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1. INTRODUCTION

Latent class (LC) modeling was initially introdudey Lazarsfeld and Henry (1968) as a
way of formulating latent attitudinal variablesrinalichotomous survey items. In contrast
to factor analysis, which posits continuous latertables, LC models assume that the
latent variable is categorical, and areas of appba are more wide-ranging. The
methodology was formalized and extended to nomiaaables by Goodman (1974a,
1974b) who also developed the maximum likelihood.)lgorithm that serves as the
basis for many of today’s LC software programsrelcent years, LC models have been
extended to include observable variables of mixadestype (nominal, ordinal, continuous
and counts), covariates, and to deal with sparse Haundary solutions, and other
problem areas.

In this chapter we describe three important speeasés of LC models for
applications in cluster, factor and regressionysigal We begin by introducing the LC
cluster model as applied to nominal variables {(taditional LC model), discuss some
limitations of this model and show how recent egiens can be used to overcome them.
We then turn to a formal treatment of the LC factmdel and an extensive introduction to
LC regression models before returning to show HmwiC cluster model as applied to
continuous variables can be used to improve uperktmeans approach to cluster
analysis. We use the Latent GOLD computer proghenriunt and Magidson, 2000) to

illustrate the use of these models as appliedveraédata sets.

2. TRADITIONAL LATENT CLASSMODELING

Traditional LC analysis (i.e., Goodman, 1974a) as=sithat each observation is a member

of one and only one df latent (unobservable) classes, and kbedl independencexists
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between the manifest variables. That is, condiiom latent class membership, the
manifest variables are mutually independent of edlor. This model can be expressed
using (unconditional) probabilities of belongingdach latent class, and conditional
response probabilities as parameters. For exampiee case of 4 nominal manifest

variablesA, B, C, andD we have:

— X X - BIX ._C|X . D|X
Tl = T T 1 ™ @)

where 77 denotes the probability of being in latent cl&ss,2,...,Tof latent variable;
¥ denotes the conditional probability of obtaining ith response to iter, from
members of classi=1,2..,l; and 773", 7™, 7™ j=1,2,...,0 k4,2... K I=1,2... L,

denote the corresponding conditional probabilitoestemsB, C andD respectively.
Model 1 can be described graphically in terms path diagram (or a graphical
model) in which manifest variables are not conrgtbeeach other directly, but indirectly
through the common soure The latent variable is assumed to explain athef
associations among the manifest variables. A gb@hditional LC analysis is to
determine the smallest number of latent cla3sbst is sufficient to explain away
(account for) the associations (relationships) nleskamong the manifest variables.
The analysis typically begins by fitting the1 class baseline model {5iwhich

specifies mutual independence among the variabledel Hy:

Thyq :”lA”:B”kC”lD

Assuming that thisull model does not provide an adequate fit to the, datadimensional

LC model withT=2 classes is then fitted to the data. This pcestinues by fitting
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successive LC models to the data, each time adding another dimension by incrementing the

number of classes by 1, until the simplest model isfound that provides an adequate fit.
2.1 Assessing Modd Fit

Several complimentary approaches are available for assessing the fit of LC models. The

most widely used approach utilizes the likelihood ratio chi-squared statistic L2, to assess
the extent to which ML estimates for the expected cell frequencies, lfijk, , differ from the

corresponding observed frequencies, fij:

L2 =2 zijm fijkl In( 1:ijkl /Fijkl)

A model fits the data if the value of L? is sufficiently low to be attributable to chance

(within normal statistical error limits --generaly, the .05 level).
The Ifijk, are obtained using the following 2-step process. First, maximum likelihood

(ML) estimates for the model parameters are obtained and substituted into the right side of

Equation (1) to obtain ML estimates of the probabilities 7, . These probability estimates

are then summed over the latent classes to obtain estimated probabilities for each cell in
the observed table and multiplied by the sasmple size N to obtain the ML estimates for the

expected frequencies:

- T .
Fijkl = Nztzlﬂ-ijklt



In the case thefijk, = f,, for each cellij,k,1), the model fit will be perfect and’lequals

zero. To the extent that the value férekceed®, the [* measures lack of model fit,
guantifying the amount of association (non-inde@gre) that remains unexplained by
that model. When N is sufficiently large? follows a chi-square distribution, and as a
general rul& the number of degrees of freedom (DF) equalsitimber of cells in the full
multi-way table minus the number of distinct paréen&M minus 1. For example, in the
case of 4 categorical variables, the number of @gualdJKL and the number of

parameters is:

M=T-1+T[(I-1) +(J-1) + K-1) + (L-1)]

M is obtained by counting thiel distinct LC probabilities, and for each latelatss, thd-
1 distinct conditional probabilities associatedhiite categories of variabke theJ-1
distinct conditional probabilities associated withetc. Since probabilities sum to 1, the
probability associated with one category of eaaimbée is redundant (and hence not
counted as distinctparameter): it can be obtained as one minus tmea$uhe others.

In situations involving sparse data, the chi-sqdatistribution should not be used
to compute the p-value becausenould not be well approximated. Instead, the swap
approach can be used to estimate p (LangeheinagRaek, and Van de Pol, 1996).
Sparse data often occurs when the number of olearegables or the number of
categories of these variables is large. In susksthe total number of cells in the
resulting multi-way frequency table will be largdative to the sample size, resulting in

many empty cells. This situation is illustratedomewith a data example. Sparse data also

! According to the general rule, if it turns outttR¥ < 0, the model is not identifiable, which mean
that unique estimates are not available for alhpeaters. For example, for J=K=L =2, DF =-4

for T = 4, which means that the 4-class model is nottifiable. In some cases however, this general
counting rule may yield DF >0, yet the model maly sot be identifiable. For example, Goodman



results when LC models are extended to includeimoots variables, which is illustrated
in the last section.

An alternative approach to assessing model fihéndase of sparse data utilizes an
information criterion weighting both model fit apdrsimony. Such measures, like AIC
and BIC, are especially useful in comparing modEte most widely used in LC analysis
is the BIC statistic which can be defined as: BIE L~In (N) DF (Raftery, 1986). A
model with a lower BIC value is preferred over adelowith a higher BIC value. A more
general definition of BIC is based on the log-likebd (LL) and the number of parameters

(M) instead of £ and DF; that is

BIC,L=-2LL+In(N) M

Again, a model with a lower BIC value is prefermdr a model with a higher BIC valde.

If the baseline model () provides an adequate fit to the data, no LC aslg
needed, since there is no association among thefles to be explained. In most cases
however, H will not fit the data in which case?(Hg) can serve as a baseline measure of
the total amount of association in the data. Ehiggests a'3approach for assessing the
fit of LC models by comparing theé’lassociated with LC models for whi@k1 with the
baseline value 4(Ho) to determine the percent reduction fn ISince the total association
in the data may be quantified b§(Ho), the percent reduction measure represents thk tot
association explained by the model. This less &m@pproach can complement the more
statistically precise 1and BIC approaches.

As an example of how these measures are used, sifiat the £.suggests that a

3-class model falls short of providing an adequiate some data (say p = .04) but

(1974a) shows that in this situation of 4 dichotowariables, the 3-class model is also unidebtdia
despite the fact that the counting rule yields DE =See also note 3.
2 The two formulations of BIC differ only with respieto a constant. More precisely, Bf@qualsBIC,, minus theBIC,,
corresponding to the saturated model.
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explains 90% of the total association. Moreovepp®se a 4-class is the simplest model
that fits according to the?lstatistic but that this model only explains 91%taf
association. In this case, it may be that on mralcgrounds the 3-class model is preferable

since it explains almost as much of the total dassioo.

Example: survey respondent types

We will now consider a first example that illusgathow these tools are used in practice.
It is based on the analysis of 4 variables fromli®&2 General Social Survey given by
McCutcheon (1987) to illustrate how traditional bdeling can be used to study the
different types of survey respondents. Two ofwtheables ascertain the respondent’s
opinion regardingA) the purpose of surveys aril) how accurate they are, and the others
are evaluations made by the interviewer@fthe respondent’s levels of understanding of
the survey questions an@)(cooperation shown in answering the questions. ici@&on
initially assumed the existence of 2 latent clagsgsesponding to ‘ideal’ and ‘less than
ideal’ types.

The study included separate samples of white amckbkspondents. Beginning
with an analysis of the white sample, McCutchederlancluded data from the black
sample to illustrate a 2-group LC analysis. Wéd usk these data to introduce the basics
of traditional LC modeling and to illustrate sedaexent developments that have been
made over the past decade. These include alloiwmgpecific local dependencies
(section 3.1), the usage of LC factor models (seac8.2), and the inclusion of covariates

as well as the methodology for making multi-groopngarisons (sections 3.3 and 3.4).

[INSERT TABLE 1 ABOUT HERE]



Traditional exploratory LC analysis begins by figithe null model kito the sample of
white respondents. Sincé(Ho) = 257.3 with DF = 29 (see Table 1), the amount of
association (non-independence) that exists in ttateis too large to be explained by
chance, so the null model must be rejected (p ¥).D0favor ofT>1 classes.

Next, we consider McCutcheon’s 2-class moda) (HFor this model, theis
reduced to 79% a 69.1% reduction from the baseline model, hilitnstich too large to be
acceptable with DF = 22. Thus, we increméiiity 1 and estimate modeb& the 3-class
model. This model provides a further substangduction in  to 22.1 (a 91.5%
reduction over the baseline) and also providesdagaate overall fit (p>.05). Table 1
shows that the 4-class LC model provides someduithprovement. However, the BIC
statistic, which takes parsimony into account, gstgjthat the 3-class model is preferred

over the 4-class model (see Table 1).

[INSERT TABLE 2 ABOUT HERE]

The parameter estimates obtained from the 3-claskehare given in the left-most portion
of Table 2. The classes are ordered from largesitallest. Overall, 62% are estimated to
be in class 1, 20% in class 2 and the remaining itBéfass 3. Analogous to factor
analysis where names are assigned to the facteesllhgpon an examination of the ‘factor
loadings’, names may be assigned to the latensetasased upon the estimated
conditional probabilities. Like factor loadingbgtconditional probabilities provide the
measuremergtructurethat defines the latent classes.

McCutcheon assigned the name ‘Ideal’ to latentsclaggeasoning as follows:

The first class corresponds most closely to ouciated ideal respondents.

% This value differs slightly from the value 79.3eeted in McCutcheon (1987) because our modelsiirech Bayes
constant set equal to 1 in order to prevent boynsialutions (estimated model probabilities equalém). For further
information on Bayes constants see the technigqaragiix of the Latent GOLD manual (Vermunt and Magia 2000 or
www.latentclass.com)
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Nearly 9 of 10 in this class believed that survegsially serve a good purpose;’ 3 of 5 expressed a
belief that surveys are either ‘almost always rightright most of the time’; 19 of 20 were evated
by the interviewer as ‘friendly and interested’ idgrthe interview; and nearly all were evaluatedhwsy

interviewer as having a good understanding of thieey questions.

He named the other classes ‘Believers’ and ‘Skephased on the interpretations of the

corresponding conditional probabilities for thosssses.

2.2 Testing the Significance of Effects

The next step in a traditional LC analysis is tteteefrom the model any variable that does
not exhibit a significant difference between thasskes. For example, to test whether to
delete variablé from aT-class model, one would test the null hypothesas tthe

distribution over theé categories oA is identical within each class
> =g = =g fori=1,2,...)

In order to implement this test we make use ofrét@ionship between the conditional
response probabilities and the log-linear pararadsae, e.g., Haberman 1979; Formann,

1992; or Heinen, 1996):

expi” +A™)

7 =
D exp(t +AT)

Standard log-linear modeling techniques can theuasled to test the null hypothesis, re-

expressed in terms of the log-linear parameterscaged with theAX relationship:



/]ii\x :Aiéx =...= TAX: 0 fori=1,2,...]

One way to test for significance of the 4 indicator our 3-class model is by means of’a L
difference test, wherA L2 is computed as the difference between thetatistics obtained
under theeestrictedand umestricted3-class models respectively. TAd 2 values obtained
by setting the association parameters corresporndinge of the indicators to zero were
145.3, 125.4, 61.3, and 101.1, for A, B, C, andd3pectively. These numbers are higher
than of the corresponding Wald statistics, whiatkton the values 29.6, 8.4, 7.4, and 19.0.
This is because the latter test is uniformly leswerful than theA L2 statistic. Under the
assumption that the unrestricted model is trud) bttistics are distributed asymptotically
as chi-square with DF #-0)*(T-1), wherel denotes the number of categories in the
nominal variable. The encountered values showahelh of the 4 indicators included in

the model is significantly related to class membigrs

2.3 Classification

The final step in a traditional LC analysis is s®uhe results of the model to classify cases
into the appropriate latent classes. For any gresponse pattermj(k,l), estimates for the

posterior membership probabilities can be obtaimdg Bayes theorem as follows:

F{ABCDX
ijkit
=
F7ABCDX
jkit

t=1

FplABCD —
tijkl -

t=1,2,...,T (2

where the numerator and denominator in Equatioar@)pbtained by substituting the

model parameter estimates in place of the correipgmparameters in Equation (1).
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Magidson and Vermunt (2001) and Vermunt and Magid2002) refer to this
kind of model as a LClustermodel because the goal of classification ihttomogeneous
groups is identical to that of cluster analysis.céntrast to an ad hoc measure of distance
used in cluster analysis to define homogeneity ab@lysis defines homogeneity in terms
of probabilities. As indicated by Equation (1)sea in the same latent class are similar to
each other because their responses are generatied §gme probability distribution.

Cases are then assigned to the class for whighasterior probability is highest

(i.e., the modal class). For example, accordindpéo3-class LC model, someone with
response patte=1 (PURPOSE = ‘good’B=1 (ACCURACY = ‘mostly true’)C=1
(UNDERSTANDING = ‘good’), andd=1 (COOPERATION = ‘interested’) has posterior
membership probabilities equal to 0.92, 0.08, af@.0This means that such a person is

assigned to the first class.

2.4 Graphical Displays

Since for any given response pattaypk(l) theT class membership probabilities sum to 1,
only T-1 such probabilities are required as the proligitmli belonging to the remaining

class can be obtained from the others. Henceldiss membership probabilities

7R, *° can be used to position each response pattéfriidimensional space, and for

T=3, various 2-dimensional barycentric coordinatpldys can be produced.

Rather than plotting every one of the many resppasierns, instructive plots of
the kind used in correspondence analysis can lupeal, where points are plotted for
each category of each variable as well as othenmgful aggregations of these

probabilities (Magidson and Vermunt, 2001).

[INSERT FIGURE 1 ABOUT HERE]
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Figure 1 depicts the corresponding barycentric dioate display under the 3-class LC
model. Points are plotted for each category oheddhe 4 variables in our example.
Since these points contain information equivalerthe LC parameter estimates (Van der
Heijden, Gilula and Van der Ark, 1999), this tydeptot provides a graphical alternative to
the traditional tabular display of parameter estesand can yield new insights into data.
Also displayed in Figure 1 are 2 additional aggtiegs associated with the response
categories UNDERTANDING = ‘good’ and ‘fair,pook$1,2) among those for whom
COOPERATION = ‘hostile/impatient1£3).

The horizontal dimension of the plot correspondditierences between
McCutcheon’s ‘ideal’ and ‘believer’ types (latefagses 1 and 2). We see that the categories
of the variableC tend to spread out along this dimension. Respuadowing ‘good’
understanding are most likely to belong to thelidss (the corresponding symbol is
plotted closest to the lower left vertex that représ class 1) while those showing only ‘fair
or poor’ understanding are plotted closest to dleel right vertex which represents class 2.

Differences along the vertical dimension of the pi@ best shown by the categories
of AandB. For example, respondents agreeing that the parpiosurveys is ‘good’ are
plotted close to the lower left (class 1) vertelto3e who say ‘it depends’ are plotted
somewhat midway between the class 1 and claspBugotex. Those who say ‘it's a waste
of time and $' are most likely to be in class 3 anel positioned near the top vertex. The fact
that the positioning of categories for bétlandB spread out over the vertical dimension
suggests a high degree of association betweenyhdables. In contrast, the categories of
C are spread over the horizontal dimension, suggestat the association betwe@mand
the 2 variableg andB is close to nil.

The categories of the varialideform an interesting diagonal pattern. Respondents
showing they are ‘interested’ in the questionsnaost likely to be in class 1 (‘ideal’) while
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those who are only ‘cooperative’ or exhibit ‘immatce/hostility’ are plotted closer to classes
2 and 3. This suggests the hypothesis that imgatiand hostility may arise for either of 2
different reasons — 1) disagreement that surveyse@eurate and serve a good purpose
(indicated by the vertical dimension of the platjifor 2) lack of understanding (indicated
by the horizontal dimension).

The additional points plotted deal with the relaship between variabl€sandD.
The positioning of these points suggest that anmpgtient/hostile respondents, those who
show good understanding of the questions tends tadye in class 3 while those whose
understanding is Fair/Poor tend to be about eqlikély to be in classes 2 or 3.

We will revisit these data and obtain further ihggglater when we examine an

alternativenontraditional2-dimensional LC model, the 2-factor LC model.

Example: sparse multi-rater agreement data

We next consider an example with sparse data whpeghologists each classified 118
slides as to the presence or absence of carcinotha uterine cervix (Landis and Koch,
1977) that was also analyzed by Agresti (2002) niéleling will be used here to estimate
the false positive and false negative rates foh gathologist and to use multiple ratings to
distinguish between slides that indicate carcinaméthose that don’t (for similar medical
applications see Rindskopf and Rindskopf, 1986;ddsdx and Grove, 1990). The second
column of Table 3 shows that the raters vary fréessifying only about 1 of every 5

slides as positive (Raté&) to classifying more than 2 of every 3 as posi(iraterB). The
next two columns indicate for which percentagelioles the ratings agree among 5 or
more and 6 or more raters. This information shdvas agreement is highest among raters

C, A G andE.

[INSERT TABLE 3 ABOUT HERE]
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As a starting point Agresti (2002) formulated adal containing 2 latent classes,
in an attempt to confirm the hypothesis that sliaieseither ‘true positive’ or ‘true
negative’. The assumption of local independendbe2-class model means that rater
agreement is caused solely by the differing charatics between these 2 types of slides.
That is, given that a slide is in the class ofétpositive’ (‘true negative’) any similarities
and differences between raters represent pure gdowever, in his analysis of these data
he found that 3-classes were necessary to obtaac@aptable fit.

While there are 2= 128 possible response patterns, because cdrtie &mount of
inter-rater agreement, 108 of these patterns warelvserved at all. As mentioned above,
sparse data such as this causes a problem ingestidel fit because thé’ Istatistic does
not follow a chi-square distribution. For this $ea, Agresti simply alluded to the obvious
discrepancy between the expected frequencies @éstimader the 2-class model and the
observed frequencies and speculated that this naodsl not provide an adequate fit to
these data. He then compared estimates obtaioedtfre 3-class model, and suggested

that the fit of this model was adequate.

[INSERT TABLE 4 ABOUT HERE]

We report the bootstrap p-value in Table 4, whishfcms Agresti’s speculation that the
fit of the 2-class modes$ poor and that of the 3-class model is adequatalsd shows that
the 3-class model is preferred over the 4-classatnmctording to the BIC criteria.

The parameter estimates obtained with the 3-chastel are given in the middle
portion of Table 3. The largest class (44%) referslides that all pathologists (except for
D andF) almost always agree show carcinoma (‘true pasitivClass 2 (37%) refers to
slides that all pathologists (except occasionB)lygree shows no carcinoma. The

14



remaining class of slides (18%) shows considerdisiagreement between pathologists —
B, E andG usually diagnose carcinoma while D andF rarely do andA diagnoses
carcinoma half the time.

If we assume that class 1 represents cases ofdramoma, the results reported in
Table 3 show that those pathologists who ratedawestslides as positivel andF),
have the highest falsegativerates (42% and 53% respectively, highlighted ild}o
Similarly, under the assumption that class 2 regrsscases free from carcinoma, the
results show that the pathologist who ratedntiostslides as positive, pathologiBt shows
a false positive rate (15%) that is substantiahgér than the other pathologists.

The traditional model fitting strategy requirestaseject our 2-class hypothesis in
favor of a 3-class alternative where tfiél&tent class consists of slides that can not be
classified as either ‘true positive’ or ‘true ndgat for cancer. Next we consider some
nontraditional LC models which provide classificatiof each slide according to its
likelihood of carcinoma. In particular, we will@l that a 2-factor LC model provides an
attractive alternative where factor 1 classifidskdlies as either ‘true positive’ or ‘true
negative’, and factor 2 classifies slides according tendency for ratings to be biased

towards false positive or false negative error.

3. NONTRADITIONAL LATENT CLASSMODELING

Rejection of a traditional-class LC model for lack of fit means that the loca
independence assumption does not hold Withasses. In such cases the traditional LC
model fitting strategy is to fit &+1 class model to the data. In both of our exasple
theory supported a 2-class model but since thisetfadled to provide an adequate fit we
formulated a 3-class model. In this section wesater some alternative strategies for
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modifying a model. In both cases we will see tbatraditional alternatives lead to models
that are more parsimonious than traditional modslg/ell as models that are more

congruent with our initial hypotheses. The alteitrest considered are:

1] adding 1 or more direct effects
2] deleting 1 or more items

3] increasing the number of latent variables

Alternative #1 is to include ‘direct effect’ parataes in the model (Hagenaars, 1988) that
account for the residual association between tiservled variables that is responsible for
the local dependence. This approach is partiguteséful when some external factor,
unrelated to the latent variable, creates irreleaanociation between two variables.
Examples of such external factors include similasiion wording used in two survey
items, as well as two raters using the same incocréerion in evaluating slides.

Alternative #2 also deals with the situation wh2neariables are responsible for
some local dependency. In such cases rather tltha duolect effect between two variables,
it may make more sense to eliminate the dependaynsymply deleting one of the two
items. This variable reduction strategy is espgciseful in situations where there are
manyredundant variables.

Alternative #3 is especially useful when a grofigeveral variables account for a
local dependency. Magidson and Vermunt (2001) sthavby increasing the
dimensionality through the addition of latent vates rather than latent classes, the

resulting LCfactor model often fits data substantially better thamttiaditional LC cluster
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models having the same number of parameters. diti@a, LC factor models are
identified in some situations where the tradition@ model is ndt

In the next section we introduce a diagnostiastatcalled thebivariate residual
(BVR) and illustrate its use to develop some nahti@nal alternative models for our two
data examples. The BVR helps pinpoint thoiseriate relationship3that fail to be
adequately explained by the LC model and can hetigrohine which of the 3 alternative
strategies to employ. We will see that even inasiains where the3statistic reports that
the model provides an adequatesrall fit, the fit in one or more 2-way tables may net b

adequate and may indicate a flaw or weakness imtigel.

3.1 Bivariate Residuals and Direct Effects

A formal measure of the extent to which the obsga®sociation between 2 variables is
reproduced by a model is given by the BVR stat@fiermunt and Magidson, 2001). Each
BVR corresponds to a Pearsof sfatistic (divided by the degrees of freedom) \ettbe
observed frequencies in a 2-way cross-tabulatidghetariables are contrasted with those
expected counts estimated under the correspondingadef. A BVR value substantially
larger than 1 suggests that the model falls somes¥t@t of explaining the association in

the corresponding 2-way table.

[INSERT TABLE 5 ABOUT HERE]

* For example, with 4 dichotomous variables, a Lfa@er model (comprised of 4 latent classes) istified whereas a
traditional 3-class model is not (Goodman, 1974a).
® Traditional factor analysis, through the assumptibmultivariate normality, limits its focus tovairiate relationships
(ie., the correlations), since higher-order reladiuips are assumed not to exist. In contrast, b@eis do not make strict
distributional assumptions, and hence attempt pde@x higher-order associations as well. Nevees®lthe 2-way
(bivariate) associations are generally the mostment, and the ability to pinpoint specific 2-wiaples where lack of fit
may be concentrated can be useful in suggestiagnalive models.
® These residuals are similar to Lagrangian stasist difference is that they are limited inforneatifit measures:
dependencies with parameters corresponding to @ées are not taken into account.
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Example: survey respondent types (continued)

Table 5 reports BVRs for each variable pair un@eheof several models estimated in our
first example. Since modelgldorresponds to the model of mutual independerazsh e
BVR for this model provides a measure of the oVersdociation in the corresponding
observed 2-way table; that is, each BVR equalsiiual Pearson ¥statistic used to test
for independence in the corresponding 2-way tableleld by the degrees of freedom. The
results show that except for the non-significafdtrenships in the AC} and {BC} tables,
all of the remaining BVRs are quite large, attggtim several significant associations (local
dependencies) that exist among these variables.BUR is especially large forAB} and
for {CD}. For example, in TableG@D}, a Pearson chi-square test confirms that the
observed relationship is highly significant’(X 86.8, 2df, p<.001; BVR = 86.8/2 = 43.4).
Under the 2-class model (i note that the BVRs are all near or less tharckpgt
for one very large value of 32.3 foED}. This suggests that the overall lack of fit thrs
model can be traced to this single large BVR. Thditional way to account for the lack of
fit is by adding another latent class. Howevehl&& shows that even after the addition
of a 3% class, the BVR for@D} under the 3-class model,Hremains unacceptably high
(BVR = 2.4). Although the inclusion of the 3rd dadoes add a second dimension that
causes theverall fit to be adequate, it is not until we add"ackass (model kt) thatall
BVRs are at acceptable levels.
Below, we consider the alternative approach of gldi ‘direct effect’ to the model
to account for the residual correlation. In additiore consider use of the 2-factor LC

model and further explore the differences betweerBtand 4-class models.

[INSERT TABLE 6 ABOUT HERE]
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Example: sparse multi-rater agreement data (coatinu

Turning now to our second example, Table 6 showasal of the BVRs under the 1-class
model of mutual independence (mode) Hre very largé indicating that the amount of
agreement between each pair of raters is highhjifsignt. Under the 2-class model many
BVRs remain large. While the 3-class model proside acceptableverall fit to these
data, again we see that there is a single BVRrém&ins unacceptably large — BVR = 4.5
for D andF, the 2 pathologists who rated the fewest slidesstive (recall Table 3). This
large BVR suggests thBx andF may be using some rating criterion not sharecby t
other raters.

To account for this large residual associationyiteuse nontraditional alternative
#1 and modify the 3-class model by adding@hE direct effect parametd’” into the

model (Hagenaars, 1988; for a slightly differemtvalation, see Uebersax, 1999).

Formally, this new model k. is expressed as:

1T,

— AX B|X [X ~E|X ,DF|X
ijklmpt _77}1 ﬂjt ﬂlﬁ ﬂmt 7T| '

pt

where the probabilitiess * are constrained as follows:

DF DX FX
n.DF|X _ exp(Alp +/1It +/1pt
Ipt L

P
D> exp@t + A +AT)

1=1 p=1

By relaxing the local independence assumption betwaterd andF, model Hc. is able

to account for excessive association betw2emdF that is not explainable by the latent

" The smallest BVR under mode} i$ 20.8 which occurs in tabld&EF}.
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classes. ThaL? test shows that inclusion of the direct effectpagter provides a
significant improvement over the traditional motiet (AL? = 17.7 — 11.3 = 6.4; p = .01).

From a practical perspective, modelgldnd Hc. do not differ much as both
models assign the 126 slides to the same classles the modal assignment rule. This
occurs despite the fact that modetHgivesD andF less weight than model,;dduring
the computation of the posterior probabilities.eTnimary benefit of model Hd.is to
suggest the possibility that raté&dsandF share a bias when evaluating class 1 slides, those
slides thaD andF often rate negative but that the other patholegfnhost always rate
positive (recall Table 3). The implication of inding the direct effect is that modebdd
provides higher predictions agjreemenbetweerD andF than model K on class 1
slide$.

Returning to the first data example for a momet might now expect to find

similar insights by the inclusion of the directeaff parameterd®, in the 2-class model.

Table 1 shows that this model @) provides a good fit to the data. However, uritler
model, the parameter measuring the contributio@ tf the latent classes is no longer
significant and therefor€ can be deleted from the LC model completely. lAs amounts
to deleting an association simply because it coolcbe explained by a model with 2 latent

classes, alternative #1 does not provide a desisaddlition here.

3.2LC Factor Models

8 Since model b assumes local independence, the expected prdpaffiboth raters agreeing that a
given class 1 slide is free from cancer can be edatpby multiplying the corresponding conditional
probabilities. Using the estimates from Tableh@, probability of both agreeing that a class lesigd
negative is .42 x .53 = .22, and similarly, thelyability of both agreeing that it was positive58 x
47 = .28. In contrast, modebk# predicts higher probabilities (.31 and .35 respebt) for D and F
agreeingin both cases. Under the assumption that clalddssre ‘true positive’, the results from
model Hc. mean that raters D and F both tend to share adoigesds committing a false negative
error.
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Next we consider alternative approach #3 wheretilieaiLC factor models to include
more than one latent variable in the model. LCdantodels were proposed as a general
alternative to the traditional exploratory LC madglby Magidson and Vermunt (2001).
For both examples, the results (given in Tabled Bable 4) show that a 2-factor model is
preferable to the other models. We shall see Heaftfactor model is actually a restricted
4-class model. In both cases the fit is almogjaasl as the (unrestricted) 4-class solution,
but is more parsimonious and parameterized in angrathat allows easier interpretation
of the results.

LC factor models were initially proposed by Goodni@ovodman, 1974b) in the
context of confirmatory latent class analysis. Giertraditional LC models containing 4 or
more classes can be interpreted in terms of 2 oe m@mponent latent variables by
treating those components as a joint variable ésge McCutcheon 1987; Hagenaars
1990). For example, a latent variaileonsisting offT=4 classes can be re-expressed in

terms of 2 dichotomous latent variab\és {1,2} andW = {1, 2} using the following

Correspondence:
W=1 W=2
=1 X=1 X=2
=2 X =3 X=4

Thus,X=1 corresponds witi'=1 andW=1, X=2 with V=1 andW=2, X=3 with V=2 and
W=1, andX=4 with V=2 andW=2.
Formally, for 4 nominal variables, the 4-class LGdal can be re-parameterized as

a LC factor model with two dichotomous latent vhles as follows:
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Magidson and Vermunt (2001) consider various retstti factor models. They use the
termbasicLC factor models to refer to certain LC modeld &@ntain 2 or more
dichotomous latent variables that are mutually peatelent of each other and that exclude
higher-order interactions from the conditional i@sge probabilities. Such a model is
analogous to the approach of traditional factothyamawhere multiple latent variables are
used to model multidimensional relationships amogifest variables.

It turns out that by formulating the model in terof®k mutually independent,
dichotomous latent factors, the basic LC factor eidiés the same number of distinct
parameters as a traditional LC model Wwithl classes. That is, the LC factor
parameterization allows specification offacass model with the same number of
parameters as a traditional LC model with dril classes! This offers a great advantage
in parsimony over the tradition@} class model as the number of parameters is greatl
reduced by natural restrictions.

As mentioned previously, the basic 2-factor model/jaes an excellent fit to both
of our example data sets. For the first exampdd|d 1 shows that this model (modefH
is preferred over any of the LC cluster models atdiog to the BIC. In addition, this
model explains all bivariate relationships in tla¢ad(see Table 5). We will interpret the
results from this model in the next section in coction with a more extensive analysis

including both the white and black sample.

Example: sparse multi-rater agreement data (coadhu

Regarding our second example, Table 4 shows tbdiakic 2-factor model is preferred

over all the other models according to the BlCecidt. The right-most portion of Table 3
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provides the parameter estimdttsat we used to name the factors. These arelinit
class and conditional response probabilities fonlmmations of factor levels. We assigned
the name ‘True -* and ‘True +’ to levels 1 and Zadtor 1 respectively. Each of these
levels is split again into 2 levels by factor 2,igthwe named ‘tendency towards ratings
bias’. We named the 2 levels of factor 2 ‘tend-toias’ and ‘tend to + bias’ respectively.

Comparing the four factor cells (right-most portminTable 3) to the classes in the
3-class model (middle portion of Table 3) we seeftdilowing similarities. First, note that
class 1 of the 3-class solution (representing 44%eslides mostly rated +) corresponds
primarily to factor 1 level 2 slides (those nam@&cdue +’), which account for 46% of all
slides. These ‘True +’ slides are divided accaydmfactor 2 into cell (2,1) accounting for
30% of all slides and cell (2,2) accounting for 16#4he slides. Note that the former
slides show a clear tendency towards a false negatror, especially among raters D and
F.

Next, notice the similarity between class 2 of 3helass solution, representing 37%
of the slides rated mostly negative, and factdr(dsl) accounting for 36% of the slides
rated mostly negative. In addition, from Table & @an also see the strong similarity
between class 3 of the 3-class solution and fa&lh(1,2), identified in the table as ‘True
—' slides that are prone to ‘false +’ error, esplgiby raters A, B, E and G.

In conclusion, we have shown that the 2-factor L&iai fits better than the
traditional 3-class model and offers two substanéidvantages. First, it provides a clear
way to classify slides as ‘True + of ‘True —'. &, it provides a further grouping of
slides that may be useful in pinpointing the readon rater disagreement. Of course,
whether factor hctually distinguishes between ‘True — and ‘True + andetvter the
error characterization given by factor 2 is acaige important questions that could be

addressed in future research.

° The 2-factor model in Tables 3 was further restddy setting the effect of indicator C on facdo zero since this
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3.3 Multi-group Models

Multi-group LC models can be used to compare maagisss groups. A completely
unrestricted multi-group LC model, referred to Hggg and Goodman (1984) as the model
of complete heterogeneity, is equivalent to theredton of a separafé-class LC model for
each group. The fit of such a model can be obtdiyesimply summing the4values (and
corresponding degrees of freedom) for the corredipgmmodels in each group.

Let G denote a categorical variable representing merhlpens groupg. The

model ofcomplete heterogeneity expressed as (modebit

BCDX|G — X G,r A X B X ¢Xx Xt
ﬂ;jiltlg _ﬂt-lg 77i-tg C7Tjt|g %tg %Itg

Example: survey respondent types (continued)

The second part of Table 1 provides the resulteéating our example 1 analyses for the
sample oblackrespondents. These results turn out to be verjasito those obtained for
the white respondents (see first part Table 1)inAsur analysis for the white sample we
again reject the 1 and 2-class models in favor d&8ses in order to obtain a model that
provides an overall fit to the data that is adegudthe right-most portion of Table 2
presents the parameter estimates obtained fro@+thess model (model’kt) as applied
to the sample of blacks. As in our earlier analyse classes are ordered from largest to
smallest.

In comparing results across these two groups,mjmrtant to be able to interpret
the 3 classes obtained from the black respondsnespaesenting the same latent

constructs (‘ideal’, ‘believers’ and ‘skeptics’) ssour analysis of the white respondents.

effect was not significant.
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Otherwise, any between-group comparisons wouldkieecbmparing ‘apples’ with
‘oranges’. While it is tempting to interpret claks$or both samples as representing the
‘ideal’ respondents, this is not appropriate withfst restricting the measurement portion
of the models (the conditional probabilities) todmpial. These restrictions are

accomplished using the modelgzrtial homogeneity (model br):

i = Ty NS (3)

[INSERT TABLE 7 ABOUT HERE]

Estimates from this model are given in the left-thpmtion of Table 7. The third part of
Table 1 compares the fit of the unrestricted madig} and restricted model Mg, The AL?
statistic can be used to test the restrictions riader model Mcr. SinceAL? = 9.0 with

18 DF isnot significant, we are free to use this restrictedietdor our group comparisons.

The model of complete homogeneity (modelk) imposes the further restriction

that the latent class probabilities across thepgaure identicalrz,® = 77;,°, fort = 1,2,3.

Since these restrictions yield a significant insee L%, we reject the model of complete
homogeneity in favor of the model of partial homogigy and conclude that there are
significant differences in latent class memberdigjween the white and black samples.
Table 1 also includes results obtained from thefdd@or model counterparts to the models
of complete heterogeneity and partial heterogeneince these models contain 2
dichotomous and independent factors, they conteantly the same number of parameters
as the 3-class models;iland Mycr. The lower-part of Table 1 shows that these neofiel
better than the corresponding LC cluster modelsraiatg to the BIC criteria. Also the
smaller BVRs than the LC cluster counterpart comfihat the LC factor model fits the

data better.
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The parameter estimates from the 2-factor modgkre presented in the right-
most portion of Table 7. These are marginal latéags and conditional response
probabilities for factory andW, which are obtained by summing over the otherofact
Note that variabl® is strongly related to both factovsandW. That is, respondents at
level 1 of each factor have a higher probabili®p(or .91) of being ‘interested’ than those
at level 2. Variables andB relate only to facto¥ and variableC relates only to factow.
That is, for factoV, those at level 1 are substantially more likelpgpee that surveys
serve a good purpose and are accurate than thtmesb2, but the 2 levels are about equal
in showing a good understanding of the questidtts. factorW, level 1 shows good
understanding while level 2 does not.

Moreover, Table 7 shows that group differencestexisarily with respect to
factor 2 (observed group differences on fast@re not significant). Black respondents
are twice as likely as whites to be at level 2aattdér 2 (30% vs. 15%). These results allow
us to formulate a more rigorous test of our eaHigyothesis that cooperation may be due
to two separate factors — one associated witheheflthat surveys serve a good purpose
and are accurate (as assessed by LC factor 19etomd related to understanding the
guestions (as assessed by LC factor 2).

Before concluding this section, we note that famsve have treated the
trichotomous variables COOPERATE)(@nd PURPOSEJ) as nominal. Alternatively,
they can be treated as ordinal, which serves tplginthe model by reducing the number

of parameters. The most straightforward approadb restrict the log-linear parameters
by using uniform scores*and v, for the categories & andC, implying the following
constraintsA® = A" and A2 = A" " (see, e.g., Formann, 1992; or Heinen, 1996).

The use of these restrictions in our example irsgéahe £ by very little,

indicating that variabled andC may in fact be treated as ordinal. In the negtise, we
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present the results of a modified 2-factor modetnghvariableé\ andC are treated as

ordinal.
3.4 Covariates

The parameters in the traditional LC model conslistnconditional and conditional
probabilities. The conditional probabilities congerthe measurement portion of the
model. They characterize the distribution amorggdhserved variables (indicators)
conditional on the latent classes. TmeEonditionalprobabilities describe the distribution
of the latent variable(s). In order to obtain imped description/ prediction of the latent
variable(s), a multinomial logit model is used kpress these probabilities as a function of
one or more exogenous variabkesalled covariates (Dayton and McReady, 1988).

The multi-group model described in the previougdieads an example of the use

of a single nominal covariat& & G). For example, the tern;(;'G appearing Equation (3)

can be expressed as:

exply + Vi)
.
D expl +y4°)
t=1

Ty =

While the latent variable(s) explain all of the@sations among the indicators,
associations between the covariatesnateexplained by the latent variables. This is what

distinguishes the indicators from the covariates.

Example: survey respondent types (continued)
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Regarding the interpretation of the 3-class solytdMcCutcheon questioned
whether some of the difference in latent class nmexstbp between black and white
respondents might be explained by education, atiguethat falls outside the scope of
traditional LC modeling. We address this questietol by includinge:EDUCATION as

a second covariate in the 2-factor modd = (G,E).

[INSERT TABLE 8 ABOUT HERE]

The model provides a good fit to the data. Theltesndicate that the effect of
educatiordoesexplain most, but not all, of the group effectfaatorW. The logit
parameter estimates are given in Table 8, whersigoificant estimates were set to zero.

The multinomial model used for the covariates was:

eXPY; Ve Vg tVer)
Zexpifv Ve Vg ter)

r=ls=1

7f/W]GE -

rsge

[INSERT FIGURE 2 ABOUT HERE]

The gamma parameters in Table 8 indicate thatititeehthe educational level the lower
the score on factalV. The race effect is very weak: blacks have a #iidtigher score on
factorW than whites.

The results for this 2-factor restricted multi-gpomodel are also displayed in the
bi-plot display (Magidson and Vermunt, 2001) giverFigure 2. Like the barycentric
coordinate display in Figure 1 we see that thezomtal axis, corresponding to factdf is
associated with UNDERSTANDING. Overall, responddraging a good understanding

are highly likely to be at level 1 of factor W whithose with a Fair/Poor understanding are
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highly likely to be in level 2. The figure make<liear that education is much more related
to this factor than race. The vertical dimens®highly related to PURPOSE. Figure 2
shows more clearly than Figure 1 that COOPERATI®Kelated to both factors. In
particular, those rated as ‘Impatient/hostile’ témdnclude 2 different types of respondents
— those whose understanding is fair/poor as wetase who view the purpose of surveys

as a ‘waste of time and $'.

4. OTHER TYPESOF LATENT CLASSMODELS

Thus far, we have focused on the traditional LC atiody approach, including some
important extensions such as covariates, seveeaitlaariables, and local dependencies.
Some common characteristics of these models ar¢hnaserve as scaling methods or
tools for dealing with measurement error, thatgathrs are nominal or ordinal, and that
local independence between indicators is the pgimardel assumption. In this section, we
discuss other types of LC models. They are nad asescaling tools, but as clustering
methods, tools for dealing with unobserved hetemedg, density estimation methods, or
random-coefficients models (McLachlan and Peel020Rloreover, indicators or
dependent variables can be of scale types othemibiainal or ordinal and local
independence is no longer the basic model assum@®we will see, in some cases there
is only one indicator or dependent variable.

The next section presents simple mixture modelsiforariate distributions, with
examples of mixtures of normals and mixtures osBam distributions. Then, we extend
this basic model by including predictors, yieldinbat is called mixture regression or LC
regression models. We present an example of a nhiixear regression model, and show
how the method can deal with various types of reggkmeasurements. Special attention is
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given to the relationship with hierarchical or nieltel models. Then, we present another
extension of the simple mixture model; that is,iatare model for multivariate
distributions. As will be shown, the resulting L®del can be seen as a model-based
alternative to standard hierarchical clusteringhuds like K-means. We end with a short

overview of LC methods that were not discusseckitait
4.1 Simple Mixture Models
[INSERT FIGURE 3 ABOUT HERE]

Consider the histogram depicted in Figure 3. Teisegated data set of 1,000 cases is
obtained from a population consisting of a mixtoféwo normal distributions. For 60
percent of the population, the variable of intefebws a normal distribution with a mean
of 0 and a variance of 1, N(0,1); for the othempé@cent, the mean equals 3 and the
variance 4, N(3,4). The normal curve that is dramough the histogram shows that the
resulting mixture is clearly not normally distrileat

A model that can be used to describe such a phemamis a finite mixture model
(Everitt and Hand, 1981; McLachlan and Peel, 20@8@jch is a particular kind of LC

model. The basic formula for a mixture of univégidistributions is
T
f(yl9)=> 7 f(ylo,). (4)
t=1

The left-hand side of Equation (4) indicates thatase interested in describing the

distribution of a random variabig which depends on a set of unknown parameershe

right-hand side contains two term&: is the probability of belonging to latent class or
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mixture componentand f(y|®,) is the distribution of within latent class given some

unknown parameterg,. The class-specific distribution gfis assumed to belong to a

particular parametric family. Depending on the sdgpe ofy, this can, for instance, be a
normal, Poisson, binomial, exponential, or gamnséridhution. The summation on the
right-hand side indicates that the distributiory @ a weighted mean of the class-specific
distributions, where the latent class proporticgrys as weights.

Mixture models like these have two important typéapplications. The first is
density estimation: complicated distributions carapproximated by a mixture of simple
parametric distributions. Another important apgiica type is clustering, in which case
the class-specific parameters are used to defeeltisters and the posterior membership

probabilities are used to classify cases into thsetrappropriate cluster.

[INSERT TABLE 9 ABOUT HERE]

Table 9 presents test results for various modeifio the data depicted in Figure 3. We
estimated 1- to 4-class mixtures of normal distidms with equal and unequal within
cluster-variances. As can be seen, the BIC meadeanéfies the correct model, the two-
cluster model with unequal within-cluster varianasbest. The three-class model with
equal within-cluster variances fits almost as wasll showing that a simpler parametric
form can sometimes be compensated by a larger nmuohb&xture components.

In the two-class model with unequal variances estanated probability of
belonging to class one is .64. This class has @ma&®d mean of -0.03 and a variance of
1.01. The mean and variance of the other clasd®8ust and 3.95. Note that these

estimates are close to the population values we tosgenerate this data set.

[INSERT TABLE 10 ABOUT HERE]
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Table 10 provides a data set taken from Dillon ldachar (1994) that we will use as a
second example. It gives the observed frequendgilmliion of the number of packs of
hard-candy consumed by 456 respondents during tlags prior to the survey. Because
the outcome variable is a count without a fixed mmasm, it is most natural to assume that
it follows a Poisson distribution. The table alsparts the estimated frequency distribution
obtained with a standard, or 1-class, Poisson madekell as with a 3-class mixture
Poisson model. As can be seen, the standard Paissdel does not fit the empirical
distribution at all, while the 3-class Poisson diss the data almost perfectly. This shows
that a mixture of simple parametric distributios de used to describe a quite
complicated empirical distribution.

Test results obtained when applying mixture Poisaodels to the hard-candy data
set show that models with 2 and 3 mixture compapatform much better than the
standard Poisson model. As is typical, there staration point at which increasing the
number of classes no longer increases the loghiget! function: in this case, it occurs at
4 classes. The 3-cluster solution is the one thpteferred according to the BIC criterion.

The estimated latent class proportions in thea3scmodel are 0.54, 0.28, and
0.18, and the Poisson rates are 3.48, 0.29, a2d 1This means that we identified a small
cluster of heavy users (more than 11 packs in g)daycluster containing slightly more
than a quarter of the respondents with almost ageisand a large group of moderate

users.

4.2 LC Regression Models

In the simple mixture models discussed above, # assumed that the mean of the chosen
parametric distribution differs across latent otssshis can also be expressed by
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specifying a linear regression model for the mefah® distribution of interesty, after

applying some transformation or link functigg.) that depends on the scale type ofythe
variable. For the mean of a binomial or multinonaatribution, we use a logit
transformation; for a Poisson mean, a log transépion; and for a normal mean, no

transformation or an identity link. The regressiadel has the form

a(4) =By -

As can be seen, this regression model containsamigitercept and this intercept is class-
specific.

Letw denote a set of predictors or explanatory varmateippose we are no
longer interested is the unconditional distributadty, but in the conditional distribution of

y givenw, f(y|w,¢,). A natural way to express the dependency afiw is by the

inclusion of the set of predictovsin the right-hand side of the regression equatiothe
case of a single predictar, the resulting LC regression model (Wedel and Diegal994)

has the form

a(K4) = By + By,

where £, and 8, are the class-specific regression coefficients.

[INSERT FIGURE 4 ABOUT HERE]

Figure 4 depicts a data set generated from a pouleonsisting of two latent classes,

with class-specific regression models equalfe1+3w and x4, =0+1w. It also compares
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the estimateg values for the two-class model (YLC2), with tharstard, 1-class,
regression model (YLC1). As can be seen, the desmni given by the standard regression
model is very poor compared to the 2-class modwst. OC regression modeling procedure
has no problem identifying the two regression lingthout pre-knowledge of class
membership.

In a LC regression model, the latent variable pseadictor that interacts with the
observed predictors, which means that it servesmsderator variable. Compared to a
standard regression model where all predictor®hserved this basic LC regression
model provides several useful functions. Firstam be used to weaken standard regression
assumptions about the nature of the effects (ljmemmteractions) and the error term
(independent of predictors, particular distributibomoskedastic). Second, it makes it
possible to identify and correct for sources ofhserved heterogeneity. As explained
below, this is especially useful in situations whtrere are repeated measurements or
other types of dependent observations. Longitudiagd applications are sometimes
referred to as LC or mixture growth models (eattriaclass has its own growth curve).
Third, it can be used to detect outliers sincedlae cases for which the primary
regression model does not hold.

An important application area for LC regressiondelong is clustering or
segmentation (Wedel and Kamakura, 1998). In pdatictatings- and choice-based
conjoint studies are designed to identify subgragpgments) that react differently to
product characteristics, which is the same as gathiat these groups have different
regression coefficients. This type of applicatisnllustrated in more detail below with an

empirical example.
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Example: repeated measurements or clustered ohissiva

As explained below, the LC regression model caniéwed as a random-coefficients
model that, similar to multilevel or hierarchicabdels, can take dependencies between
observations into account. This extends the appbicaf LC regression models to
situations with repeated measurements or othestgpdependent observations.

We will illustrate LC regression with repeated maasents using an application
to longitudinal survey data. This is, therefore gaample of a LC growth model. The data
set consist of 264 participants in the 1983 to 1g8#&1y waves of the British Social
Attitudes Survey (McGrath and Waterton, 1986). @iependent variable is the number of
yes responses on seven yes/no questions as toawltathwoman's right to have an
abortion under specific circumstances. Becausagdlasount variable with a fixed total, it
is most natural to work with a logit link and bin@herror function. The predictors that we
used are the year of measurement (1=1983; 2=13848%; 4=1986) and religion
(1=Roman Catholic, 2=Protestant; 3=Other; 4=Nayrei). The effect of year of
measurement is assumed to be class-dependenteaafidbt of religion is assumed to be
the same for all classes.

We estimated models with 1 to 5 classes, and-tiass model turned out to
performs best in terms of the BIC criterion. Weoadstimated more restricted models in
which the time effect is assumed to be linear anthi® time effect is assumed to be class
independent. These models did not describe theadateell as our four-class model, which

indicates that the time trend is non linear an@fugfeneous.

[INSERT TABLE 11 ABOUT HERE]

The parameters obtained with the 4-class modelappérable 11. The parameter means
across classes indicate that the attitudes are poggive at the last time point and most
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negative at the second time point. Furthermoreetfexts of religion show that people
without religion are most in favor and Roman Catt®and Others are most against
abortion. Protestants have a position that is dloske no-religion group.

The class-specific parameters indicate that tlateht classes have very different
intercepts and time patterns. The largest classiost against abortion and class 3 is most
in favor of abortion. Both latent classes are \&aple over time. The overall level of
latent class 2 is somewhat higher than of classd,it shows somewhat more change of
the attitude over time. People belonging to latdas$s 4 are very instable: at the first two
time points they are similar to class 2, at thedthime point to class 4, and at the last time
point again to class 2 (this can be seen by comditiie intercepts with the time effects).
Class 4 could therefore be labeled as random regpsnit is interesting to note that in a
three-class solution the random-responder clas€lasd two are combined. Thus, by
going from a three- to a four-class solution orenidies the interesting group with less
stable attitudes.

Vermunt and Van Dijk (2001) used the same empiesaimple to illustrate the
similarity between LC regression models and randoefficients, multilevel, or
hierarchical models. Using terminology from muligé¢ modeling, the time variable is a
level-1 predictor and religion a level-2 predictdhe effect of the level-1 predictor time is
allowed to vary across level 2 units, in this casividuals. The LC regression output can
be transformed into the usual output produced $taadard multilevel or hierarchical
model -- means, variances, covariances of thedeptérand the three time effects -- by
elementary statistical operations. The most imponpart of this multilevel output is what
appears in the last two columns of Table 11.

A difference between LC regression analysis anadstal hierarchical models is
that the former does not make strong assumptioogtabe distribution of the random
coefficients. LC regression models can, therefbesseen as non-parametric hierarchical
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models in which the distribution of the random dmédnts is approximated by a limited
number of mass points (= latent classes). As shoywiermunt and Van Dijk (2001), the
LC approach has the practical advantage of beinghrfass computationally intensive than

parametric models, and substantively, easier-teqmmet results are often obtained.

Example: application to choice-based conjoint stgdi

The LC regression model is a popular tool for thalgsis of data from conjoint
experiments in which individuals rate or chooseneein sets of products having different
attributes (Wedel and Kamakura, 1998). The objedsvo determine the effect of product
characteristics on the rating or the choice prdhggs. LC analysis is used to identify
subgroups, or market segments, for which thesetsftéffer.

For illustration of LC analysis of data obtainedrr choice-based conjoint
experiments, we use a generated data set. Thegisoahe 10 pairs of shoes that differ on
3 attributes: Fashion (O=traditional, 1= modernja@y (O=low, 1=high), and Price
(ranging from 1 to 5). Eight choice sets offer 3ted 10 possible alternative products to
400 individuals. Each choice task consists of iating which of the three alternatives they
would purchase, with the response “none of the aballowed as a fourth choice option.

The model that is used is a multinomial logit moaéh choice-specific predictors,
also referred to as the conditional logit modek Mebe the number of choice seisthe
number of choices per set, ahthe number of predictors. A particular set, chpared

predictor is denoted by, k, andj, respectively. The regression model of interest is

J
ex Zﬂjtwmjkj
T = =

mkt — 3
K
D EX Z;‘,B,»t ijkj
J:
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Here, i1

. denotes the probability that someone belongirgetsst selects choice-
alternativek in choice sem. The predictors we use are the three producbatas

(fashion, quality, and price), as well as a dumragiable for the “none” category.

[INSERT TABLE 12 ABOUT HERE]

The BIC values indicated that the three-class mmddle model that should be preferred.
The parameter estimates obtained with the 3-clasiehare reported in Table 12. As can
be seen, FASHION has a major influence on choicel&ss 1, QUALITY for class 2, and
both FASHION and QUALITY affect the choice for cka8. The price effect is similar for
all three classes. The Wald test for the equafigfiects between classes indicates that the
difference in price effects across classes is igoifscant. The price effects could,

therefore, be assumed to be class independent.

[INSERT TABLE 13 ABOUT HERE]

In addition to the conditional logit model, whichasvs how the predictors affect the
likelihood of choosing one alternative over anotlugiferentially for each class, we
specified a second logit model to describe thentatlass variable as a function of the
covariates sex and age. Table 13 shows that fehalesut to belong more often to class
1 and males to class 3. Younger persons have ampgbbability of belonging to class 1
(emphasize Fashion in choices) and older pers@sast likely to belong to class 2
(emphasize Quality in choices).

In conclusion, the LC regression model offers cataponal and interpretive
advantages over the more traditional hierarchicadefing approach that tends to overfit

data (Andrews, Ansari, and Currim, 2002). In oxeraple, we used the BIC criteria to
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select a parsimonious number of classes. Howessgarchers who prefer the results to
showhigherlevels of individual variation in regression coefnts can obtain such with
LC regression models by simply increasing the numbé&tent classes to produce the

desired amount of variation.
4.3 LC Analysisasan Alternativeto K-means Clustering

An important application of LC analysis is clustgyi(Banfield and Raftery, 1993;
McLachlan and Peel, 2000; Vermunt and Magidson2208ctually, we already saw
several cluster-like applications. The traditiob@ model was used to construct a
typology of survey respondents using a set of categl indicators. We also showed that
simple mixture models like mixtures of normals aktures of Poisson distributions can be
used for clustering purposes.

In this section, we will concentrate on LC analysssa tool for cluster analysis with
continuoudndicators. These LC models can be seen as mudtigeextensions of the
mixtures of univariate normals discussed abovdeatsof assuming a univariate normal
distribution, we assume multivariate normal disttibns within latent classes. The most
general form of the mixture model concerned assuhsach latent class has its own set

of means, variances, and covariances. More formally
T
fyl®) =27 f(ylu, %).
t=1

Here, y, denotes the vector with class-specific means &nthe class-specific variance-

covariance matrix. Note that, contrary to tradiibhC modeling, it is not necessary to

assume local independence between the indicators.
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The above LC cluster model is similar to the madedd in discriminant analysis.
An important difference is, of course, that in tdusanalysis group membership is
unobserved or latent, which is reason that LC eluahalysis is sometimes referred to as

latent discriminant analysis.

[INSERT FIGURE 5 ABOUT HERE]

The first part of Figure 5 depicts a data set wmivill use to illustrate the LC cluster
model for continuous variables. Three measures\a#able to diagnose diabetes:
Glucose, Insulin, and SSPG (steady-state plasntasf) (see Fraley and Raftery, 1998).
In addition to these measures, we have informatiothe clinical diagnosis consisting of
the three categories "normal”, "chemical diabetast] "overt diabetes". However, in
practice, a gold standard is not available in eluapplications. Our objective here is to
construct a mixture model that yields a classifarathat is close to the clinical diagnosis,
without use of the information on the clinical di@gis. We use this data set to
demonstrate the flexibility of LC clustering comedrto other clustering methods. The
gold standard makes it possible to judge whetheenththods do what we want them to do.
LC cluster analysis is a model-based clusteringguure. As such itis a

probabilistic and more flexible alternative to K-ams clustering. K-means clustering

performs well under very strict conditions; thatifsndicators are locally independent and
if error variances are cluster invariant and equabss indicatorsy =0l ). These implicit

assumptions of K-means imply that in a 3-dimendisnatter plot each cluster has the
form of a sphere with the same radius and in eagim2nsional plot, each cluster will
have the form of a sphere with the same radius.aBsamption of equal error variances
across indicators is the reason that in K-mearsteiung it is advised to standardize the

variables prior the analysis. While standardizatfien improves the situation, it does not
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solve the problem because equating the varianttesitotal sample is not the same as
equating the within-group variances (Magidson aedwunt, 2002).

Having a closer look at Figure 5, it can easilysben that it is impossible to
describe the shape of the three diabetes clusfeaskbmeans model; that is, by 3 spheres
with the same radius. The within-cluster varianaesvery different across clusters and
across indicators. Moreover, the glucose and insndicators are strongly correlated
within the group with overt diabetes. Neverthelsssce the clusters are well separated, a
reliable cluster method should be able to yieldrad-cluster solution that is similar to the

clinical classification.

[INSERT TABLE 14 ABOUT HERE]

The problems associated with K-means are confirbyetthe test results reported in
Table 14. We estimated 1- to 5-cluster models, @athfour different specifications of
the variance-covariance matrix: diagonal (=locdeipendence) and equal across classes,
diagonal and unequal, glucose-insulin covarianckuwsrequal, and all covariances and
unequal. It can be seen that when the specificaoa too restrictive, one needs 5 and 4
clusters, respectively. Actually, with the firstrtHeans-like specification, even more than 5
clusters are needed.

Although the BIC values indicate that the two adaial local dependencieg {ys
andy,-ys) in the full model are not needed (compare thedfaluster solutions for the last
two specifications), the fit measures also show blo#h the model with the fully
unrestricted covariance matrix and the model witly the glucose-insulin covariance
detect the correct three-cluster solution. Thismsdhat working with a model with

insufficient restrictions does not harm in this myde, but this is not always the case.
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The middle part of Figure 5 shows the five neapierical clusters identified
with the most restricted specification we used.i@inmesults would have been obtained
with K-means. The lower part of Figure 5 depicis 8acluster solution that turned out to
be the best according to the BIC criterion. It barseen, that the 3 clusters identified by
this model are very similar to the clinical clagstion. Our 3-cluster solution is smoother
in the sense that some of the overlap betweenlitieat classes disappears, which is, of
course, what can be expected from a statisticaleinddhe correspondence between the 3-
cluster and the clinical classification is 87%, @his only slightly lower than the 93%
correct classifications of a quadratic discriminan&lysis (in which cluster membership is
treated as known).

The LC cluster model cannot only be applied withtauous indicators, but also
with indicators of other scale types and differeminbinations of scale types. Depending
on the scale type, one will specify the most appabde within-cluster distribution for the
indicator concerned. This yields a general clustedel for mixed-mode data (Hunt and
Jorgensen, 1999; Vermunt and Magidson, 2002). theaiiethe traditional LC model is the

special case in which all indicators are categbxiaaables.

4.4 Other Developmentsin LC Modeling

In this chapter we presented what we believe ttheenost important types of LC models.
We did not discuss LC models for transition, suayjior event history data (Vermunt,
1997). Most of these models are mixture regressiodels and can, therefore, be handled
within the LC regression framework. Another impaottalass of models for transition data
are latent or hidden Markov models that can be tsedparate true change from

measurement error in the outcome variable of istgsee, e.g., Langeheine and Van de
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Pol, 1994). The structure of latent Markov modslsimilar to the LC models with several
latent variables discussed in the previous section.

In the previous section, we presented LC modelsdan be used for scaling.
There also exist more sophisticated LC scaling rfspdéhich can be obtained by imposing
certain constraints on the parameters of the toadit LC model. Examples are LC models
for probabilistic Guttman scaling, LC models witlder constraints, LC Rasch models, LC
models for preference data, and LC models for degalata (see, Heinen, 1996; Dayton
1998; Bockenholt, 2002; Croon, 2002).

Another more advanced type of LC model we would tix mention is the Lisrel-
type framework for categorical variables developgdHagenaars (1990) and extended by
Vermunt (1997). Any type of LC models with categatiindicators, including LC models
for transition data and sophisticated LC scalingleis, are special cases of this general
model. A limitation if this approach is that itrsstricted to categorical indicators.

A final recent development that we would like tontien is the development of
more sophisticated restricted mixtures of multiagginormals than that discussed above.
LC models have been proposed in which the classi{fgpeovariance matrices are
constrained by means of principal component (Fraley Raftery, 1998) or factor-analytic
(Yung, 1997) structures, or by structural equatradels (Jedidi, Jagpal, and DeSarbo,

1997).
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Table 1: Results from Various LC Models Fit to tB8S'82 Data

% Reductiol

Model BIC, L L2 DF Pvalue in L% Hp
Sample of white respondents
Traditional
Ho 1-class 5787.0 257.3 29 2.0x10* 0.0%
Hic 2-class 5658.9 79.5 22 2.0x10° 69.1%
Hoc 3-class 5651.1 22.1 15 0.11 91.4%
Hsc 4-class 5685.3 6.6 8 0.58 97.4%
Nontraditional
Hic:  2-class + {CD} direct effect 5606.112.6 20 0.89 95.1%
Hor Basic 2-factor 5640.1 11.1 15 0.75 95.7%
Sample of black respondents
Traditional
Hy  1-class 2402.1 112.1 29 1.0x10" 0.0%
H'1 2-class 2389.6 56.9 22 .00006 49.2%
H,c  3-class 2393.8 18.3 15 .25 83.7%
H'sc  4-class 24276 9.4 8 31 91.6%
Nontraditional
H'ic+ 2-class + {CD} direct effect 2360.215.2 20 g7 86.4%
H'oF Basic 2-factor 2387.0 11.5 15 T2 89.7%
Full sample (multiple-group analysis)
Traditional
Mo 1-class 8185.1 400.0 64 4.3x10°° 0%
M, 2-class 8013.8 169.5 56 2.4x10" 57.6%
Mazc 3-class unrestricted (complete heterogeneity) 80740.4 30 10 89.9%
Mocr  3-class restricted (partial homogeneity) 7953.09.4 48 42 87.7%
Mycrr  3-class restricted (complete homogeneity) 796278B.3 50 .02 81.7%
Mscr  4-class restricted (partial homogeneity) 7989.87.0 40 94 93.3%
Nontraditional
Mg basic 2-factor unrestricted 8059.622.6 30 .83 94.4%
Mg basic 2-factor restricted 7934.931.3 48 .97 92.2%




Table 2: Parameter Estimates for the 3-Class LCéVlbgd Sample

White Sample Black Sample
Class1 Class2 Class3 Class1l Class2 Class3
Ideal BelieversSkeptics Ideal BelieversSkeptics

L C Probabilities 0.62 0.20 0.18 0.49 0.33 0.18
Conditional Probabilities
(A) PURPOSE

Good 0.89 0.92 0.16 0.87 0.91 0.19

Depends 0.05 0.07 0.22 0.08 0.04 0.17

Waste 0.06 0.01 0.62 0.05 0.05 0.65
(B) ACCURACY

Mostly True 0.61 0.65 0.04 0.54 0.65 0.01

Not True 0.39 0.35 0.96 0.46 0.35 0.99
(C) UNDERSTANDING

Good 1.00 0.32 0.75 0.95 0.37 0.68

Fair, poor 0.00 0.68 0.25 0.05 0.63 0.32
(D) COOPERATION

Interested 0.95 0.69 0.64 0.98 0.56 0.64

Cooperative 0.05 0.26 0.26 0.01 0.37 0.25

Impatient/ Hostile 0.00 0.05 0.10 0.00 0.07 0.11




Table 3: Descriptive Information and Parameterr&ates from 3-Class and 2-Factor LC
Models Obtained with the Landis and Koch Data

Descriptive Information 2 Factors (joint probabilities)
% of % of ratings Factorl=1 Factorl=2
slides that agree with 3 Classes (true -) (true +)
rated 5+ 6+ Factor2=1 Factor2= Factor2= Factor2=
positive raters raters Class 1 Class 2Class 3 (~bias) 2 (+ bias)1 (- bias)1 (+ bias)
Class size 0.44 0.37 0.18 0.36 0.19 030 0.16
F 21% 64% 58% 047 0.00 0.00 0.00 001 023 0.86
D 27% 70% 62% 059 0.00 0.06 0.00 0.05 037 0.92
C 38% 80% 64% 0.85 0.00 0.01 0.00 0.00 0.83 0.83
A 56% 82% 64% 1.00 0.06 0.51 0.06 047 099 1.00
G 56% 85% 66% 1.00 0.00 0.63 0.01 058 099 1.00
E 60% 80% 64% 1.00 0.06 0.76 0.06 072 099 1.00
B

67% 75% 61% 0.98 0.15 0.99 013 099 0.97 1.00




Table 4: Results from Various LC Models Fit to Lanand Koch Data

Bootstrap % Reduction

Model BIC,L L2 P value in L2( Hp)
Traditional
Ho 1-class 1082.3476.8 .00 0.0%
H, 2-class 707.9 64.2 .00 86.5%
H,c 3-class 699.6 17.7 49 96.3%
Hsc 4-class 729.4 9.3 .79 98.0%
Nontraditional
Hyc+ 3-class + {DF} direct effect 698.0 11.3 .83 97.6%
Hrr Restricted basic 2-factor 688.4 11.3 .90 97.6%




Table 5: Values for Bivariate Residuals obtainedléimvvarious Models for the Sample
of White Respondents

2-way Model

table Ho Hq Hoc Hsc Hoc+ Hor
{AB} 61.6 0.1 0.1 0.0 0.0 0.0
{AC} 0.5 0.7 0.1 0.0 0.2 0.0
{AD} 10.6 0.0 0.1 0.0 0.2 0.1
{BC} 0.3 1.1 0.0 0.0 0.0 0.0
{BD} 8.6 0.4 0.3 0.2 0.2 0.4

{CD} 434 323 24 0.0 0.0 0.2




Table 6: Bivariate Residuals Obtained Under Varigaglels for Landis and Koch data

Model

2-way Traditional Non-traditional

table* Ho Hi  Hyc Hyc+ Horr Horre
{BE} 66.4 8.4 0.0 0.0 0.0 0.1
{DF} 380 7.2 4.5 0.0 0.0 0.0
{BG} 66.7 5.2 0.0 0.0 0.1 0.1
{EG} 772 3.3 0.1 0.1 0.2 0.2
{AB} 545 17 01 00 01 0.1
{CF} 28.0 1.3 0.0 0.0 0.0 0.0
{CE] 477 11 01 01 02 01
{DE} 245 0.0 0.7 0.6 0.6 1.2

* These are the 2-way tables for which the bivariasiduals were larger than 1 under
any of the reported models (other thag) H




Table 7: Parameter Estimates for the 3-Class LCainaidPartial Homogeneity (Model
M2cr) and the Corresponding LC 2-Factor ModekM

3 Classes 2 Factors (marginal probabilities)
Class1 Class2 Class 3 Factor V Factor W
Ideal BelieversSkeptics Level 1 Level 2 Level 1 Level 2

L C Probabilities

Whites 0.68 0.15 0.17 0.81 0.19 0.85 0.16
Blacks 0.51 0.30 0.19 0.79 0.21 0.70 0.31
Conditional Probabilities
PURPOSE
Good 0.89 0.90 0.16 0.90 0.20 0.76 0.78
Depends 0.06 0.06 0.21 0.06 0.21 0.09 0.07
Waste 0.05 0.04 0.63 0.05 059 0.15 0.15
ACCURACY
Mostly True 0.60 0.64 0.01 0.63 0.02 050 0.55
Not True 0.40 0.36 0.99 0.37 098 0.50 0.45
UNDERSTANDING
Good 0.94 0.32 0.74 0.79 0.76 092 0.26
Fair, poor 0.06 0.68 0.26 0.21 0.24 0.08 0.74
COOPERATION
Interested 0.95 0.57 0.65 0.86 0.66 0.90 0.50
Cooperative 0.05 0.35 0.25 0.120.24 0.09 0.38

Impatient/ Hostile 0.00 0.08 0.10 0.02 0.10 0.01 0.12




Table 8: Parameter Estimates for the 2-Factor ResdrMulti-Group LC Model with
Covariates

Factor
Vv W
Covariates (gammas)
G: Group
WHITE 0 -0.20
BLACK 0 0.20
E:Years of Education
<8 0 219
8-10 0 0.97
11 0O 0.08
12 0 -0.34
13-15 0 -1.01
16-20 0O -1.89
Indicator Variables (lambdas)
A: PURPOSE 2.26 0
B: ACCURACY
mostly true -1.34 0
not true 1.34 0
C:UNDERSTANDING
Good 0 -5.14
Fair/Poor 0 5.14

D: COOPERATION 098 1.26




Table 9: Test Results for Generated Mixture of Nale/ata

Log- Number of

Model Likelihood BIC . Parameters
Equal variances

1-Class -2177.75  4369.31 2

2-Class -2066.99 4161.61 4

3-Class -2050.78  4143.00 6

4-Class -2046.25  4147.75 8
Unequal Variances

2-Class -2048.14  4130.81 5

3-Class -2047.78  4150.83 8

4-Class -2045.41 4166.80 11




Table 10. Observed and Estimated Frequency Disitobof Packs of Hard-Candy
Purchased During Last 7 Days under the 1-ClasSaDidss Poisson Model

Number of Frequencies
Packages  Observed 1-Class Model 3-Class Model
0 102 8.43 101.67
1 54 33.63 54.63
2 49 67.11 50.03
3 62 89.28 53.89
4 44 89.09 47.25
5 25 71.11 34.14
6 26 47.30 22.00
7 15 26.97 14.37
8 15 13.46 11.02
9 10 5.97 10.18
10 10 2.38 10.17
11 10 0.86 9.97
12 10 0.29 9.20
13 3 0.09 7.90
14 3 0.03 6.32
15 5 0.01 4.72
16 5 0.00 3.30
17 4 0.00 2.18
18 1 0.00 1.36
19 2 0.00 0.80
20 1 0.00 0.45




Table 11: Parameter Estimates for the Abortion Eplam

Parameter ClassClass2 Class3 Class4 Mean Std.Dev.
Class size 0.30 0.28 0.24 0.19

Intercept -0.34 0.60 3.33 1.59 1.16 1.38
Year

1983 0.14 0.26 0.47 -0.58 0.12 0.35
1984 -0.12 -0.46 -0.35 -1.11 -0.45 0.34
1985 0.04 -0.44 -0.26 1.43 0.10 0.66
1986 -0.06 0.64 0.14 0.26 0.24 0.27
Religion

Roman Catholic -0.53 -0.53 -0.53 -0.53 -0.53 0.00
Protestant 0.20 0.20 0.20 0.20 0.20 0.00
Other -0.10 -0.10 -0.10 -0.10 -0.10 0.00

No religion 0.42 0.42 0.42 0.42 0.42 0.00




Table 12: Parameter Estimates for Conditional Ldtptlel in Conjoint Study Example

Wald

Wald for  for equa

Classl Class2 Classaio effect effects
FASHION 3.03 -0.17 1.20 494.74 216.37
QUALITY -0.09 2.72 1.12 277.96 171.16
PRICE -0.39 -0.36 -0.56 144.48 3.58
NONE 1.29 0.19 -0.43 82.39 59.26




Table 13: Parameter Estimates for the Latent VigiRlegression for Conjoint Study
Example

Classl Class?2 Class3 Wald

Intercept 0.37 0.00 -0.37 8.22
SEX

Male -0.66 -0.34 1.01 24.15
Female 0.66 0.34 -1.01
AGE

16-24 1.02 -0.15 -0.87 62.76
25-39 -0.59 -0.37 0.96

40+ -0.43 0.52 -0.09




Table 14: Test Results for Diabetes Data

Log- Number of
Model Likelihood BIC,  Parameters
Equal and diagonal
1-Cluster -2750.13 5530.13 6
2-Cluster -2559.88 5169.52 10
3-Cluster -2464.78  4999.24 14
4-Cluster -2424.46  4938.49 18
5-Cluster -2392.56 4894.60 22
Unequal and diagonal
1-Cluster -2750.13 5530.13 6
2-Cluster -2446.12  4956.94 13
3-Cluster -2366.92  4833.38 20
4-Cluster -2335.38 4805.13 27
5-Cluster -2323.13  4815.47 34
Unequal and full
1-Cluster -2546.83 5138.46 9
2-Cluster -2359.12  4812.80 19
3-Cluster -2308.64 4761.61 29
4-Cluster -2298.13 4790.34 39
5-Cluster -2284.97 4813.79 49
Unequal ands-y- free
1-Cluster -2560.40 5155.64 7
2-Cluster -2380.27 4835.19 15
3-Cluster -2320.57 4755.61 23
4-Cluster -2303.14 4760.56 31

5-Cluster -2295.05 4784.19 39




Figure 1: Barycentric Coordinate Display for 3-Class Model
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Figure 2: Bi-plot for 2-Factor model With Covariates
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Figure 3: Simulated Distribution from a Mixture of Two Normals
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Figure 4: Simulated 2-Class LC Regression Model
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Figure 5: Matrix Scatter Plot of Diabetes Data set for the Clinical Classification, the
K-Means-Like 5-Cluster Solution, and the Final 3-Cluster Solution
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