
Class 1 selects alternative 1 equals exp(100)/[exp(100) + exp(0) + exp(0)] =
1.0000.# Although this model is similar to a zero-inflated model, the offset-
based specification is much more flexible in the sense that the number of
brand-loyal classes does not need to coincide with the number of alternatives
per set. In the above example, the sets could consist of four instead of three
alternatives, say three different brands and a “none” alternative.

Now, we will discusses several more advanced applications of the restric-
tion options. The first is a model for ratings with a parsimonious specification
of the Class dependence of the constants. Let “One” be an attribute with
the constant value 1. The model of interest is obtained with the restrictions

3It is not necessary to assume that the 100 appears in all alternatives for the brand
concerned. The value could also be 100 if a particular condition is fulfilled — for example,
if the price of the evaluated product is larger than a certain amount — and 0 otherwise.
This shows that the offset option provides a much more flexible way of specifying classes
with zero response probabilities than the zero-inflated option.

4While a value of 100 for the offset can be used to fix a probability to 1.0000, a value
of -100 can be use to fix a probability to 0.0000. For example, exp(—100)/[exp(—100) +
exp(0) + exp(0)] = 0.0000.
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table
Class 1 Class 2 Class 3 Class 4

Constants 1 1 1 1
One — 2 3 4
Attributel 1 2 3 4
Attribute2 1 2 3 4

Instead of having a separate set of constants for each latent class, the re-
stricted constant for category m in Class x equals S5 = (o + y - ot
where for identification, {1 = 0. Note that this is equivalent to using the
"no-simple” setting for the constants and similar to the treatment of ordinal
indicators in the LC Cluster and DFactor Modules of Latent GOLD.

Suppose you assume that the effect of price is negative (descending) for
Classes 1-3 and unrestricted for Class 4. This can be accomplished by having
two copies of the price variable in the model, say Pricel and Price2. The
effect of Pricel is specified as ordered and is fixed to zero in Class 4. The
effect of Price2 is fixed to zero in Classes 1-3.

Suppose your assumption is that the effect of a particular attribute is
at least 2. This can be accomplished by combining a fixed value constraint
with an order constraint. More precisely, an additional attribute defined as
2- 2% is specified to be an offset and the effect of the original attribute 2§,
defined to be ascending.

Our final example is an exploratory variant of the DFactor structure de-
scribed above. Suppose you want a two-DFactor model without assumptions
on which discrete factor influences which attribute effects. This can be ac-
complished having 3 copies of all attributes in the attributes file. With two

attributes (brand and price), the restriction table is of the form

Class 1 Class 2 Class 3 Class 4

Brand1l 1 1 1 1
Brand2 — — 3 3
Brand3 — 2 — 2
Pricel 1 1 1 1
Price2 — — 3 3
Price3 — 2 — 2

The first copy (Brandl and Pricel) defines a main effect for each attribute.
The second copy (Brand2 and Price2) is used to define the first DFactor, a
contrast between Classes 3/4 and 1/2. The third copy (Brand3 and Price3)
specifies DFactor 2 by means of a contrast between Classes 2/4 and 1/3.
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2.12 General Latent Class Choice Model

In the previous subsections, we described the various elements of the LC
model implemented in Latent GOLD Choice. Now, we will combine all these
elements and provide the structure of the general LC choice model. The
general probability density function associated with case 7 is

P(yi|zi7 Ti) - Z Tw COU <y1|x7 Z(zltta Zfred)

7

.
S Plal (Pyalz, 7,250 (6)
t:l

where P(x|z{) and P(y; = m|z, 28", 2zt ¢) are parameterized by logit mod-
els; that is,

eXp(nx|z.)
P($|chm}) = ?
S exXp(arja,)
P(yit = m|$a Z?ttta ere’ Szt) = exp(sit ) nm|x7zz‘t)

Zm/eAit eXp<Sit : nm’\x,ziz) .

The linear model for 7,,, is

nz\zl Yoz + Z ,Ym:zcov.
r=1

For first choices and rankings, 72z, equals

__ nQcon att att pre pre
nm\f,zzt - +Z ztmp Z Tmq th

if m € A;; and —oo otherwise. For ratings,

P
__ nQcon att att pre pre
77m|x,zit - Mxzm + ym (Z Tp ztp + Z th) .

3 Estimation and Other Technical Issues

3.1 Log-likelihood and Log-posterior Function

The parameters of the LC choice model are estimated by means of Maximum
Likelihood (ML) or Posterior Mode (PM) methods. The likelihood function
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is derived from the probability density function defined in equation (6). Let
¥ denote the vector containing the v and [ parameters. As before, y; and z;
denote the vectors of dependent and explanatory variables for case ¢ , and [
denotes the total number of cases.

ML estimation involves finding the estimates for 9 that maximize the
log-likelihood function

I
log £ = w;log P(y;|z; 9).

i=1

Here, P(y;|z;, ) is the probability density associated with case i given pa-
rameter values 9 and w; is the Case Weight corresponding to case i.> This
case weight w; can be used to group identical response patterns or to specify
(complex survey) sampling weights. In the former case, w; will serve as a
frequency count, and in the latter case, Latent GOLD Choice will provide
pseudo ML estimates (Patterson, Dayton, and Graubard, 2002).® The other
type of weight — Replication Weight vy — that was introduced in the previous
section modifies the definition of the relevant probability density P(y;|z;, ).
The exact form of P(y;|z;, 1) is described in equation (6).

In order to prevent boundary solutions or, equivalently, to circumvent the
problem of non-existence of ML estimates, we implemented some ideas from
Bayesian statistics in Latent GOLD Choice. The boundary problem that may
occur is that the (multinomial) probabilities of the model for the latent classes
or the model for the choices, rankings, or ratings may converge to zero. This
occurs if a # or « parameter becomes very extreme, tends to go to (minus)
infinity. The boundary problem is circumvented by using Dirichlet priors for
the latent and the response probabilities (Clogg et al., 1991; Galindo-Garre,
Vermunt, and Bergsma, 2004; Gelman et. al., 1996; Schafer, 1997). These
are so-called conjugate priors since they have same form as the corresponding
multinomial probability densities. The implication of using priors is that the
estimation method is no longer ML but PM (Posterior Mode).

Denoting the assumed priors for ¢ by p( ¢) and the posterior by P,
PM estimation involves finding the estimates for ¥ that maximize the log-

5In order to simplify the discussion, in this section we discuss only on the situation
without known-class indicators.

6In Latent GOLD Choice Advanced, there is a more elegant option for dealing with
sampling weights, as well as with other complex survey sampling features.
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posterior function
logP = logL + logp()

I
= Y w;log P(yi|zi, 9) 4 log p(09),

i=1

or, in other words, finding the point where ag’ff = 0. Algorithms that are
used to solve this problem — EM and Newton-Raphson — are described below.

The user-defined parameters in the priors p(1) can be chosen in such a
way that log p(d) = 0, which makes PM estimation turn into ML estimation.
PM estimation can also be seen as a form of penalized ML estimation, in
which p(19) serves as a function penalizing solutions that are too near to the
boundary of the parameter space and, therefore, smoothing the estimates
away from the boundary.

3.2 Missing Data
3.2.1 Dependent variable

If the value of the dependent variable is missing for one or more of the replica-
tions of case i, the replications concerned are omitted from the analysis. The
remaining replications will, however, be used in the analysis. Thus, instead
of using list-wise deletion of cases, Latent GOLD Choice provides ML or PM
estimates based on all available information. The assumption that is made
is that the missing data are missing at random (MAR) or, equivalently, that
the missing data mechanism is ignorable (Little and Rubin, 1987; Schafer,
1997; Skrondal and Rabe-Hesketh, 2004; Vermunt, 1997).

In the case of missing data, it is important to clarify the interpretation
of the chi-squared goodness-of-fit statistics. Although parameter estimation
with missing data is based on the MAR assumption, the chi-squared statistics
not only test whether the model of interest holds, but also the much more
restrictive MCAR (missing completely at random) assumption (see Vermunt,
1997). Thus, caution should be used when interpreting the overall goodness-
of-fit tests in situations involving missing data.

3.2.2 Attributes, predictors, and covariates

Missing values on attributes will never lead to exclusion of cases or replica-
tions from the analysis. If the technical option for including missing values
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on covariates and predictors is off, cases with missing covariate values and
replications with missing predictor values are excluded from the analysis.
When this technical option is on, such cases and replications are retained by
imputing the missing values using the method described below.

Missing values on numeric predictors and covariates are replaced by the
sample mean. This is the mean over all cases without a missing value for
covariates and the mean of all replications without a missing value for pre-
dictors. Missing values on numeric attributes are not imputed with a mean,
but with a 0, which implies that a missing value in the alternatives file is, in
fact, equivalent to using a 0.

Missing values on nominal attributes, predictors, and covariates is dealt
with via the design matrix. In fact, the effect is equated to zero for the
missing value category. Recall the effect and dummy coding schemes illus-
trated in subsection 2.8 for the case of a nominal attribute with 4 categories.
Suppose there is also a missing category. In the case of effects coding, the
design matrix that is set up for the 3 non-redundant terms is then

categoryl 1 0 O
category2 0 1 0
category 3 0 O 1.
category 4 -1 -1 -1
missing 0O 0 O

As can be seen, the entries corresponding to the missing category are all
equal to 0, which amounts to setting its coefficient equal to zero. Since in
effect coding the unweighted mean of the coefficients equals zero, equating
the effect of the missing value category to zero implies that it is equated to
the unweighted average of the effects of the other four categories. This impu-
tation method for nominal variables is therefore similar to mean imputation
with numeric variables.

In the case of dummy coding with the first category as the reference
category, the design matrix that is set up for the 3 non-redundant terms is

category 1 0 0 0
category 2 1 0 0
category 3 0 1 0
category 4 0 0 1

missing 1/4 1/4 1/4
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The number 1/4 (one divided by the number of categories of the nominal
attributee concerned) implies that the parameter of the missing value cate-
gory is equated to the unweighted mean of the parameters of the other four
categories. Note that the coefficient for the reference category is fixed to 0.
Also with “dummy last”, we would get a row with 1/4s for the missing value
category.

3.3 Prior Distributions

The different types of priors have in common that their user-defined pa-
rameters (Bayes Constants) denoted by « can be interpreted as adding «
observations — for instance, the program default of one — generated from a
conservative null model (as is described below) to the data. All priors are
defined in such a way that if the corresponding a’s are set equal to zero,
log p(¥) = 0, in which case we will obtain ML estimates. We could label
such priors as “non-informative”. Below we present the log p () terms for
the various types of distributions without their normalizing constants. The
symbols U®? and U**P"¢ are used to denote the number of different covariate
and attribute/predictor patterns. A particular pattern is referred to by the
index u.
The Dirichlet prior for the latent probabilities equals

cov o 1

u )]:mlogP(ﬂzu )-

logp [P(z|z
Here, K denotes the number of latent classes and a4 the Bayes Constant to be
specified by the user. As can be seen, the influence of the prior is equivalent
to adding 9 cases to each latent class. These cases are distributed evenly
over the various covariate patterns. This prior makes the sizes of the latent
classes slightly more equal and the covariate effects somewhat smaller.

For the dependent variable, we use the following Dirichlet prior:

att ., pred
u o Ly )’

att Zpred)} _ T Q2 IOg P(y|$, 7

logp | Py = mle, 2y, 2*")| = . [ettred

where 7, is the observed marginal distribution of the dependent variable y.
This prior can be interpreted as adding 92 observations to each latent class
with preservation of the observed distribution of y, where «y is a parameter
to be specified by the user. The 92 observations are distributed evenly over
the observed attribute/predictor patterns. This prior makes the class-specific
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response probabilities slightly more similar to each other and smooths the (3
parameters somewhat towards zero.

The influence of the priors on the final parameter estimates depends on
the values chosen for the «o’s, as well as on the sample size. The default
settings are a; = ap = 1.0. This means that with moderate sample sizes the
influence of the priors on the parameter estimates is negligible. Setting a; =
ay = 0 yields ML estimates.

3.4 Algorithms

To find the ML or PM estimates for the model parameters 9, Latent GOLD
Choice uses both the EM and the Newton-Raphson algorithm. In practice,
the estimation process starts with a number of EM iterations. When close
enough to the final solution, the program switches to Newton-Raphson. This
is a way to exploit the advantages of both algorithms; that is, the stability of
EM when it is far away from the optimum and the speed of Newton-Raphson
when it is close to the optimum.

The task to be performed for obtaining PM estimates for 9 is finding the
parameter values for which

dlogP  dlogL N 0log p(9)

o9 o0 o9 (M)
Here,
dlogL L 0Olog P(yi|z;,9)
0 ;w 09
L 0log K, Pla|ze, 9) Plyi|x, 2", 2", 9)
N ;w 00
_ iiw 6logP(:c]z‘Z?O”,19) (Yl|x>zgtt> ;;Jred 19) (8)
i=1 xz=1 819 ’
where

(xyzcov 19) (yl‘x7zatt pred 19)

1) Z

P(yi|zi, 9)

The EM algorithm is a general method for dealing with ML estimation
with missing data (Dempster, Laird, and Rubin, 1977; McLachlan and Kr-
ishnan, 1997). This method exploits the fact that the first derivatives of the

Wyp = Wy P(x|Z17Yz7’0) = W;

(9)
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incomplete data log-likelihood (log £) equal the first derivatives of the com-
plete data log-likelihood (log £¢). The complete data is the log-likelihood
that we would have if we knew to which latent class each case belongs:

K
10g£c = Zzw lOgP(z|Zcov ) (yi|x7ZZSttv ftred 19)

I K T;
+ZZ Z zthgP yzt|xazgttt7 fg‘ed 79)

Each vth cycle of the EM algorithm consist of two steps. In the Expec-
tation (E) step, estimates @Y, are obtained for w,; via equation (9) filling
in 1A9V_1 as parameter values. The Maximization (M) step, involves finding
new 9 improving log £¢. Note that, actually, we use PM rather than ML
estimation, which means that in the M step we update the parameters in
such a way that

log P¢ = log L + log p(I¥) (11)

increases rather than (10). Sometimes closed-form solutions are available
in the M step. In other cases, standard iterative methods can be used to
improve the complete data log-posterior defined in equation (11). Latent
GOLD Choice uses iterative proportional fitting (IPF) and unidimensional
Newton in the M step (see Vermunt 1997, Appendices).

Besides the EM algorithm, we also use a Newton-Raphson (NR) method.
7 In this general optimization algorithm, the parameters are updated as

follows: o

9 =09 —cH! g.
The gradient vector g contains the first-order derivatives of the log-posterior
~v—1
to all parameters evaluated at 9 , H is the Hessian matrix containing the

second-order derivatives to all parameters, and ¢ is a scalar denoting the step
size. Element g, of g equals

L. Olog P(yilzi,®)  Ologp(V)

i=1

"Haberman (1988) proposed estimating standard LC models by Newton Raphson.
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and element Hy of H equals

Hy = zI:wi 9 log P(yilzi, 9) i 0 logp(ﬁ).
= 001,00 00,00
Latent GOLD Choice computes these derivatives analytically. The step size
e (0 < e <1) is needed to prevent decreases of the log-posterior to occur.
More precisely, when a standard NR update —H™!g yields a decrease of the
log-likelihood, the step size is reduced till this no longer occurs.

The matrix —H™! evaluated at the final 9 yields the standard esti-
mate for the asymptotic variance-covariance matrix of the model parameters:
ist(mdmd(ﬂ) — — H!8 Latent GOLD Choice also implements two alterna-
tive estimates for ¥(«9). The first alternative is based on the outer-product
of the cases’ contributions to the gradient vectors; that is, ioum(ﬁ) = ]§_1,
where element By of B is defined as

N iwalogP(yAzi,ﬁ)GlogP(yi|z,-, v)
N -1 ’ 0V}, 0V '

=1

By =

Note that B is the sample covariance matrix of the case-specific contributions
to the elements of the gradient vector.

The third estimator for (1) is the so-called robust, sandwich, or Huber-
White estimator, which is defined as

~ —~ ~

Erobust(/ﬂ) - H_1 B H_l.

The advantage of f]outer(ﬂ) compared to the other two is that is much faster
to compute because it uses only first derivatives. It may thus be an alterna-
tive for istandard(ﬁ) in large models. The advantage of the robust method is
that contrary to the other two methods, it does not rely on the assumption
that the model is correct.

Note that $(19) can be used to obtain the standard error for any function
h(9) of ¥ by the delta method:

se (h(D)) = J (ha(g)>/i(q9) (ha(?). (12)

8The matrix —H is usually referred to as the observed information matrix, which serves
as an approximation of the expected information matrix.
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Latent GOLD Choice uses the delta method, for example, to obtain standard
errors of probabilities and redundant parameters.

Inequality restrictions — needed for ordered clusters, order-restricted pre-
dictor effects, and positive variances — are dealt with using an active-set
variant of the Newton-Raphson method described above (Galindo-Garre,
Vermunt, Croon, 2001; Gill, Murray, and Wright, 1981). For that purpose,
the effects involved in the order constraints are reparameterized so that they
can be imposed using simple nonnegativity constraints of the form ¢ > 0. In
an active-set method, the equality constraint associated with an inequality
constraint becomes activate if it is violated (here, parameter is equated to
0 if it would otherwise become negative), but remains inactive if its update
yields an admissible value (here, a positive update).

3.5 Convergence

The exact algorithm implemented in Latent GOLD Choice works as follows.
The program starts with EM until either the maximum number of EM itera-
tions ( [teration Limits EM) or the EM convergence criterion (EM Tolerance)
is reached. Then, the program switches to NR iterations which stop when
the maximum number of NR iterations ([teration Limits Newton-Raphson)
or the overall converge criterion (7Tolerance) is reached. The convergence
criterion that is used is

npar | qu qu—1
S|t

] s
u=1 19111

which is the sum of the absolute relative changes in the parameters. The
program also stops its iterations when the change in the log-posterior is
negligible, i.e., smaller than 1072,

The program reports the iteration process in Iteration Detail. Thus, it
can easily be checked whether the maximum number of iterations is reached
without convergence. In addition, a warning is given if one of the elements
of the gradient is larger than 1073,

It should be noted that sometimes it is more efficient to use only the
EM algorithm, which is accomplished by setting Iteration Limits Newton-
Raphson = 0 in the Technical Tab. This is, for instance, the case in models
with many parameters. With very large models, one may also consider sup-
pressing the computation of standard errors and Wald statistics, or to Pause
the model estimation to examine preliminary output.
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3.6 Start Values

Latent GOLD Choice generates random start values. So long as the technical
option Seed equals 0 (the default option), these differ every time that a
model is estimated because the seed of the random number generator is then
obtained from the system time. The seed used by the program is reported
in the output. A run can be replicated by specifying the reported best start
seed as Seed in the Technical Tab and setting the number of Random Sets
to zero.

Since the EM algorithm is extremely stable, the use of random starting
values is generally good enough to obtain a converged solution. However,
there is no guarantee that such a solution is also the global PM or ML
solution. A well-known problem in LC analysis is the occurrence of local
maxima which also satisfy the likelihood equations given in (7).

The best way to prevent ending up with a local solution is to use multiple
sets of starting values which may yield solutions with different log-posterior
values. In Latent GOLD Choice, the use of such multiple sets of random
starting values is automated. The user can specify how many sets of starting
values the program should use by changing the Random Sets option in the
Technical Tab. Another relevant parameter is Iterations specifying the num-
ber of iterations to be performed per start set. More precisely, within each of
the random sets, Latent GOLD Choice performs the specified number of EM
iterations. Subsequently, within the best 10 percent in terms of log-posterior,
the program performs an extra 2 times [lterations EM iterations. Finally, it
continues with the best solution until convergence. It should be noted that
while such a procedure increases considerably the probability of finding the
global PM or ML solution, especially if both parameters are set large enough,
there is no guarantee that it will be found in a single run.

With the option Tolerance, one can specify the EM convergence criterion
to be used within the random start values procedure. Thus, start values
iterations stop if either this tolerance or the maximum number of iterations
is reached.

3.7 Bootstrapping the P Value of L? or -2L L Difference

Rather than relying on the asymptotic p value, it also possible to estimate the
p value associated with the L? statistic by means of a parametric bootstrap.
This option is especially useful with sparse tables (Langeheine, Pannekoek,
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and Van de Pol, 1996) and with models containing order restrictions (Galindo
and Vermunt, 2005; Vermunt, 1999, 2001). The model of interest is then not
only estimated for the sample under investigation, but also for B replication
samples. These are generated from the probability distribution defined by
the ML estimates. The estimated bootstrap p value, ppoot, is defined as the
proportion of bootstrap samples with a larger L? than the original sample.

~ D 1—7 .. ~
The standard error of Ppoor equals W. The precision of Ppoer can

be increased by increasing the number of replications B. The number of
replications is specified by the parameter Replications.

A similar procedure is used to obtain a bootstrap estimate of the p value
corresponding to the difference in log-likelihood value between two nested
models, such as two models with different numbers of latent classes. The
-2L L-difference statistic is defined as —2 - (LLy, — LLpy,), where H refers
to the more restricted hypothesized model (say a K—class model) and H;
to the more general model (say a model with K + 1 classes). Replication
samples are generated from the probability distribution defined by the ML
estimates under Hy. The estimated bootstrap p value, pyoot, is defined as the
proportion of bootstrap samples with a larger -2 L L-difference value than the
original sample.

The bootstrap of the -2L L-difference statistic comparing models with
different numbers of latent classes was used by McLachlan and Peel (2000)
in the context of mixture of normals. Vermunt (2001) used bootstrap p
values for both the L? and the -2LL-difference statistic in the context of
order-restricted latent class models, where the L? measured the goodness-of-
fit for an ordinal latent class model and the -2LL difference concerned the
difference between an order-restricted and an unrestricted latent class model.

The other parameter is Seed, which can be used to replicate a bootstrap.
The seed used by the bootstrap to generate the data sets is reported in the
output.

Two technical details about the implementation of the bootstrap should
be mentioned. For each bootstrap replication, the maximum likelihood esti-
mates serve as start values. Thus, no random sets are used for the replica-
tions. To gain efficiency in term of computation time, the iterations within a
bootstrap replication terminate when the replicated L? is smaller (-2L L-diff
value is larger) than the original one, even if the convergence criterion or the
maximum number of iterations is not reached.
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3.8 Identification Issues

Sometimes LC models are not identified; that is, it may not be possible to
obtain unique estimates for some parameters. Non-identification implies that
different parameter estimates yield the same log-posterior or log-likelihood
value. When a model is not identified, the observed information matrix,
—H, is not full rank, which is reported by the program. Another method to
check whether a model is identified is to run the model again with different
starting values. Certain model parameters are not identified if two sets of
starting values yield the same log P or log £ values with different parameter
estimates.

With respect to possible non-identification, it should be noted that the use
of priors may make models identified that would otherwise not be identified.
In such situations, the prior information is just enough to uniquely determine
the parameter values.

A related problem is “weak identification”, which means that even though
the parameters are uniquely determined, sometimes the data is not informa-
tive enough to obtain stable parameter estimates. Weak identification can
be detected from the occurrence of large asymptotic standard errors. Local
solutions may also result from weak identification.

Other “identification issues” are related to the order of the Classes and
the uniqueness of parameters for nominal variables. For unrestricted Choice
models, the Classes are reordered according to their sizes: the first Class is
always the largest Class. Parameters (7’s and f’s) involving nominal vari-
ables are identified by using either effect or dummy coding, which means
that parameters sum to zero over the relevant indices or that parameters
corresponding to the first or last category are fixed to zero. Note that the
Parameters output also contains the redundant v and 3 parameters, and in
the case of effect coding also their standard errors.

3.9 Selecting and Holding out Choices or Cases

The replication and case weights can be used to omit certain choices or cases
(records with a common case ID) from the analysis. With a weight equal
to zero, one can remove a choice/case from the analysis, and no output
is provided for this choice/case. Alternatively, a very small weight (1.0e-
100) can be used to exclude choices/cases for parameter estimation, while
retaining the relevant prediction and classification output.
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3.9.1 Replication and case weights equal to zero

Setting case weights equal to zero will eliminate the corresponding cases
from the analysis. This feature can be used to select a subset of cases for the
analysis. For example, by specifying a variable with the value 1 for males
and 0 for females as a case weight, one will perform an analysis for males
only. This “zero case weight” option makes it straightforward to perform
separate analyses for different subgroups that are in the same data file. It
should be noted that no output is provided for the cases with zero weights.

Similarly, with a replication weight equal to zero, one removes the corre-
sponding replication from the analysis. This option can, therefore, be used to
select choices to be used for parameter estimation; for example, one may wish
to select the first and last choice from a full ranking for a maximum-difference
analysis.

3.9.2 Replication weights equal to a very small number

An important feature of the Latent GOLD Choice program is that it allows
specifying hold-out choices. These are choices that are not used for parame-
ter estimation, but for which one obtains prediction information. Hold-out
choices are defined by means of replications weights equal to a very small
number; i.e., 1.0e-100. These replications will be excluded when estimating
the specified model. Their predicted values, however, may be written to
the output file. This “very small replication weight” option can be used for
validation purposes; that is, to determine the prediction performance of the
estimated model for hold-out choices.

3.9.3 Case weights equal to a very small number

In some situations, one may desire removing certain cases from the analysis,
but nevertheless obtaining classification and prediction output for all cases.
This can be accomplished by using case weights equal to a very small number
— i.e., 1.0e-100 — for the cases that should not be used for parameter esti-
mation. The program treats such a weight as if it were a zero, which means
that results are not influenced by the presence of these cases and that com-
putation time is comparable to the analysis of a data set without these cases.
An important difference with the “zero case weight” option is that this “very
small case weight” option yields classification and prediction information for
the cases concerned.
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One possible application is the analysis of very large data sets. With this
option one can use a subset of cases for parameter estimation, but obtain class
membership information for all cases. Another application is predicting class
membership for new cases based on parameter values obtained with another
sample. By appending the new cases to the original data file and giving them
a weight equal to 1.0e-100, one obtains the relevant output for these cases
after restoring and re-estimating the original model.

4 The Latent Gold Choice Output

Below, we provide technical details on the quantities presented in the var-
ious Latent GOLD Choice output sections (Model Summary, Parameters,
Importance, Profile, ProbMeans, Set Profile, Set Probmeans, Iteration De-
tail, Frequencies, Standard Classification, and Covariate Classification), as
well as on the output that can be written to files (Standard Classification,
Covariate Classification, Predicted values, Individual Coefficients, Cook’s D,
and Variance-Covariance Matrix).

4.1 Model Summary

This first part of the output section reports the number of cases (N =
Sf_, w;), the total number of replications (Nye, = Sr_; w; 7% vi), the num-
ber of estimated parameters (npar), the number of activated constraints (in
models with order restrictions), the seed used by the pseudo random number
generator, the seed of the best start set, and the seed used by the bootstrap
procedure.

The last part (Variable Detail) contains information on the variables that
are used in the analysis. The other four parts - Chi-squared Statistics, Log-
likelihood Statistics, Classification Statistics, Covariate Classification Statis-
tics, and Prediction Statistics - are described in more detail below.

4.1.1 Chi-squared statistics

The program reports chi-squared and related statistics, except when the data
file contains replication weights other than 0 or 1. The three reported chi-
squared measures are the likelihood-ratio chi-squared statistic L?, the Pear-
son chi-squared statistic X2, and the Cressie-Read chi-squared statistic C R?.
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Before giving the definitions of the chi-squared statistics, we need to explain
two types of groupings that have to be performed with the original cases.

The first is the grouping of identical cases; that is, cases that have the
same covariate, known-class, predictor, and attribute values, and give the
same responses. This yields /* unique data patterns with observed frequency
counts denoted by n;«, where ¢* denotes a particular data pattern. These fre-
quency counts are obtained by summing the case weights w; of the cases with
data pattern *; that is, ngs = > ¢+ w;.? In order to obtain the chi-squared
statistics, we also need to group cases with identical covariate, known-class,
predictor, and attribute values, which amounts to grouping cases without
taking into account their responses.!® This yields the sample sizes N, for
the U relevant multinomials, where u denotes a particular multinomial or
“covariate” pattern. These sample sizes are obtained by N, = > ;c, w; or
Ny = Yjeey 1.t Note that N = XU N,,.

Let m; denote the estimated cell count for data pattern *, which is
obtained by:

~

M= = Ny, P(y-

zi+), (13)

i.e., by the product of the total number of cases with the same “covariate”
pattern as data pattern ¢* (N, ) and the estimated multinomial probability
corresponding to data pattern *.!2

Using these definitions of m;«, n;«, and N, the chi-squared statistics are

calculated as follows:!3
2 = Vi
L* = 22 n;« log —,
A TN ;=
1*=1 7
I* 2
T
X = > ( i) — N,
=1 Tl

With the somewhat loose but rather simple notation i € i* we mean “all the cases
with data pattern ¢*”.

10With missing values on some replications, also the missing data pattern is used as a
grouping criterion. That is, cases belonging to the same “covariate” pattern should also
have observed values on the same set of replications or.

1With i € u we mean “all the cases with covariate pattern «”, and with i* € u “all the
data patterns with covariate pattern u”.

12Tn order to get meaningful chi-squared statistics, in models with a known-class indi-
cator we, in addition, divide by Ele Tiva P(x]24+).

13Note that we are using a somewhat unconventional formula for X2. The reason for
this is that the sum Zi]::l is over the nonzero observed cells only.
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I” L\ 2/3
i*=1

;=

The number of degrees of freedom is defined by

u (T3
df = min{z (H M, — 1) ,N} — npar.
u=1 \t=1

Here, T is the total number of replications in “covariate” pattern u, and
M, denotes the number of alternatives of the tth observed replication cor-
responding to “covariate” pattern u. The term min{-} indicates that df is
based on the sample size N when the number of independent cells in the
hypothetical frequency table is larger than the sample size. The chi-squared
values with the corresponding df yield the asymptotic p -values, which can
be used to determine whether the specified model fits the data.

If the Bootstrap L? option is used, the program also provides the estimated
bootstrap p-value corresponding to the L? statistic, as well as its standard
error. This option is especially useful with sparse tables, in which case the
asymptotic p-values cannot be trusted. Note that sparseness almost always
is a problem in LC choice models. The best indication of sparseness is when
df is (much) larger than the total sample size N.

The program reports the Bayesian Information Criterion (BIC), the
Akaike Information Criterion (AIC'), Akaike Information Criterion 3 (AIC3),
and the Consistent Akaike Information Criterion (CAIC) based on the L?
and df, which is the more common formulation in the analysis of frequency
tables. They are defined as

BIC;» = L?—1log(N)df,
AIC: = L*—2df,
AIC3;: = L*—3df,
CAIC: = L*—[log(N)+1] df.
These information criteria weight the fit and the parsimony of a model: the
lower BIC, AIC, AIC3, or CAIC, the better the model.
Use of information criteria based on L? or log £ (see below) should yield
the same result. The differences between BIC, AIC, AIC3, and CAIC val-
ues across models are the same with both methods. However, with extremely

large df, the L? based information measures may become more highly neg-
ative than the maximum precision can indicate, which makes their rounded
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values meaningless. In such cases, one has to use the (equivalent) log £ based
measures.

The last statistic that is provided in the chi-squared statistics section is
the Dissimilarity Index (DI), which is a descriptive measure that is defined
as follows:

I* —
{ <Ei*:1 |nz’* — M=

) + (N — Yl /ml*)}

2N '

It should be noted that the term (N — S>5_, 7;+) captures the contribution
of the zero observed cells to DI. This term is added to the formula because
S |ng — M| is a sum over the non-zero observed cell counts only. DI
is a descriptive measure indicating how much observed and estimated cell
frequencies differ from one another. It indicates which proportion of the
sample should be moved to another cell to get a perfect fit.

DI =

4.1.2 Log-likelihood statistics

The program also reports the values of the log-likelihood (log £ ), the log-
prior (log p(1?)), and log-posterior (logP) . Recall that

I
logL = Z w; log P(y;|z;),

i=1
logP = log L + log p(®9).

In addition, the Bayesian Information Criterion (BIC'), the Akaike Informa-

tion Criterion (AIC), the Akaike Information Criterion 3 (AIC3),' and the

Consistent Akaike Information Criterion (C'AIC') based on the log-likelihood
are reported. These are defined as

BIC\sr = —2logL+ (log N) npar,
AlC\ g = —2log L + 2 npar,

AlIC310s, = —2log L + 3 npar,

CAIC\sr = —2logL+[(logN) + 1] npar.

If the Bootstrap -2LL diff option is used, the program also provides the
estimated bootstrap p-value (and the standard error) for the -2L L difference
test between a restricted and an unrestricted model.

4 New results by Andrews and Currim (2003) and Dias (2004) suggest that AIC3 is a

better criterion than BIC and AIC in determining the number of latent classes in choice
models.
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4.1.3 Classification statistics

This set of statistics contains information on how well the observed y and z
values predict the latent class, or, in other words, how well the latent classes
are separated. Classification is based on the latent classification or posterior
class membership probabilities. For response pattern ¢, these are calculated
as follows:

P(|z¢™) Plyilz, 2" z"*")
P(yilz:)

These quantities are used to compute the estimated proportion of classi-
fications errors (E), as well as three R*-type measures for nominal variables:
the proportional reduction of classification errors R2 ..., a measure based
on entropy labelled Riymtmpy, and a measure based on qualitative variance
labelled R2 , iance- The latter is similar to the Goodman and Kruskal tau-b

association coefficient for nominal dependent variables (Magidson, 1981).
The proportion of classification errors is defined as:

P(x|z,,y;) = (14)

T w; {1 — max ﬁ’(a:|zi, yz)}
N :

Each of the three R?-type measures is based on the same type of reduction
of error structure; namely,

E =

R Error(z)—Error(z|z,y)

x

, 15
Error(x) (15)
where Error(z) is the total error when predicting = without using information
on z and y, and Error(z|z,y) is the prediction error if we use all observed
information from the cases. Error(z|z,y) is defined as the (weighted) average
of the case-specific errors Error(z|z,,y;),

SI wError(z|z,,y;)
I :
The three R? measures differ in the definition of Error(z|z;,y;). In R?

x,errors?

Error(z|z,y) =

it equals 1 — maxﬁ(a:]zi,yi), in Rivemmpy, Zle ]3(a:|zi,yi)logﬁ(:v|zi,yi),
and in R? 1 — YK [P(z]z,,y:))*. In the computation of the total

T,variance’ R =1
error Error(x), the P(z|z,,y;) are replaced by the estimated marginal latent
probabilities P(x), which are defined as

ZZ‘I:1 wiﬁ(x‘zia Yi) ZZ‘I:1 Wi

Pl) = N TN

(16)
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The Average Weight of Evidence (AW E) criterion adds a third dimen-
sion to the information criteria described above. It weights fit, parsimony,
and the performance of the classification (Banfield and Raftery, 1993). This
measure uses the so-called classification log-likelihood, which is equivalent to
the complete data log-likelihood log L€ i.e.,

I K
log £°= 3" i, log P(x]25°) P(y,|x, 22, 2 ).

i=1z=1

AW E can now be defined as
AWE = —2log L+ 2 <Z + log N> npar.

The lower AW E, the better a model.

The Classification Table cross-tabulates modal and probabilistic class as-
signments. More precisely, the entry (z,z’) contains the sum of the class x
posterior membership probabilities for the cases allocated to modal class z’.
Hence, the diagonal elements (r = z’) are the numbers of correct classifi-
cations per class and the off-diagonal elements (x # ') the corresponding
numbers of misclassifications. From the classification table, one can not
only see how many cases are misclassified (as indicated by the proportion of
classification errors E), but also detect which are the most common types
of misclassifications. If a particular entry (x,z’) with x # 2’ is large, this
means that classes x and x’ are not well separated.

The marginals of the Classification Table provides the distribution of cases
across classes under modal (column totals) and probabilistic (row totals)
classification. Except for very rare situations, these marginal distributions
will not be equal to one another. This illustrates the phenomenon that modal
class assignments do not reproduce the estimated latent class distribution.
Whereas the row totals are in agreement with the estimated classes sizes,'®
the column totals provide the latent class distribution that is obtained when
writing the class assignments to a file using the Latent GOLD Choice output-
to-file option.

4.1.4 Covariate classification statistics

These statistics indicate how well one can predict class membership from
an individual’s covariate values, and are therefore only of interest if the

15There may be a very small difference, which is caused by the Bayes constant for the
latent classes.
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estimated model contains active covariates. The measures are similar to
the ones that are reported in the section “Classification Statistics”; that
is, the estimated proportion of classification errors, the proportional reduc-
tion of classification errors, an entropy-based R? measure, and a qualitative
variance-based R? measure. The difference is that now the predictions (and
computations) are based on the model probabilities ]3(x|zl) instead of the
posterior probabilities ﬁ’(x|zi,yi). Whereas the total error can still be de-
noted as Error(z), the model prediction error in equation (15) should now
be denoted as Error(z|z) instead of Error(z|z,y).

4.1.5 Prediction statistics

Prediction statistics indicate how well the observed choices, rankings, or rat-
ings are predicted by the specified model. For rankings, the prediction sta-
tistics are based on first choices only. For choice and rating variables, all
replications are used for obtaining the prediction measures.

The predicted values used in the computation of the prediction statistics
are based on the estimated individual-specific response probabilities, which
are denoted by f’mm. For ratings, we also make use of the estimated expected
values y; = Z%zl yfnﬁm‘it, where y;, is the score for response category m.
As is shown in detail below, Igmm is computed by weighting Class-specific
estimates by the posterior membership probabilities ]5(x|zi, y;). This means
that our procedure can be called posterior-mean/mode or expected/modal a
posteriort prediction .

The individual-specific response probabilities ﬁmm can be obtained as
follows:

K

ﬁmlit = Z ﬁ(x]zi, yi)ﬁ(g/it = m|x, Z?ttt7 Z]igged)' (17>
z=1

As can be seen, these are weighted averages of the Class-specific response

probabilities, where the posterior class-membership probabilities serve as

weights.

There are two other prediction methods — HB-like and marginal mean
prediction. In the first, one obtains ﬁm‘it with the individual-specific utilities
ﬁmh’tv

Do eXp(ﬁmh’t)
S exp ()

(18)
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The Vi, are weighted averages of the Class-specific utilities defined in equa-
tion (2), where the posterior class-membership probabilities serve as weights;
that is,

K
77m|iz‘, = Z P(I‘|Zi, yl) ﬁm\w,zit'
=1
Because of the similarity with prediction in Hierarchical Bayes (HB) proce-
dures, we call this alternative method HB-like prediction. Note that the way
we compute 7,5 is equivalent to computing 7),,;; with the individual-specific
Bip parameters defined in equation (20).

Marginal mean (mode) prediction differs from posterior mean prediction
in that the prior class membership probabilities P(x|z,) are used in the for-
mula for ﬁm|it given in equation (17) instead of the posterior membership
probabilities ]3(x|zi,yi). Whereas posterior mean and HB-like prediction
provide a good indication of the within-sample prediction performance, mar-
ginal mean prediction gives a good indication of the out—of-sample prediction
performance.

The most natural predicted value for a categorical dependent variable is
the mode; that is, the m with the largest f’mm. The Prediction Table cross-
classifies observed and predicted values based on such a modal assignment.
For ratings, which are ordinal dependent variables, we make use of the mean
(¥ix) in some of the error measures. Error measures may also be based on
the estimated probabilities instead of a single predicted value.

The error measures reported in prediction statistics are obtained as fol-
lows:

Zle Wi Z;Fil v;¢ Error;
1'[:1 W Zﬁl Vit
As can be seen, “Error” is a weighted average of the replication-specific
errors “Errory”. Latent GOLD Choice uses four types of error measures
( Squared Error, Absolute Error, Minus Log-likelihood, and Prediction Er-
ror), which differ in the definition of Error;. For ratings, the Error; for
Squared Error and Absolute Error equal (yi; — i)? and |yi — Ju|, respec-
tively. For choices and ranking, these errors equal M _ [, (v;) — ﬁm|,~t]2 and

Error =

(19)

SM L (i) —ﬁmm, where indicator variable I,,(y;;) equals 1 if y;; = m and
0 otherwise. The Error; for Minus Log-likelihood equals Z%Zl I (yi) In ﬁmm-
In the computation of Prediction Error, Error; equals 0 if the modal predic-
tion is correct and 1 otherwise.
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The general definition of the (pseudo) R? of an estimated model is the
reduction of errors compared to the errors of a baseline model. More precisely,

7 Error(baseline) — Error(model)

v Error(baseline)

Latent GOLD Choice uses two different baseline models, called Baseline and
Baseline(0), yielding two R* measures, called R? and R>(0). In Baseline, the

Error is computed with response probabilities equal to the average P,

I T 2
D — 2im1 Wi 2oy Vit Pyt

m — T T, ’
i=1 Wi Doyl Vit

In models with an unrestricted set of constants, B, equals the observed
distribution of y. In that case, Baseline can be interpreted as the constants
only model. The response probabilities under Baseline(0) are P,,(0) = 1/M,
which means that Baseline(0) is the equal-probability model.

4.2 Parameters

The first part of the Parameters output contains Class-specific and overall
Ri and R;(O) values based on Squared Error. The overall measures are the
same as the ones appearing in Prediction Statistics. The logic behind the
computation of the Class-specific Rz‘x measures is the same as for the overall
measures (see description of Prediction Statistics). The Class-specific errors
are obtained by

YL wi YL vi Errorg;

Zil:l Wy ZtTij Vit

with W, = w; ﬁ(:v]zi,yi), as in equation (9). The definition of Error,; is

based on the Class-specific response probabilities P(y; = ml|x, 2%, z77°%) or,

shortly, ﬁmmt. For ratings, the predicted value equals ,;; = Zf\n/lzl Y Prnjit
and the corresponding error is Error,;; = (ylt —Jait)?. For choice and ranking

variables, Error,;; equals Z%Zl[[m(yit) — Pm\mP- Similar to the overall R;

Error,, = ,

measures, the Baseline error is based on the average ﬁm|m’t and Baseline(0)
on 1/M.

In the second part of the Parameters output, the program reports the
estimates obtained for the 4 and v parameters appearing in the linear pre-
dictors 7, the estimates for error variances and covariances o, as well as
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the corresponding estimated asymptotic standard errors, se((3), sé(), and
se(o). These standard errors are the squared roots of the diagonal elements
of the estimated variance-covariance matrix 3(19). As described earlier, one
of three methods can be used to obtain %(19), yielding either a standard,
outer-product based, or robust standard errors and Wald statistics.

The significance of sets of parameters can be tested by means of the
reported Wald statistic labeled Wald. We also report a Wald statistic la-
beled Wald(=), which tests whether regression coefficients are equal between
Classes (Class Independent). The general formula for a Wald statistic (W?)
is

w? = (c'9) (c'sw)c) " (C'9),

where the tested set of linear constraints is: C'9 = 0. The Wald test is
a chi-squared test. Its number of degrees of freedom equals the number
of constraints. Computation of standard errors and Wald statistics can be
suppressed, which may be useful in models with many parameters.

The Parameters output also contains the means and standard devia-
tions of the conditional logit coefficients (last two columns in model for
choices/rankings/ratings). These are the typical fixed and random effects
in multilevel, mixed, or random-coefficient logit models. Let Ewp denote the
estimated value of one of the conditional logit parameters, which can be a
constant, an attribute effect, or a predictor effect. Using basic statistics cal-
culus, the Mean of Bxp can be defined as K | P(z) Bw and the Std.Dev.

Of By a5 /S P@)(Bup)? — 21, P(2) By

4.3 Importance

The Importance output reports the maximum effect for each of the attributes,
including the constants, as well as re-scaled maximum effects that add up to
one within latent classes.

Let a denote a level of attribute p, A, its total number of levels, and 7,4,
the utility associated with level a for latent class x. For numeric attributes,
Tajzp equals the attribute effect times the numeric score of category a (zap35 );
for nominal attributes, it is simply the effect for category a (8%,). The
maximum effect of attribute p for latent class = is defined as

maxeff,, = max(7,)zp) — min(Majzp)-
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These maximum effects can be compared both across attributes and across
latent classes.

Often it is relevant to compare the relative importances of the attributes
across latent classes. These relative importances or relative maximum effects
are obtained as follows:
maxeft,,

releff,, = ———.
P >, maxeff,,

As can be seen, releff,, is a maximum effect that is re-scaled to sum to 1 across
attributes within a latent class. The relative importances are depicted in a
plot. Attributes can be deleted from the Importance output using the plot
control. The relative effects are then rescaled to sum to one for the remaining
attributes. This feature can, for example, be useful if one is interested in
relative effects without considering the constants or the effect corresponding
to a none option.

4.4 Profile and ProbMeans

The content of the Profile and ProbMeans output will be explained together
because these two output sections are strongly related. Both sections con-
tain 1) marginal latent probabilities, 2) transformed Class-specific attribute
effects, and 3) information on the relation between (active and inactive) co-
variates and class membership.

The first row of each output section contains the estimated marginal
latent class probabilities P(z) (see equation 16). In Profile these are called
Class Size and in ProbMeans Querall Probability.

The Profile output contains transformed attributes effects (/3 parameters),
including the constants. As above, let a denote a level of the attribute p,
A, its total number of levels, and 7),,, the utility associated with level a
for latent class x. The reported “choice probabilities” for attribute p are
obtained as follows:

eXp(ﬁa\xp)
2;14’:1 eXp(ﬁa’\xp)

Py(alz) =

The P,(alz) can be interpreted as the estimated choice probabilities in a set
of A, alternatives that differ only with respect to the attribute concerned.

. : A 5
For numeric attributes, we also report the means Y_,2; z,, P, (a|z).
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In ProbMeans, the choice probabilities P,(a|z) are re-scaled to sum to
one over latent classes. That is,

]5 (513’&) _ ﬁ(m)ﬁ)p(an)
" Sy P(a')Py(alz')’

This number can be interpreted as the probability of being in latent class x
given choice a on “set” p.

The third part of the Profile and ProbMeans output sections provides
information for covariates. This is information obtained by aggregating and
re-scaling posterior membership probabilities (Magidson and Vermunt, 2001).
Let b denote a particular level of covariate r,and B, the number of categories
of the covariate concerned, and let the frequency count 7,.(x, b) be defined as
follows: -

n(z,b) = Y w; P(z|z;y:),
i:2i7=b
where ¢ : z;,, = b denotes that the sum is over the cases with value b on
the covariate concerned. In Profile, we report the probability of being in
covariate level b given that one belongs to latent class x,

N, (x,b)

P.(blg) = ——2 2
( |$) 25;1 ﬁr(xab/)

and for numeric covariates also the means -2 | 2, P, (b|z), where z, is the
score of covariate category b. ProbMeans contains the probability of being
in latent class x given covariate level b:
. n.(z,b)
Pr(x|b) - 5:1 ﬁr(.fl?/,b)

For nominal attributes/covariates, the Profile plot depicts the choice
probabilities P,(a|z) and covariate probabilities P,(b|z). For numeric at-
tributes and covariates, the Profile plot contains 0-1 means, which are means
that are re-scaled to be in the 0-1 interval. In ProbMeans, the quantities
P,(z]a) and P,(b|lz) are plotted in Uni- and Tri-plots (Magidson and Ver-
munt, 2001; Vermunt and Magidson 2000). Similar plots have been proposed
by Van der Ark and Van der Heijden (1998) and Van der Heijden, Gilula,
and Van der Ark (1999) for standard LC and latent budget models.

A nice feature of the Profile and ProbMeans output is that it describes
the relationships between the latent variable and all variables selected as
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attributes or covariates. This means that even if a certain covariate effect
is fixed to zero, one still obtains its ProbMeans information. This feature
is exploited in the “inactive covariates method”. Advantages of working
with inactive instead of active covariates are that the estimation time is not
increased and that the obtained solution is the same as without covariates.

4.5 Set Profile and Set ProbMeans

The Set Profile and Set ProbMeans output sections contain information on
the estimated choice probabilities per choice set. For rankings, these are
based on the first choice replications only. For choices and ratings, all repli-
cations are used.

Let ¢ denote a particular choice set number as indicated by the Set ID
variable. The Class-specific and the overall choice probabilities for Set ¢ are
obtain as follows:

I ~ 5 d
p i1 Wai X v P(ys = m|x, 23}, 27 )
o(mlz) = T~ )
> i1 Wai D per Vit
s ~
3 D im1 Wi D pep Uz‘tpm\z‘t

F (m) Z{:l Wi Y per Vit

Here, @,; is the case weight times the posterior membership probability (see
equation 9), and ﬁm‘it is the individual-specific choice probability which,
depending on the type of prediction, is defined by equation (17) or (18). The
computation of the Set Average is the same, except that the summations are
over all t instead of t € /.

Set Profile also contains information on the observed choice probabilities
pe(m), as well as residuals per alternative and per set that compare ob-
served with overall estimated choice probabilities. The standardized residual
(StdResid) for alternative m of set ¢ is obtained as follows:

pe(m) — Py(m) N
Py(m) 0

where Ny = Y, w; > o vir. The univariate residual (UniResid) for set ¢ is
defined as: L
M, [pe(m)—Pu(m)]
Zm:l E(m) NE

M, —1.
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Note that this is just a Pearson chi-squared divided by the number of “degrees
of freedom”, or the number of possible alternatives in set ¢ minus 1.
The Set Probmeans is obtained by re-scaling the Py(m|z); that is,

o Pa)Bmly)
Felm) = S B ) By i)

These quantities, which can be plotted with the Probmeans in the Uni-plot
and Tri-plot, indicate the probability of being in latent class x given that
alternative m was selected in set £.

The file in which the choice sets are defined may contain choice sets that
are not presented to respondents. For such “simulation sets”, the Set Pro-
file output reports ]3(y = m|z, 28" z"?), the estimated Class-specific choice
probabilities given their attribute values and the mean of the predictor val-
ues.'® The overall choice probabilities for simulation sets are weighted aver-

ages of the Class-specific choice probabilities, where P(z) serves as weight.

4.6 Frequencies / Residuals

Latent GOLD Choice reports estimated and observed cell frequencies (7«
and n;«), as well as standardized residuals (7;+). The computation of esti-
mated cell entries was described in equation (13). The standardized residuals
are defined as

~
MMy« — Ty*
—~ *

=

Note that (7;<)? is cell *’s contribution to the X? statistic.

This output section also contains a column Cook’s D (Cook’s Distance).
This measure can be used to detect influential cases or, more precisely, cases
having a larger influence on the parameter estimates than others. The exact
formula that is used in Latent GOLD Choice 4.0 is given in equation (21). A
typical cut-point for Cook’s D is four times the number of parameters divided
by the number of cases (Skrondal and Rabe-Hesketh, 2004). Note that the
reported value in a particular row corresponds to the Cook’s D for each of
the cases with that data pattern.

~
Ti* =

16Note that the predictor values are missing for simulation sets.
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4.7 Classification Information

The Classification output section contains the classification information for
each data pattern ¢*. We report the posterior class membership probabilities
P(z|z,.,y:), as well as the modal Class (the latent class with largest proba-
bility). This method of class assignment is sometimes referred to as posterior
mode, empirical Bayes modal (EBM), or modal a posteriori (MAP) estima-
tion (Skrondal and Rabe-Hesketh, 2004).

Classification can also be based on covariates only. This involves using
the model probabilities P(x|z,) — sometimes referred to as prior probabilities
— as classification probabilities for each covariate pattern u. The same modal
classification rule can be applied as with the posterior class membership
probabilities.

4.8 QOutput-to-file Options

Five types of items can be written to output files: classification, classification
based on covariates, predicted values, individual-specific coefficients, and the
estimated variance-covariance matrix of the model parameters.

With Standard Classification and Covariate Classification, the output file
will contain the posterior class-membership probabilities P (z|z,;,y;) and the
model probabilities ]3(x|zl), respectively, as well as the modal Class assign-
ment based on these probabilities. With the option Predicted Values to a file,
one obtains the estimated individual-specific choice probabilities ﬁmﬁt which,
depending on the type of prediction, are defined by equation (17) or (18), as
well as the predicted value, which is a mode with choices and rankings and
a mean with ratings. In addition, a CHAID (.chd) input file can be created
for further profiling of the latent classes. (see Section 4.9).

With Individual Coefficients, one obtains the estimated individual-specific
regression coefficients. Let @Ip denote the estimated value of one of the
conditional logit parameters, which can be a constant, an attribute effect, or
a predictor effect. The posterior-mean or expected a posteriori estimate of a
particular regression coefficient for case i is defined as follows:

o~ K o~ o~
ﬁip = Z P(Z“Zi, Yi> B:Jcp (20>
=1

that is, as a weighted average of the Class-specific coefficients. These esti-
mates are similar to the individual coefficients obtained in multilevel, mixed,
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random-effects, or hierarchical Bayes (HB) models. The person-specific co-
efficients can be used to predict person ¢’s new choices.The person-specific
coefficients can be used to predict person ¢’s new responses. The posterior
standard deviations are defined as

K

R . ~ N

O-@q = J Z P($|Z17yz) (ﬁxq - qu>
=1

Another output-to-file item is Cook’s D (Cook’s Distance). It can be used

to detect influential cases or, more precisely, cases with a large influence on
the parameter estimates. The formula that is used the following;:

C;=-2g/H g, (21)

where H is the Hessian matrix and g; the vector with the gradient contri-
butions of case i. A typical cut-point for Cook’s D is four times the number
of parameters divided by the number of cases (Skrondal and Rabe-Hesketh,
2004).

The last output-to-file item is the Variance-Covariance Matrixz of the
model parameters. Dependent of the type of variance estimator that is re-

A~

quested this will be Xy andara(?), f]oum(ﬂ), or f)mbust(ﬂ). Note that also
the variances and covariances involving the omitted categories of the effect
coded nominal variables are reported.

4.9 The CHAID Output Option

(This option requires the SI-CHAID 4.0 program)

The CHAID (CHi-squared Automatic Interaction Detector) analysis op-
tion can be used to assess the statistical significance of each Covariate in its
relationship to the latent classes, as well as to develop detailed profiles of
these classes, based on the relationships in 3- and higher-way tables. For ex-
ample, in tutorial #6A, a CHAID analysis is used to explore the relationship
between an individual’s banking usage during some period (number of checks
written, ATM usage, average balance) and the latent classes obtained in tu-
torial #6. If this option is selected, at the conclusion of the Latent GOLD
Choice run, a CHAID (.chd) file is created which can be used as input to the
SI-CHAID 4.0 program.
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Part II: Advanced Model Options,
Technical Settings, and Output
Sections

5 Introduction to Part II (Advanced Models)

This part of the manual describes the three Advanced options of Latent
GOLD Choice 4.0. These are:

1. An option for specifying models with continuous latent variables, which
are referred to as continuous factors (CFactors).

2. A multilevel extension of the LC Choice model, which is a model con-
taining group-level continuous latent variables (GCFactors) and/or a
group-level nominal latent variable (GClasses).

3. An option to deal with the sampling design, which yields correct sta-
tistical tests for complex survey sampling designs that deviate from
simple random sampling.

The Continuous Factors (CFactors) option makes it possible to specify
random-coefficients conditional logit models. One may, however, also com-
bine CFactors and latent classes in a single model, yielding LC Choice models
in which the alternative-specific constants, predictor effects, and/or attribute
effects may vary within latent classes.

The Multilevel Model option can be used to define LC Choice models
for nested data, such as employees nested within firms, pupils nested within
schools, clients nested within stores, patients nested within hospitals, citizens
nested within regions, and repeated measurements nested within individuals.
Note that a LC Choice model is itself a model for two-level data; that is, a
model for multiple responses per case. The multilevel LC Choice model is
thus, in fact, a model for three-level data; that is, for multiple responses
nested within cases and cases nested within groups. As in any multilevel
analysis, the basic idea of a multilevel LC Choice analysis is that one or more
parameters of the model of interest is allowed to vary across groups using a
random-effects modeling approach. In Latent GOLD Choice, the group-level
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random effects can either be specified to be continuous (group-level contin-
uous factors: GCFactors) or discrete (group-level latent classes: GClasses),
yielding either a parametric or a nonparametric approach, respectively.

One variant of the multilevel LC model involves including group-level
random effects in the model for the latent classes, which is a way to take
into account that groups differ with respect to the distribution of their mem-
bers across latent classes (Vermunt, 2003, 2005; Vermunt and Magidson,
2005). Not only the intercept, but also the covariate effects may have a ran-
dom part. Another variant involves including GCFactors and GClasses in the
model for the choices. By combining group-level with case-level latent classes,
one obtains a three-level conditional logit model with nonparametric random
effects, and by combining group-level continuous factors with case-level con-
tinuous factors one obtains a standard three-level random-coefficients condi-
tional logit model. The latter is a special case of the three-level generalized
linear model (Vermunt, 2002c, 2004).

The Survey option makes it possible to get correct statistical tests with
stratified and clustered samples, as well as with sampling weights and samples
from finite populations. The design-corrected variance-covariance matrix of
the model parameters is obtained by the well-known linearization estimator.
Sampling weights can also be dealt with using a two-step procedure that
involves estimating the model without sampling weights, and subsequently
correcting the latent class distribution and covariate effects using the sam-
pling weights.

The next three sections describe the three Advanced options in more
detail. Attention is paid to model components, estimation issues, and appli-
cation types. The last section discusses the output obtained with the Latent
GOLD Choice Advanced options.

6 Continuous Factors

6.1 Model Components and Estimation Issues

Let Fj; denote the score of case ¢ on continuous latent variable, factor, or
random effect number d. The total number of CFactors is denoted by D —
thus, 1 < d < D — and the full vector of CFactor scores by F; . The maximum
number of CFactors that can be included in a Latent GOLD Choice model
is three, thus 0 < D < 3.
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Recall that without CFactors the most general Latent GOLD Choice
structure for P(y;|z;) equals

K
P(yilz;) = ZP(37|Z1')P(Y¢‘»T,Z¢)
r=1
where
T
P(yil|z,z:) H (arlw, z5", 2.

If we include CFactors in a model, the assumed structure for P(y;|z;) becomes

P(yi|z) Z/ F(F)) P(z|2:) Ply; |z, 7, F;) dF;, (22)

where
T

(yz‘x Zw HP yzt‘xazfttta ftred F)

The Fj are assumed to be Standard normally distributed and mutually in-
dependent. In other words, f(F;) = N(0,I), where I is the identity matrix.
As will be shown below, this specification is much less restrictive than one
may initially think.

It is also possible to define models — standard random-effects conditional
logit models — containing CFactors but no latent classes z. That simplifies
the structure for P(y;|z;) to

P(yi|z:) = /Ff(Fz) P(y;|z;, F;)dF;
with
T ;
P(y;|z;, F;) = HP(Z/it‘ZZetta 7, F;)
=1

Equation (22) shows that the Fy; may appear in the model for the choices,
but not in the model for the latent classes.!” Compared to models without
CFactors, the linear predictor in the model for the choices is the expanded
with the following additional term:

D D P D Q

con att att pred pred
Z)‘xmd'Fdi+Zz/\xpd'Fdi'Zmitp—i_zz)‘wqu’Fdi'zitq
d=1

d=1p=1 d=1q=1

"There is a trick for including CFactor effects in the model for the latent classes using
the multilevel option.

61



In the first term, the Fj define random effects for the alternative-specific
constants, and the Fy; - zﬁfftp and Fy; - nze product terms define random
coefficients for the attributes and predictors. An important difference with
the more standard specification of random-effects models is that here each
Fy; can serve as a random effect for each of the model effects, which, as will
be shown below, yields parsimonious random-effects covariance structures.
Another important difference is that the size of the parameters associated

with the random effects may differ across latent classes.

Model restrictions One can use the parameter constraints “Class Inde-
pendent”, “No Effect”, and “Merge Effects”, which imply equal \’s among
all Classes, zero M\’s in selected Classes, and equal \’s in selected Classes,
respectively.

ML (PM) estimation and technical settings The main complication
in the ML (PM) estimation of models with CFactors is that we have to deal
with the multidimensional integral appearing in the definition of the marginal
density P(y;|z;) (see equation 22). Because a closed form expression for this
integral is not available, it must be solved using approximation methods. La-
tent GOLD Choice approximates the conditional density P(y;|z;) by means
of Gauss-Hermite numerical integration, implying that the multidimensional
integral is replaced by multiple sums (Bock and Aitkin, 1981). With three
CFactors and B quadrature nodes per dimension, the approximate density
equals

K B B B
P(yilz;) %Z Z Z Z (z|z;) P(yil|, 2i, Fo, s Fyy, Fry) Py Py, P,

Here, F}, is the location and P, the weight corresponding to quadrature
node by for CFactor d. These nodes and weights are obtained from published
quadrature tables (Stroud and Secrest, 1966). As can be seen, because of the
multiple sums, this approximate density is very similar to the density of a L.C
model with multiple latent variables. The above approximation also shows
that — given the fact that one will usually use at least 10 quadrature points per
dimension (Lessafre and Spiessens, 2001) — because of computation burden,
it does not make sense to have models with more than three CFactors.
Similar to what Latent GOLD Choice does for standard LC Choice mod-
els, the ML (PM) estimation problem for models with CFactors is solved
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using a combination of EM and Newton-Raphson with analytic first- and
second-order derivatives.

The only new technical setting in models with CFactors is the parame-
ter specifying the number of quadrature nodes to be used in the numerical
integration. The default value is 10, the minimum 2, and the maximum 50.

6.2 Application Types
6.2.1 Randome-effects conditional logit models

An important application of the CFactor option involves random-effects discrete-
choice modeling (McFadden and Train, 2000; Skrondal and Rabe-Hesketh,
2004).'® Let us first look at the random intercept case in a model for first
choices containing M — 1 alternative-specific constants and P attributes.’
Such a model has the following form:

P
__ Qcon att _att con )
Nz, F1; = ﬁm + Z p Ritmp + )‘ml ’ Fll (23>
p=1

Note that a single CFactor is used to capture the variation in each of the M —1
constants, a specification that is also used in the random-effects multinomial
logistic regression model proposed by Hedeker (2003). The random part of
the alternative-specific constant corresponding to category m is denoted as
weon - Its variance equals 0\21,%” = (Affﬁl)z and the covariance between W
and Wi equals oggen weon = AT - AT

The model can be expanded to include random slopes or random coeffi-
cients in addition to random intercept terms. However, a slight complication
is that one has to decide whether the various random effects should be un-
correlated or not. For uncorrelated random effects, expanding the model of

equation (23) with a random slope for the first attribute yields
P
Ml ¥o = O+ 2 85" Zimp + Ao Fri + A% Fai - 2
p=1

The variances of the random intercept terms and for the random slope of

att 2 _ con \2 2 _ att\2 ;
Zmin1 €qual ogeon = (Ag71)” and Ogon = (A]5)7, respectively.

I8Random-effects models are also referred to as multilevel, hierarchical, mixed-effects,
mixed, and random-coefficients models.
9Note that in Choice the intercept terms are referred to as constants.
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The same model, but now with correlated random effects can be defined
as follows:

con att att con att att att att
Nmlas,Fs = By + Z Zimp T At Fri AT B 2 + AT o 2,

As can be seen, here F; does not only affect the constants but also the effect
of 22" .. The variance-covariance matrix of the random effects (X ), can be
obtained by ¥¢ = A A’, where A is a matrix collecting the A parameters
More specifically, in our example, ogcon = ( cony?, 0-\2I,¢1ztt = (AS)? (NGt
Twggnweon = ARy - A, and ogeon o = AT - AJAE,

Whereas the random-effects models presented thus far contained as many
CFactors as random terms, this is not necessary in general. In fact, with three
CFactors — the Latent GOLD Choice maximum — one can define models
with any number of random effects. This is accomplished with the following
“factor-analytic” specification:

D P
Tz ¥ BC°”+Z 0 Zimp T Z Noma Fai 3 3 Nopa+ Fai - iy (24)

where again X¢ = A A’. This “factor-analytic” specification in which each
CFactor may be associated with multiple random effects is equivalent to
the generalized random coefficient (GRC) formulation proposed by Skrondal
and Rabe-Hesketh (2004, p. 101). In fact, it is assumed that the unobserved
heterogeneity in the regression coefficients can be summarized by at most
three underlying CFactors.

6.2.2 LC (FM) regression models with random effects

A unique feature of Latent GOLD Choice is that it allows you to combine
random effects with latent classes. More specifically, it is possible to specify
LC Choice models in which the intercept and/or some of the regression coef-
ficients vary within latent classes. Lenk and DeSarbo (2000) proposed using
random effects in FMs of generalized linear models and Béckenholt (2001)
proposed using random effects in LC models for ranking data.

It has been observed that the solution of a LC Choice analysis may be
strongly affected by heterogeneity in the constants. In choice-based conjoint
studies, for example, it is almost always the case that respondents differ
with respect to their brand preferences, irrespective of the attributes of the
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offered products. A LC Choice model captures this brand heterogeneity
phenomenon via Classes with different constants. However, the analyst often
likes to find relatively small number of latent classes that differ in more
meaningful ways with respect to attribute effects on the choices. By including
random alternative-specific constants (intercepts) in the LC Choice model,
for example,

P
__ nQcon att _att con .
Nm|z,2s,F1i = Pam + 2 : tp Fmitp + )\xm ’ Fl’“
p=1

it is much more likely that one will succeed in finding such meaningful Classes
(segments). The random intercept term, which may have a different effect
in each latent class, will filter out (most of) the “artificial” variation in the
constants.

7 Multilevel LC Choice Model

7.1 Model Components and Estimation Issues

To explain the multilevel LC model implemented in Latent GOLD Choice, we
need to introduce and some new terminology. Higher-level observations will
be referred to as groups and lower-level observations as cases. The records of
cases belonging to the same group are connected by the Group ID variable.
It should be noted that higher-level observations can also be individuals, for
example, in longitudinal applications. “Cases” would then be the multiple
time points within individuals and replications the multiple choices of an
individual at the various time points.

The index j is used to refer to a particular group and /; to denote the
number of cases in group j. With y;;; we denote the response at replication
t of case ¢ belonging to group j, with y;; the full vector of responses of
case ¢ in group j, and with y; the responses of all cases in group j. Rather
than expanding the notation with new symbols, group-level quantities will be
referred to using a superscript g: Group-level classes (GClasses), group-level
continuous factors (GCFactors), and group-level covariates (GCovariates) are
denoted by 27, F%, and z, and group-level parameters by 77, 39, and 9.

The most general probability structure for a multilevel LC Choice model
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is
Pyl — 3 Joo TED PLala) Pl gt Y AFS, (25)
zI=1

where
I;

P(yj|zj7 $g> F?) = H P<yji|zji7 xg’ Fé])
i=1
Assuming that the model of interest may also contain CFactors, for each case
i, P(yjilzji, v?,F{) has a structure similar to the one described in equation
(22); that is,

K
P(yjilzji, v, F%) = Z/F f(Fji) P(x|zji, 29, FY) P(yjilx, zji, Fji, v, F]) dF ;.
r=1 Ji
where
T .
P(in\f,zijji,ﬂ?g?F?) = Hp(yg‘ih\ﬂf>z?ff> ?:te >Fguﬂfg Fg)
t=1

These four equations show that a multilevel LC Choice model is a model

e for P(y,|z;,2]), which is the marginal density of all responses in group
7 given all exogenous variable information in group j,

e containing GClasses (29) and/or (at most three mutually independent)

GCFactors (F9),
e containing GCovariates z] affecting the group classes 27,

e assuming that the I; observations for the cases belonging to group j
are independent of one another given the GClasses and GCFactors,

e allowing the GClasses and GCFactors to affect the case-level latent
classes  and/or the responses y;;.

GCFactors enter in exactly the same manner in the linear term of the
conditional logit model as case-level CFactors. We refer to their coefficients

con,g att,g pred,g .
as Azd » Aupd » and A7, GCFactors can also be used in the model for

the Classes. We will denote a GCFactor effect on the latent classes as A2,
0 <1 < R, where the superscript 0 refers to the model for the latent classes.
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GClasses enter in the conditional logit model for the choices as 3,5 +

P att,g att pred,g pred
pe1 Bapxs * Zmjitp T Z ema.z9 * Zjitg - Inclusion of GClasses in the model

for the Classes 1mphes that the v parameters become GClass dependent;
that is Nelz;, 29 = Vesa0 T Zle Vas zr * Zgin - Note that this is similar to a LC
Regression analysis, where z9 now plays the role of xz, and x the role of a
nominal y variable.
The remaining linear predictor is the one appearing in the multinomial
logistic regression model for the GClasses. It has the form Neslad = Yas 0 T
L Ve 27", This linear predictor is similar to the one for the Classes (in
a standard LC model), showing that GCovariates may be allowed to affect

GClasses in the same way that covariates may affect Classes.

Below we will describe the most relevant special cases of this very general
latent variable model,? most of which were described in Vermunt (2002b,
2003, 2004, and 2005) and Vermunt and Magidson (2005). We then provide
some expressions for the exact forms of the various linear predictors in models
with GClasses, GCFactors, and GCovariates.

Model restrictions One can use the parameter constraints “Class Inde-
pendent”, “No Effect”, and “Merge Effects”, implying equal \’s (3’s) among
all Classes, zero \N’s ((3’s) in selected Classes, and equal \’s (3’s) in selected
Classes.

ML (PM) estimation and technical settings Similar to what was dis-
cussed in the context of CFactors, with GCFactors, the marginal density
P(y;|z;) described in equation (25) is approximated using Gauss-Hermite
quadrature. With three GCFactors and B quadrature nodes per dimension,
the approximate density equals

g

B B B
P(y;|z;, 29 J Z Z Z xg|z P(y;lz;, 7, Fg FbQ,F,;qg)PI;q1 Pb’; Pbi.

x9

=

ML (PM) estimates are found by a combination of the upward-downward
variant of the EM algorithm developed by Vermunt (2003, 2004) and Newton-

20Tn fact, the multilevel LC model implemented in Latent GOLD Choice is so general
that many possibilities remain unexplored as of this date. It is up to Latent GOLD Choice
Advanced users to further explore its possibilities.
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Raphson with analytic first-order derivatives.?!

The only new technical setting in multilevel LC Choice models is the same
as in models with CFactors; that is, the number of quadrature nodes to be
used in the numerical integration concerning the GCFactors. As explained
earlier in the context of models with CFactors, the default value is 10, the
minimum 2, and the maximum 50.

7.2 Application Types
7.2.1 Two-level LC Choice model

The original multilevel LC model described by Vermunt (2003) and Vermunt
and Magidson (2005b) was meant as a tool for multiple-group LC analysis
in situations in which the number of groups is large. The basic idea was
to formulate a model in which the latent class distribution (class sizes) is
allowed to differ between groups by using a random-effects approach rather
than by estimating a separate set of class sizes for each group — as is done in
a traditional multiple-group analysis.
When adopting a nonparametric random-effects approach (using GClasses),

one obtains the following multilevel LC Choice model:

e

I K
P(y;lz;) = Z P(zf) [H > P(x|2?) HP(yjit\%Z?ff’Z?ffd)] 7

r9=1 i=1z=1 t=1

in which the linear predictor in the logistic model for P(z|z?) equals 7,0 =
Vs z0- Here, we are in fact assuming that the intercept of the model for the
latent classes differs across GClasses.

When adopting a parametric random-effects approach (GCFactors), one
obtains

Ij K

[ PlalFy) T Plyjule. 25, 25

i=1x=1 t=1

!

Plyjlz) = [ 1(F) dFy,

where the linear term in the model for P(z|FY;) equals n,, Py = = Ypo+ ALY, - FY
Note that this specification is the same as in a random—mtercept model for
a nominal dependent variable.

2INumeric second-order derivatives are computed using the analytical first-order deriv-
atives.
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Vermunt (2005) expanded the above parametric approach with covariates
and random slopes, yielding a standard random-effects multinomial logistic
regression model, but now for a latent categorical outcome variable. With
covariates and multiple random effects, we obtain

.7'K

!

P(alz5s” F9) TT Plyjulv, 2555, 255 | dFY,

:1 t=1

P(y;|z;) / f( Fg

where the linear predictor for x equals

R
€OV 0,9 0,9 cov
nx|ZJuF = Yz0 + Z Var - j’”’ + Z )\CCOd + Z Z Am‘d Zjir .

r=1 d=1r=1

Also when adopting a nonparametric random-effects approach, one may in-
clude covariates in the multilevel LC model; that is,

— cov
= Ya9,20 + Z Va9 xr Zjir .
r=1

77:L‘|ij,(E
This yields a model for the latent classes in which the intercept and the
covariate effects may differ across GClasses. In fact, we have a kind of LC
Regression structure in which the latent classes serve as a nominal dependent
variable and the GClasses as latent classes.

An important extension of the above nonparametric multilevel LC models
is the possibility to regress the GClasses on group-level covariates. This part
of the model has the same form as the multinomial logistic regression model
for the Classes in a standard LLC or FM model.

7.2.2 LC discrete-choice models for three-level data

Another application type of the Latent GOLD Choice multilevel option is
three-level regression modeling (Vermunt, 2004). A three-level LC condi-
tional logit model would be of the form

K9 T;
P(Yj|zj) = Z H Z H y]it|x’Z§;’t€d’Z?g’x9)

z9=1 i=12x=1 t=1

Suppose we have a model for first choices with alternative-specific constants
and P attributes. The simplest linear predictor in a model that includes
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GClasses would then be
con att att 5077«79
|z, 2,29 = m T Z zp mltp m 29

which is a model in which (only) the constants are affected by the GClasses.
A more extended model is obtained by assuming that also the attribute
effects vary across GClasses; that is,

__ Qcon att con g att,g att
Nm|zji,2,29 = m T Zﬁwp " Zmitp + m,z9 Z “mitp

In practice, it seems to be most natural to allow effects of attributes and pre-
dictors that change values across replications to be Class dependent and ef-
fects of predictors that change values across cases to depend on the GClasses.

The most extended specification is obtained if all the effects are assumed
to be Class dependent, which implies including Classes-GClasses (z-z9) in-
teractions. Such a model is defined as

__ pcon att con,g att,g att
nm|Zjit7CU,$g - + § :ﬁﬂfp : mztp :L‘m 9 + E :53010 x9 ° mztp'

It should be noted that in each of the above three models, identifying con-
straints have to be imposed on the parameters involving the GClasses. The
attribute effects for the GClasses, for example, are restricted by Y57 | szfg =
0, 65319 =0, or Ba;t[g(g =0,forl1 <p< Pand 1<z < K. In other words,
the parameters in the model for the dependent variable either sum to zero

across GClasses, are equal to zero for the first GClass, or are equal to zero
for the last GClass.

7.2.3 Three-level random-coefficients conditional logit models

Combining the GCFactors from the multilevel model with the CFactors op-
tion makes it possible to specify three-level random-coefficient conditional
logit models. These are similar to other types of three-level GLM regression
models with parametric random effects (Im and Gionala, 1988; Skrondal and
Rabe-Hesketh, 2004; Rodriguez and Goldman, 2001; Vermunt, 2002¢, 2004).
In terms of probability structure, this yields:

I; T;
Plyslz) = [ 1) (T [ 75 1T Plysalaic 2%, By Bk | dFS.
J =1 Je t=1

70



The simplest special case is obtained by assuming that the conditional logit
model contains random intercepts at both the case and the group level. The
corresponding linear predictor in a model with P attributes equals

P
__ pQcon att con » con,g . 19
77m|z]-“,F1ji,Flgj - ﬁm _'_ Z /6127 ’ ’ijitp + >\m1 Fl]Z + ml Flj
p=1

Such a model containing a single CFactor and a single GCFactor will suffice in
most three-level random-effects applications. However, similar to the random
effects models discussed in the context of the CFactors option, this model
can be expanded with random slopes at both levels using the factor-analytic
or generalized random-effects specification illustrated in equation (24).

7.2.4 LC growth models for multiple response

Suppose one has a longitudinal data set containing multiple responses for
each time point. The multiple responses could be used to build a time-
specific latent classification, while the pattern of (latent) change over time
could be described using a (LC) growth model. Specification of such a model
would involve using the index i for the time points and the index j for the
cases (time points are nested within cases). The LC model for the time
points would be a LC Choice model. The multinomial logistic regression
model for the (time-specific) latent classes will have the form of a LC growth
model: class membership depends on time, where the intercept and possibly
also the time slope is allowed to vary across individuals. This variation can
be modelled using continuous random effects (GCFactors) and/or discrete
random effects (GClasses).

7.2.5 Two-step IRT applications

Another application of the Latent GOLD Choice multilevel option is in IRT
models for educational testing that assume a two-stage response process
(Bechger et al., 2005; Westers and Kelderman, 1991, 1993). These models
associate a discrete (usually binary) latent response to each observed item
response, where a standard IRT model is specified for the discrete latent
responses. A specific mechanism is assumed for the relationships between
the latent and observed item responses. In Westers and Kelderman’s SERE
model, for example, the first latent class knows and the second latent class
does not know the correct answer on a multiple choice item, implying that
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the first class gives the correct answer with probability one and the other
class guesses with probabilities that depend on the attractiveness of the al-
ternatives. Using the Latent GOLD Choice notation, the SERE model would
be defined as a Rasch-like model for the latent classes

R
nz\zi,Fjg = VY0 T Z Var Z]C';): + )\g’g : F;ga
r=1
where the covariates are item dummies. The constraint that P(y; = 1|z =
1) = 1.00 can be imposed by using the offset option, and P(y;; = m|z = 2)
is left unrestricted.

7.2.6 Non multilevel models

The final use of the multilevel option we describe here does not yield a mul-
tilevel model, but is a trick for estimating models that cannot be estimated
any other way. The trick consists of using a Group ID variable that is iden-
tical to the Case ID or, equivalently, to have groups that consist of no more
than one case each. GCFactors can then be used as CFactors. This makes it
possible to define models in which CFactors affect the latent classes. Another
possibility is to use the GClasses as an additional case-level nominal latent
variable, yielding a model in which one nominal latent variable may affect
another nominal latent variable.

8 Complex Survey Sampling

The Survey option makes it possible to obtain consistent parameter estimates
and correct standard errors with complex sampling designs. This option
can be used in combination with any model that can be estimated with
Latent GOLD Choice. Parameter estimation is based on the so-called pseudo-
ML estimator that uses the sampling weights as if they were case weights.
Correct statistical tests with stratified and clustered samples, as well as with
sampling weights and samples from finite populations are obtained using the
linearization variance estimator.

Latent GOLD Choice also implement an alternative method to deal with
sampling weights. This is a two-step procedure in which the model is first
estimated without making use of the sampling weights, and in which sub-
sequently the latent class sizes and covariate effects are corrected using the
sampling weights.
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8.1 Pseudo-ML Estimation and Linearization Estima-
tor

The survey option can be used to take into account the fact that cases may

1. belong to the same stratum,

2. belong to the same primary sampling unit (PSU), often referred to as
a sampling cluster,

3. contain a sampling weight,

4. be sampled from a finite population.

Let o denote a particular stratum, ¢ a particular PSU in stratum o, and
1 a particular case in PSU ¢ of stratum o. Moreover, let O be the number of
strata, C, the number of PSUs in stratum o, and I,. the number of cases in
PSU c of stratum o. The sampling weight corresponding to case ¢ belonging
to PSU ¢ of stratum o is denoted by sw,.;, and the population size (total
number of PSUs) of stratum o by N,.*

From this notation, it can be seen that PSUs are nested within strata,
and that cases are nested within PSUs. In other words, records with the
same Case ID should belong to the same PSU, and all records with the same
PSU identifier should belong to the same stratum. The population size N,
indicates the population number of PSUs in stratum o, and should thus have
the same value across records belonging to the same stratum. Another thing
that should be noted is that in multilevel models, the strata, PSUs, and
sampling weights concern groups rather than cases; that is, one has strata
and PSUs formed by groups and sampling weights for groups.

For parameter estimation, only the sampling weights need to be taken
into account. When sampling weights are specified, Latent GOLD Choice
will estimate the model parameters by means of pseudo-ML (PM) estima-
tion (Skinner, Holt, and Smith, 1989). Recall that ML estimation involves
maximizing

1
log £ = w;log P(y;|zi, 9),

i=1

22Tn Latent GOLD Choice, one can either specify the fraction % or the population size

N,. If the specified number in “Population Size” is smaller than'1 it is interpreted as a
fraction, otherwise as a population size.
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where w; is a case weight. In pseudo-ML estimation, one maximizes

O Cc Ioc
log *Cpseudo = Z Z Z SWoci IOg P(yoic|zoica "-9)a

o=1c=11i=1

which is equivalent to maximizing log £ using the sampling weights as if they
were case weights. In Latent GOLD Choice one may also have both case and
sampling weights, in which case we get

O C. Iy
IOg 'Cpseudo = Z Z Z Wocei * [Swoci log P(ymc’zoicy 79)] )

o=1c=11=1

which is equivalent to performing ML estimation using the swe - Wee as
“case” weights.

Each of the four complex sampling characteristics is taken into account
by the so-called linearization estimator of variance-covariance matrix of the
parameter estimates (Skinner, Holt, and Smith, 1989). Application of this
method in the context of FM and LC models was proposed by Vermunt
(2002b) and Wedel, Ter Hofstede, and Steenkamp (1998). The overall struc-
ture of isumey(ﬂ) is similar to the robust or sandwich estimator imbust(ﬁ)
discussed earlier; that is,

o~

Seurvey(®) = H'B H .

As can be seen, a matrix B is “sandwiched” between the inverse of the
Hessian matrix. For the computation of B, one needs two components: the
contribution of PSU ¢ in stratum o to the gradient of parameter k, denoted by
Jock, and its sample mean in stratum o, denoted by g,.. These are obtained
as follows:

1
- a 1 P oct |4oci 19
Gock = Z SWoci °8 (y ’Z ’ )

= 09y,
and
G = 200201 Gock
k= T o
Using these two components, element By, of B can be defined as
@) Co
Bkk:; OOCi 1 (1- ]CV’Z) ;(gock ~ Goi) (Gock’ — Goir)-
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Note that if we neglect the finite population correction factor ( —J%’)), Bis the
sample covariance matrix of the PSU-specific contributions to the gradient
vector.

Various observations can be made from the formula for By;. The first is
that without complex sampling features (one stratum, single case per PSU, no
sampling weights, and J% ~ 0), the above procedure yields f]mbust(ﬁ), which

shows that Ssumey(ﬂ) not only takes into account the sampling design, but is
also a robust estimator of 3(19). Second, the fact that gradient contributions
are aggregated for cases belonging to the same PSU shows that the PSUs
are treated as the independent observational units, which is exactly what we
want. Third, the term C’Sjl is only defined if each stratum contains at least
two PSUs: Latent GOLD Choice “solves” this problem by skipping strata
for which C, = 1 and by giving a warning that this happens. A common
solution to this problem is to merge strata.

The design effect corresponding to a single parameter equals the ratio
of its design corrected variance and its variance assuming simple random
sampling. A multivariate generalization is obtained as follows (Skinner, Holt,
and Smith, 1989):

deff = ftr [istandardO?)7125urvey(ﬁ)} /npcw”
= tr [(— HH'B ﬁ_l} / npar = tr {— B ﬁ_l} / npar,

where “tr” is the trace operator. The generalized design effect is thus the
average of the diagonal elements of —B H™!. Note that this number equals
the average of the eigenvalues of this matrix.

8.2 A Two-step Method

Latent GOLD Choice also implements an alternative two-step method for
dealing with sampling weights in LC analysis, which was described in Ver-
munt (2002b) and Vermunt and Magidson (2001). The procedure involves
performing an unweighted analysis followed by a weighted analysis in which
the parameters in the model part for the response variables are fixed to their
unweighted ML (PM) estimates. More specifically, in step two, the class
sizes and the covariates effects are adjusted for the sampling weights. The
adjusted log-likelihood function that is maximized equals

I K
log Eadjusted = Z sw; log Z P(fL’|Zz’> ﬁadjusted) P(Yi|x> z;, '19ML)7

=1 =1
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where 9 4gjustea are the unknown parameters to be estimated.

The rationale of this procedure is that an unweighted analysis may yield
more stable (more efficient) estimates for the parameters defining the latent
classes, but yields biased class sizes and covariate effects. The latter are
corrected in the second step of the procedure.

9 Latent Gold Choice’s Advanced Output

This section describes the changes and additional items in the Latent GOLD
Choice output sections when the Advanced options are used.

9.1 Model Summary

For multilevel models, the first part of the Model Summary output reports
the number of groups (/) in addition to the number cases and replications.
When the Survey option is used, the program reports the generalized design
effect (def f), which is an overall measure indicating how many times larger
the design corrected variances are compared to the asymptotic variances.

For multilevel models, Chi-squared Statistics are not reported and the
bootstrap L? and —2L L-difference options are not available. When the Sur-
vey option is used, the bootstrap-based L? and LL-difference tests are cor-
rected for the complex sampling design by multiplying the bootstrap replica-
tions’ L? and —2L L-difference values by the generalized design effect def f.
Note that the bootstrap replication samples themselves are obtained by sim-
ple random sampling.

In multilevel models, as in all other Latent GOLD Choice models, the
number of cases serves as N (sample size) in the computation of the BIC
and CAIC values that appear in the Log-likelihood Statistics. An alternative
would have been to assume N to be equal to the number of groups instead
of the number of cases. Users who prefer this alternative definition of BIC
and CAIC may compute these statistics themselves.

The Classification Statistics contain information on how well one can
predict an individual’s CFactor scores and a group’s GClass membership
and GCFactor scores. For GClasses, one obtains the same information as for
the latent classes (proportion of classification errors and three R? measures).
For CFactors and GCFactors, one obtains only the standard R?, which can
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be interpreted as a reliability measure. In multilevel models with covariates,
Covariate Classification Statistics will contain information for the GClasses.
The Prediction Statistics are the same as in models without CFactors,
GClasses, and GCFactors. The Rz measures indicates how well a model
predicts the choices given all predictors, covariates, and latent variables.

9.2 Parameters

This section reports the parameters corresponding to CFactors, GClasses,
and GCFactors. CFactors, GClasses, and GCFactors effects may appear in
the Model for Choices/Rankings/Ratings. In multilevel models, GClasses
and GCFactors may be used in the Model for Classes. When GClasses affect
a particular term (the intercept or a covariate effect), one obtains a separate
set of coefficients for each GClass. GCFactors enter as random effects in the
regression model for the discrete latent variable(s). In models with GClasses,
the parameters output contains the coefficients of the multinomial logistic
regression Model for GClasses.

The reported Class-specific Rf/p: measures are obtained by averaging the
predicted values over the other latent variables included in the model. This
is the reason that in a one-Class model, the “Class-specific” R:LQ/Il
lower that the overall R;.

When the Survey option is used, one obtains design corrected standard
errors and Wald statistics.

In models with CFactors, one obtains an output subsection called Random
Effects. This subsection provides the CFactor effects A and the variance-
covariance matrix of the random effects, ¢ = A A'.

may be

9.3 GProfile

The first part of this output section reports the sizes of the GClasses [P (z9)]
and the probability of being in a certain latent class for each GClass [P (z|z9)].
The second part of the GProfile section reports the GClass-specific proba-
bilities for the choice variable. The computation of this part of the GProfile
output is similar to the computation of the same kinds of numbers in the
Profile output.
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9.4 ProbMeans

In models with CFactors, the Probmeans output reports the average CFactor
posterior mean for each covariate category.

9.5 Frequencies

Frequencies are not reported in multilevel LC models.

9.6 Classification

The Standard Classification output provides information on the CFactor and
GCFactor posterior means E(Fy|z;,y;) and E(Fj|z;,y;), the GClass poste-

rior probabilities ]3(I9|zj, y;), and the modal GClass for each data pattern.
The posterior means are obtained using Gauss-Hermite quadrature; for ex-
ample,
S50 Fai P(yilzi, Fai) d Fy;

JZo P(yilzi, Fai) d Fyi
21)3;:1 de P(y’L|Z’L’ de) Pbd

Y _y Plyilzi, Fy,) Py,

E(Fdi’Zh }’z')

In multilevel models with covariates, the Covariate Classification out-
put section reports the GClass membership probabilities given group-level
covariates [P(29|z)].

9.7 Output-to-file Options

The Standard Classification option can be used to write the CFactors and
GCFactors posterior means, the GClasses posterior probabilities, and the
modal GClass to an output file. In models with GClasses, Covariate Clas-
sification saves the classification of groups into GClasses based on group
covariates to the output file.

The Indiwvidual Coefficients corresponding to CFactor effects are com-
puted in a special way:

K
)\iqd = Z P('T‘Zsz) {E(Fdzyzzaymm) )\qu} )
x=1
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where E’(Fdi|zi,y,-,:1;) is the posterior mean of Fy; given that ¢ belongs to
latent class . The A;,q can be used together with the ;, to obtain HB-like
predicted values for case ¢. The posterior standard deviation of \;,q equals

K
o = \l Z P('ryzia yl) [E(Fdi|zi7yia LE’) )\:pqd - )\iqd]Qa

Nigd
“ z=1

HB-like individual coefficients for a ”full” intercept or predictor term may
also be obtained by summing the various individual coefficient components
for that term. For example, for a random-intercept model such as given
in equation (23), the HB-like individual coefficient for a “full” alternative-
specific constant is computed by summing Bf,‘,’l” and ngfl.

In multilevel models, the Cook’s D value is computed per group rather
than per case. Thus, rather than for detecting influential cases, it can be

used for detecting influential groups.
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Notation

Basic Models

probability

case index, # of cases

replication index, # of replications for case i
response of case ¢ at replication ¢

category of the response variable

score assigned to category m of a rating variable
nominal latent variable, a particular latent class

# of latent classes

covariate index, # of covariates

attribute index, # of attributes

predictor index, # of predictors

covariate

attribute

predictor

linear predictor

parameter in model for y;;, parameter in model for x
known-class indicator

case weight

replications weight

“covariate” pattern index, # of “covariate” patterns
unique data pattern index, # of unique data patterns
total sample size (after weighting)
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11.2 Advanced Models

d, D
F;
Ad

7, J
1
Yjit
Y

g

29

CFactor index, # of CFactors

scores of case i CFactor d

an effect of CFactor d

group index, # of groups

# of cases in group j

response of case i of group j at replication ¢

vector of responses of group j

group-level quantity

group-level nominal latent variable, a particular group GClass
group-level covariate

score of group j of group-level continuous factor (GCFactor) d
group-level parameters

stratum, # of strata

PSU, # of PSU’s in stratum o

sampling weight

# of cases in PSU c of stratum o

total # of PSUs in population in stratum o
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