
Whfkqlfdo Dsshqgl{ iru Odwhqw JROG 613

Mhurhq N1 Yhupxqw

Md| Pdjlgvrq

Wklv dsshqgl{ ghvfulehv wkh ydulrxv w|shv ri odwhqw fodvv +OF, prghov lpsoh0
phqwhg lq Odwhqw JROG 6131 Iluvw/ zh suhvhqw wkh jhqhudo Odwhqw JROG
prgho1 Wkhq/ dwwhqwlrq lv sdlg wr wkh wkuhh vshfldo fdvhv �OF foxvwhu�/ �OF
idfwru�/ dqg �OF uhjuhvvlrq� wkdw kdyh ehhq lpsohphqwhg dv vhsdudwh prg0
xohv lq wkh surjudp1 Vxevhtxhqwo|/ zh ghvfuleh hvwlpdwlrq surfhgxuhv dqg
wkh fruuhvsrqglqj whfkqlfdo rswlrqv1 Wkh rxwsxw surylghg e| wkh ydulrxv
prgxohv lv ghvfulehg lq wkh odvw vhfwlrq1

4 Jhqhudo Odwhqw JROG Prgho

Wkh vshfl�fdwlrq ri d OF prgho w|slfdoo| frqvlvwv ri wkuhh vwhsv=

41 vhwwlqj xs d suredelolw| vwuxfwxuh xvlqj fhuwdlq dvvxpswlrqv uhjduglqj
frqglwlrqdo lqghshqghqfh/

51 vshfli|lqj glvwulexwlrqdo irupv iru wkh ghshqghqw yduldeohv/

61 vshfli|lqj uhjuhvvlrq0w|sh frqvwudlqwv wr jdlq sduvlprq|1

Odwhqw JROG dxwrpdwlfdoo| vhwv xs wkh fruuhfw suredelolw| vwuxfwxuh iru
hdfk ri wkh wkuhh vshfldo fdvhv1 Ehiruh glvfxvvlqj wkhvh vshfldo fdvhv/ zh
ghvfuleh wkh jhqhudo suredelolw| vwuxfwxuh/ wkh dydlodeoh glvwulexwlrq ixqfwlrqv
iru wkh odwhqw dqg ghshqghqw yduldeohv/ dqg wkh fruuhvsrqglqj uhjuhvvlrq0w|sh
frqvwudlqwv1

414 Suredelolw| Vwuxfwxuh

Odwhqw JROG lpsohphqwv wkuhh w|shv ri OF prghov= OF foxvwhu/ OF idf0
wru/ dqg OF uhjuhvvlrq1 Hdfk ri wkhvh prghov lv edvhg rq wkh vdph jhqhudo
suredelolw| vwuxfwxuh zklfk gh�qhv wkh uhodwlrqvklsv ehwzhhq wkuhh w|shv ri
yduldeohv=
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41 M odwhqw +xqrevhuyhg, yduldeohv ghqrwhg e| { � > { � > = = = > { � 1 Zkhq uh0
ihuulqj wr wkh hqwluh vhw ri { yduldeohv/ zh zloo xvh wkh v|pero  1 Wkh
odwhqw yduldeohv pd| eh wuhdwhg dv qrplqdo ru ruglqdo +glvfuhwh lqwhuydo,1
Odwhqw JROG prghov pxvw frqwdlq dw ohdvw rqh odwhqw yduldeoh1

51 N lqglfdwruv ru ghshqghqw yduldeohv
�
ghqrwhg e| | � > | � > = = = > | � 1 Wkh

v|pero ) lv xvhg wr ghqrwh wkh hqwluh vhw ri ghshqghqw yduldeohv1 Zh
zloo dovr xvh wkh v|pero ) � wr ghqrwh rqh ri wkh P vxevhwv ri | ydul0
deohv/ dqg N � wr ghqrwh wkh qxpehu ri yduldeohv lq vhw p1 Ghshqghqw
yduldeohv pd| eh qrplqdo/ ruglqdo/ frqwlqxrxv/ ru frxqwv1 Xvhuv pxvw
dvvljq dw ohdvw rqh yduldeoh wr eh lqfoxghg lq wkh prgho dv d | yduldeoh1

61 O fryduldwhv ru lqghshqghqw yduldeohv
�
ghqrwhg e| } ��� } � � = = = > } 	 1 Wkh

erog idfh v|pero 3 lv xvhg wr uhihu wr wkh hqwluh vhw ri lqghshqghqw
yduldeohv1 Fryduldwhv pd| eh qrplqdo ru qxphulf yduldeohv1 Qxphulf
fryduldwhv pd| eh ruglqdo/ glvfuhwh lqwhuydo/ ru frqwlqxrxv> wkdw lv/ wkh
vfdoh w|sh qxphulf uhihuv wr vlwxdwlrqv lq zklfk zh wuhdw revhuyhg vfruhv
dv txdqwlwlhv udwkhu wkdq rqo| dv fdwhjru| odehov1 Odwhqw JROG prghov
fdq eh vshfl�hg zlwkrxw dq| fryduldwhv1 Lq dgglwlrq/ lw lv srvvleoh wr
kdyh fryduldwhv zklfk duh lqdfwlyh1 Wkhvh duh qrw sduw ri wkh prgho/
exw duh xvhg wr rewdlq ghvfulswlyh lqirupdwlrq derxw wkh odwhqw fodvvhv1

Wkh vlpsoh exw yhu| jhqhudo suredelolw| vwuxfwxuh wkdw lv dvvxphg iru
wkhvh yduldeohv lv ri wkh irup=

iE)m3� '
[

 �E m3� iE)m > 3� '

[

 �E m3�

�
\

�
� � iE) � m > 3� +4,

Dv fdq eh vhhq/ zh duh lqwhuhvwhg lq prgholqj wkh suredelolw| ghqvlw| ri
revhuylqj d sduwlfxodu vhw ri ) ydoxhv jlyhq d sduwlfxodu vhw ri 3 ydoxhv/
wkdw lv/ iE)m3�1 Wkh vhfrqg sduw ri htxdwlrq +4, vkrzv wkdw wkh xqrevhuyhg
yduldeohv  lqwhuyhqh ehwzhhq wkh 3 dqg wkh ) yduldeohv1 Khuh/ �E m3� lv wkh
suredelolw| ri kdylqj d fhuwdlq vhw ri ydoxhv rq wkh odwhqw yduldeohv jlyhq dq
lqglylgxdo*v uhdol}hg fryduldwh ydoxhv/ dqg iE)m > 3� lv wkh suredelolw| ghqvlw|

�
Rwkhu whupv wkdw pd| eh xvhg wr ghvfuleh wkh |*v duh uhvsrqvh yduldeohv/ rxwfrph

yduldeohv/ rxwsxwv/ hqgrjhqrxv yduldeohv/ dqg lwhpv1�
Dowhuqdwlyh whupv iru wkh }*v duh frqfrplwdqw yduldeohv/ jurxslqj yduldeohv/ h{whuqdo

yduldeohv/ h{rjhqrxv yduldeohv/ suhglfwruv/ dqg lqsxwv1
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ri ) jlyhq  dqg 31 Wkxv/ { yduldeohv pd| eh lq xhqfhg e| } yduldeohv/ dqg
| yduldeohv pd| eh lq xhqfhg e| { dqg } yduldeohv1

Wkh odvw sduw ri wkh prgho irupxodwlrq ghvfulehg lq htxdwlrq +4, lpsolhv
wkdw | yduldeohv ehorqjlqj wr gl�huhqw vhwv duh dvvxphg wr eh pxwxdoo| lqgh0
shqghqw jlyhq wkh odwhqw yduldeohv dqg wkh fryduldwhv=

iE)m > 3� '

�
\

�
� � iE) � m > 3�=

Rq wkh rwkhu kdqg/ lw lv dovr lpsruwdqw wr qrwh wkdw wkh |*v ehorqjlqj wr wkh
vdph vhw p pd| eh ghshqghqw ri rqh dqrwkhu jlyhq wkh {*v dqg wkh }*v1

415 Glvwulexwlrqv dqg Uhjuhvvlrq0w|sh Frqvwudlqwv

Ghshqglqj rq wkh vfdoh w|shv ri wkh yduldeohv lq d vhw/ d sduwlfxodu glvwulex0
wlrqdo irup lv dvvxphg iru ) � 1 D vhw pd| frqvlvw ri rqh ru pruh fdwhjrulfdo
+qrplqdo ru ruglqdo, yduldeohv/ rqh ru pruh frqwlqxrxv yduldeohv/ ru d vlqjoh
yduldeoh frqwdlqlqj frxqwv1 Zkhq wkh yduldeohv duh fdwhjrulfdo/ d pxowlqrpldo
glvwulexwlrq lv dvvxphg iru ) � 1 Iru frqwlqxrxv yduldeohv/ zh xvh +pxowlydul0
dwh, qrupdo glvwulexwlrqv1 Frxqwv fdq eh prghohg yld d Srlvvrq ru d elqrpldo
glvwulexwlrq1

Dv h{sodlqhg lq pruh ghwdlo ehorz/ lq prvw fdvhv/ uhvwulfwlrqv zloo eh
lpsrvhg rq wkh glvwulexwlrqv �E m3� dqg iE) � m > 3� lq wkh irup ri uhjuhvvlrq0
w|sh frqvwudlqwv1 Iru hdfk glvwulexwlrq/ zh gh�qh d olqhdu suhglfwru wkdw fdq
eh uhvwulfwhg e| d vlpsoh uhjuhvvlrq prgho1 Zlwklq wkh frqwh{w ri jhqhu0
dol}hg olqhdu prgholqj/ wkh dvvxphg glvwulexwlrq ixqfwlrq lv ghqrwhg dv wkh
huuru ixqfwlrq dqg wkh wudqvirupdwlrq |lhoglqj wkh olqhdu suhglfwru dv wkh olqn
ixqfwlrq +PfFxoodjk dqg Qhoghu/ 4<;6,1 Vlqfh wkhvh uhjuhvvlrq0w|sh ri frq0
vwudlqwv duh vrphzkdw gl�huhqw iru OF foxvwhu/ OF idfwru/ dqg OF uhjuhvvlrq
prghov/ wkh| duh glvfxvvhg lq pruh ghwdlo lq wkh qh{w vhfwlrqv1

41514 Odwhqw Yduldeohv

Wkh vfruhv rq wkh odwhqw yduldeohv jlyhq wkh fryduldwh ydoxhv duh dvvxphg
wr frph iurp d +mrlqw, pxowlqrpldo glvwulexwlrq1 Wklv zdv douhdg| uh hfwhg
e| wkh idfw wkdw lq htxdwlrq +4, zh xvhg wkh v|pero � zkhq uhihuulqj wr wkh
suredelolw| ri ehorqjlqj wr d fhuwdlq odwhqw fodvv1 Wkh pxowlqrpldo suredelolw|
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�E m3� lv sdudphwhul}hg dv iroorzv=

�E m3� '
i TE� 
�� � �S 
 i TE� 
�� � � (

wkdw lv/ e| phdqv ri d orjlw ru orjlvwlf uhjuhvvlrq prgho1 Wkh olqhdu whup � 
�� �
htxdov

� 
�� � '
�[

� � �
�
���� n

�[
� � �

�[
��� � �����

�
������ ��� n

	[
� � �

�[
� � �

�
��! ���� =

Dv fdq eh vhhq/ wkh olqhdu whup frqwdlqv wkh pdlq h�hfwv iru doo odwhqw ydul0
deohv +�

��"� ,/ wkhlu wzr0zd| lqwhudfwlrqv +�
��"��� �#� ,/ dqg wkh fryduldwh h�hfwv rq

wkh odwhqw yduldeohv +�
��! ��"� ,1 Lq wkh ghidxow vhwwlqj/ wkh elyduldwh dvvrfldwlrqv

ehwzhhq wkh odwhqw yduldeohv duh h{foxghg iurp wkh prgho= �
������ � � ' f1 Qrwh

wkdw kljkhu0rughu lqwhudfwlrqv duh qrw lqfoxghg lq wkh prgho1
Zkhq wkh odwhqw yduldeohv duh ruglqdo +ru glvfuhwh lqwhuydo, yduldeohv/ dv

lq d OF idfwru prgho/ wkh �
������ � � dqg �

��  ��� whupv duh frqvwudlqhg e| xvlqj

�{hg htxdo0lqwhuydo fdwhjru| vfruhv iru wkh odwhqw yduldeohv1 Iru h{dpsoh/
�
��"�$� ��� ' �

������ � y ��� � y � � � > zkhuh y ��� ghqrwhv wkh �{hg fdwhjru| iru {� 1 Vxfk d

uhvwulfwhg lqwhudfwlrq whup lv vrphwlphv uhihuuhg wr dv d xqlirup ru olqhdu0
e|0olqhdu dvvrfldwlrq +Jrrgpdq/ 4<:<> Djuhvwl/ 5335,1

Zkhq d fryduldwh lv qxphulf +ruglqdo/ glvfuhwh lqwhuydo/ ru frqwlqxrxv,/
wkh fruuhvsrqglqj �

��! ���� whup lv uhvwulfwhg e| xvlqj wkh revhuyhg vfruhv } � lq
wkh wzr0zd| dvvrfldwlrq whup1 Wklv |lhogv �

��  ��� ' �
�� �"� �} � > wkdw lv/ d vwdqgdug

h�hfw whup ri d orjlvwlf uhjuhvvlrq prgho zlwk frqwlqxrxv fryduldwhv1
Iru lghqwl�fdwlrq sxusrvhv/ h�hfw ru DQRYD0olnh frglqj lv xvhg iru wkh

qrplqdo yduldeohv/ zklfk phdqv wkdw wkh sdudphwhuv duh uhvwulfwhg wr vxp wr
}hur ryhu wkh fdwhjrulhv ri dq| qrplqdo yduldeoh1

41515 Qrplqdo dqg Ruglqdo Ghshqghqw Yduldeohv

Fdwhjrulfdo +qrplqdo ru ruglqdo, ghshqghqw yduldeohv duh dvvxphg wr frph
iurp d pxowlqrpldo glvwulexwlrq1 Ohw xv �uvw kdyh d orrn dw wkh vlwxdwlrq lq
zklfk hdfk vhw p frqvlvw ri d vlqjoh ghshqghqw ru lqglfdwru yduldeoh= P '
N dqg p ' n1 Lq rwkhu zrugv/ zh srvwxodwh wkdw wkh orfdo lqghshqghqfh
dvvxpswlrq krogv1 Lq wkdw fdvh/ wkh glvwulexwlrq iru hdfk ri wkh N lqglfdwruv
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| % lv ri wkh irup

iE| % m 3� ' �E| % m 3� ' i TE� &�' � 
(� �S&�' i TE� &�' � 
(� � =

Wr vkrz wkh gl�huhqfh ehwzhhq wkh wuhdwphqw ri qrplqdo dqg ruglqdo ydul0
deohv/ zh zloo frqvlghu d pruh frqfuhwh fdvh1 Vxssrvh wkdw zh kdyh d OF
foxvwhu prgho/ zklfk lv d OF prgho zlwk d vlqjoh qrplqdo odwhqw yduldeoh
{ � / zlwk wzr qrplqdo fryduldwhv } � dqg } � 1 Li wkh ghshqghqw yduldeoh | % lv
qrplqdo/ wkh olqhdu suhglfwru zloo eh

� &�' � �*)��+)#�!, ' �
�&�' n �

��*) &�' n �
��+) &�' n �

���, &�' >
zkhuh wkh sdudphwhuv duh uhvwulfwhg wr vxp wr }hur ryhu doo wkhlu lqglfhv1
Zkdw fdq eh vhhq lv wkdw doo wkuhh0 ru pruh0yduldeoh whupv duh h{foxghg iurp
wkh prgho1 Qrwh wkdw lq prvw dssolfdwlrqv ri OF foxvwhu prghov/ zh zloo
dvvxph wkdw fryduldwhv gr qrw kdyh gluhfw h�hfwv rq wkh lqglfdwruv> wkdw lv/
�
��+) & ' ' �

���, & ' ' f1
Zkhq d ghshqghqw ru lqglfdwru yduldeoh | % lv ruglqdo/ wkh uhjuhvvlrq whupv

duh ixuwkhu uhvwulfwhg xvlqj �{hg vfruhv y & ' iru wkh fdwhjrulhv ri | % 1 Wklv |lhogv
� &+' � �*)��+)#��, ' �

�&�' n �
��*) % � y & ' n �

��+) % � y & ' n �
���, % � y & ' =

Wkh wzr0zd| lqwhudfwlrq whupv qrz kdyh wkh vwuxfwxuh ri urz dvvrfldwlrqv
+Jrrgpdq/ 4<:<> Djuhvwl/ 5335,1 Vlwxdwlrqv lq zklfk wkh odwhqw yduldeohv duh
ruglqdo duh glvfxvvhg lq pruh ghwdlo lq wkh vhfwlrq rq OF idfwru dqdo|vlv1

Vr idu/ zh dvvxphg wkdw hdfk vhw p frqvlvwv ri d vlqjoh qrplqdo ru ruglqdo
fdwhjrulfdo yduldeoh1 Krzhyhu/ lq prghov zlwk orfdo ghshqghqflhv/ vrph vhwv
zloo frqwdlq pruh wkdq rqh lqglfdwru1 Iru vhwv frqwdlqlqj pruh wkdq rqh
fdwhjrulfdo lqglfdwru/ zh dovr kdyh d pxowlqrpldo glvwulexwlrq> wkdw lv/

iE) � m 3� ' �E) � m 3� '
i TE� -*. � 
(� �S -*. i TE� - . � 
/� � =

Wkh h�hfwv ri wkh {*v dqg wkh }*v rq wkh vhsdudwh |*v ehorqjlqj wr vhw p duh
wkh vdph dv lq wkh orfdo lqghshqghqfh fdvh ghvfulehg deryh1 Zkdw gl�huv lv
wkdw zh qrz kdyh wr vshfli| wkh gluhfw uhodwlrqvklsv ehwzhhq wkh | yduldeohv
ri vhw p1 Wkhvh orfdo ghshqghqflhv duh lqfoxghg lq wkh prgho yld wzr0yduldeoh
whupv dsshdulqj lq wkh olqhdu suhglfwru1
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Vxssrvh wkdw zh kdyh d vhw ri wkuhh qrplqdo yduldeohv | � / | � / dqg | 0 lq
d prgho zlwk d vlqjoh qrplqdo odwhqw yduldeoh { � dqg zlwkrxw fryduldwhv1 Lq
wkdw fdvh/ wkh olqhdu suhglfwru zloo eh

� & ) & , &+1 � �2) '

0[

%+� �
�
�&�' n

0[

%+� �
0[

% � �3% ���
�
�&+'�& ' � n

0[

%+� �
�
��*) &+'

' �
�& ) n �

�& , n �
�&+1 n �

�& ) & , n �
�& ) &+1 n �

�& , &+1 n �
��*) & ) n �

��*) & , n �
��2) &+1 =

Wkh olqhdu suhglfwru frqwdlqv/ ehvlghv wkh wkuhh pdlq h�hfwv dqg wkh wkuhh
h�hfwv ri wkh odwhqw yduldeoh rq wkh lqglfdwruv/ wkuhh gluhfw h�hfwv ehwzhhq
lqglfdwruv1 Qrwh wkdw lw lv qrw qhfhvvdu| wr lqfoxgh doo �

�&�'!& ' � whupv wkdw fdq
eh gh�qhg lq d sduwlfxodu vhw= Iurp wkh deryh prgho zh frxog/ iru lqvwdqfh/
h{foxgh �

�& , &+1 1

41516 Frqwlqxrxv Ghshqghqw Yduldeohv

Frqwlqxrxv ghshqghqw yduldeohv duh prghohg e| phdqv ri pxowlyduldwh qrupdo
glvwulexwlrqv> wkdw lv/

iE) � m 3� ' E2�� 4 � .65 � ��P � � 
 �� 4 � 5 �

i T

�
��

2

�
) � � � � � 
(� � 7 P 4 �� � 
 �

) � � � � � 
(� �
�

= +5,

Khuh/ wkh yhfwru � � � 
(� frqwdlqv wkh frqglwlrqdo h{shfwdwlrqv ri wkh | ydul0
deohv ehorqjlqj wr vhw p> dqg P � � 
 lv wkhlu yduldqfh0fryduldqfh pdwul{1 Dv
lqglfdwhg e| wkhlu lqglfhv/ h{shfwdwlrqv pd| ghshqg rq wkh odwhqw fodvv wr
zklfk rqh ehorqjv dqg rq dq lqglylgxdo*v fryduldwh ydoxhv/ zkloh yduldqfhv
dqg fryduldqfhv pd| rqo| eh fodvv ghshqghqw1

D vshfldo fdvh rffxuv zkhq d vhw frqvlvwv ri d vlqjoh frqwlqxrxv | yduldeoh1
Lq wkdw fdvh/ zh jhw d xqlyduldwh qrupdo glvwulexwlrq/ l1h1/

iE| % m 3� ' �s
2�� % � 
 i T

%
��

2

�
| % � � % � 
/�

� % � 

� � &

=

Khuh/ � % � 
(� ghqrwhv wkh phdq dqg � % � 
 wkh vwdqgdug ghyldwlrq ri wkh glvwule0
xwlrq1
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Lq qrupdo prghov/ wkh olqhdu suhglfwru lv wkh h{shfwdwlrq ri wkh glvwulex0
wlrq= � % � 
(� ' � % � 
(� / zkhuh

� % � 
(� ' �
� ' n

�[
� � �

�
���� % n

	[
� � �

�
��! % =

Wklv dssolhv wr erwk wkh xqlyduldwh dqg wkh pxowlyduldwh fdvh1 Wkh gli0
ihuhqfh ehwzhhq wkh wzr prghov lv wkdw lq wkh pxowlyduldwh fdvh wkh huuruv ri
wkh N � uhjuhvvlrq htxdwlrqv lq vhw p duh fruuhodwhg1

41517 Frxqwv

Frxqwv ru qxpehuv ri hyhqwv fdq eh prghohg e| Srlvvrq glvwulexwlrqv1 Wkh
irup ri wklv glvwulexwlrq lv

iE| % m 3� ' �

| % - E� % � 
(� H % � &�' i TE�� % � 
(� H % �=

Khuh/ � % � 
(� ghqrwhv wkh Srlvvrq udwh dqg H % wkh h{srvxuh wr wkh hyhqw frq0
fhuqhg1 Wkh udwh fdq dovr eh zulwwhq dv

� % � 
(� ' i TE� % � 
(� �>
zkhuh � % � 
/� lv djdlq wkh olqhdu suhglfwru1 Lq OF foxvwhu dqg idfwru prghov/
wkh h{srvxuhv duh dvvxphg wr eh htxdo wr 4 iru doo fdvhv1 Rq wkh rwkhu kdqg/
lq OF uhjuhvvlrq prghov/ wkh h{srvxuh lv d yduldeoh wkdw fdq eh vshfl�hg e|
wkh xvhu1

Lq OF uhjuhvvlrq prghov/ frxqwv fdq dovr eh prghohg e| d elqrpldo prgho1
Wkh elqrpldo glvwulexwlrq iru frxqwv htxdov

iE| % m 3� '
�

W % -
| %"8 EW % � | % �-

�
E� % � 
(� � &�' E� � � % � 
(� � 9 ' 4 &�' =

Khuh/ W % ghqrwhv d wrwdo/ ru wkh pd{lpxp qxpehu ri hyhqwv wkdw dq lqglylgxdo
fdq h{shulhqfh1 Wkh sdudphwhul}dwlrq ri wkh elqrpldo suredelolw| lv vlplodu
wr wkh rqh iru glfkrwrprxv fdwhjrulfdo | yduldeohv> l1h1/

� % � 
(� ' i TE� % � 
(� �
� n i TE� % � 
(� � =
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Dv fdq eh vhhq/ zh kdyh d elqdu| orjlw prgho zlwk olqhdu suhglfwru � % � 
(� 1
Qrwh wkdw wkhuh lv d gl�huhqfh ehwzhhq wklv orjlw prgho dqg wkh orjlw prghov
zh xvhg vr idu= khuh/ zh xvh wkh fdwhjru| �qr hyhqw� dv uhihuhqfh fdwhjru|/
zklfk phdqv wkdw zh xvh gxpp| frglqj iru wkh ghshqghqw yduldeoh lqvwhdg
ri h�hfw frglqj1

416 H�hfw frglqj iru fdwhjrulfdo yduldeohv

Lq Odwhqw JROG/ zh xvh h�hfw frglqj iru qrplqdo yduldeohv/ dv zhoo dv iru wkh
lqwhufhsw ri ruglqdo yduldeohv1 Wklv phdqv wkdw wkh sdudphwhuv duh uhvwulfwhg
wr vxp wr }hur ryhu wkh fdwhjrulhv ri wkh yduldeoh frqfhuqhg1

Vxssrvh } � lv d qrplqdo suhglfwru zlwk 7 ohyhov lq d prgho iru d frqwlqxrxv
ghshqghqw yduldeoh | � 1 Wkh h�hfw frglqj frqvwudlqw lpsolhv wkdw S :� ) � � �

� � ��) '
f1 Dq htxlydohqw zd| wr irupxodwh wklv frqvwudlqw lv e| �
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wkdw lv/ wkh sdudphwhu ri wkh odvw fdwhjru| htxdov plqxv wkh vxp ri wkh rwkhu
rqhv1 Wkh ghvljq pdwul{ wkdw lv vhw xs iru wkh 6 qrq0uhgxqgdqw whupv +�
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�
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� � 0 , lv dv iroorzv=
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fdwhjru| 7

� f f
f � f
f f �

�� �� ��

zkhuh hdfk urz fruuhvsrqgv wr d fdwhjru| dqg hdfk froxpq wr d sdudphwhu1
Dowkrxjk wkh sdudphwhu iru wkh odvw fdwhjru| lv rplwwhg iurp prgho/ |rx gr
qrw qrwlfh wkdw ehfdxvh lw lv frpsxwhg e| wkh surjudp diwhu wkh prgho lv
hvwlpdwhg1

5 OF Foxvwhu Prghov

Wkh OF foxvwhu prgho lpsohphqwhg lq Odwhqw JROG lv d prgho zlwk=

41 d vlqjoh qrplqdo odwhqw yduldeoh/

51 lqglfdwru +ghshqghqw, yduldeohv zklfk fdq eh qrplqdo/ ruglqdo/ frqwlq0
xrxv/ dqg2ru frxqwv/

61 qrplqdo dqg2ru qxphulf fryduldwhv/
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71 gluhfw uhodwlrqvklsv ehwzhhq lqglfdwruv dqg2ru gluhfw h�hfwv ri frydul0
dwhv rq lqglfdwruv1

Wklv vhfwlrq lqwurgxfhv wkh prvw lpsruwdqw w|shv ri OF foxvwhu prghov1
Zh vwduw zlwk wkh ghvfulswlrq ri wkh vwdqgdug OF prgho iru +qrplqdo ru rugl0
qdo, fdwhjrulfdo | yduldeohv zlwkrxw fryduldwhv1 Wkhq/ zh vkrz krz qrplqdo
dqg qxphulf fryduldwhv duh lqfoxghg lq wkh prgho1 Qh{w/ zh lqglfdwh krz wkh
dvvxpswlrq ri orfdo lqghshqghqfh lv uhod{hg ru/ lq rwkhu zrugv/ krz }0| dqg
|0| uhodwlrqvklsv duh lqfoxghg lq d prgho1 Wkh odvw wzr sduwv ri wklv vhfwlrq
ghdo zlwk OF foxvwhu prghov iru frqwlqxrxv | yduldeohv dqg OF foxvwhu prghov
iru pl{hg prgh gdwd/ uhvshfwlyho|1

514 OF Foxvwhu Prghov iru Fdwhjrulfdo Yduldeohv

Wkh vwdqgdug OF prgho dv ghvfulehg e| Od}duvihog dqg Khqu| +4<9;,/ Jrrg0
pdq +4<:7d/ 4<:7e,/ dqg Kdehupdq +4<:<, lv d OF foxvwhu prgho frqwdlqlqj
rqo| fdwhjrulfdo lqglfdwruv1 < Dq h{dpsoh ri vxfk d prgho zlwk irxu fdwhjru0
lfdo lqglfdwruv +N ' e, lv
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E| xvlqj wkh v|pero � udwkhu wkdw i iru d suredelolw|/ zklfk lv pruh lq
djuhhphqw zlwk wkh qrwdwlrq xvhg lq vwdqgdug OF prghov/ zh fdq dovr zulwh
wkh prgho dv
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Dv fdq eh vhhq iurp wklv suredelolw| vwuxfwxuh/ wkh lqglfdwruv | � / | � / | 0 / dqg | :
duh dvvxphg wr eh pxwxdoo| lqghshqghqw jlyhq wkdw rqh ehorqjv wr d fhuwdlq

=
Wh{werrnv dqg lqwurgxfwru| sdshuv rq wkh vwdqgdug OF prgho lqfoxgh PfFxwfkhrq

+4<;:,/ Kdjhqdduv +4<<3/ 4<<6,/ Vkrfnh| +4<;;,/ Yhupxqw +4<<:,/ Gloorq dqg Nxpdu
+4<<7,/ Eduwkrorphz dqg Nqrww +4<<<,/ Khlqhq +4<<9,/ Forjj +4<<8,/ Gd|wrq +4<<;,/ Kd0
jhqdduv dqg PfFxwfkhrq +5335,/ Pdjlgvrq dqg Yhupxqw +5336,/ Yhupxqw dqg Pdjlgvrq
+5336,1
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odwhqw fodvv1 Wklv frqglwlrqdo lqghshqghqfh frqvwudlqw lv vrphwlphv uhihuuhg
wr dv wkh orfdo lqghshqghqfh dvvxpswlrq1 Qrwh wkdw � xvlqj wkh whuplqrorj|
lqwurgxfhg deryh � hdfk ri wkh P vhwv frqvlvwv ri d vlqjoh | yduldeoh1

Dv ghvfulehg lq vhfwlrq 4/ wkh frqglwlrqdo +uhvsrqvh, suredelolwlhv �E| % m{�
duh sdudphwhul}hg dv iroorzv=
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Li wkh fruuhvsrqglqj lqglfdwru lv d qrplqdo yduldeoh/ zh gr qrw qhhg wr lpsrvh
ixuwkhu uhvwulfwlrqv rq wkh � sdudphwhu1 Rq wkh rwkhu kdqg/ li | % lv ruglqdo/
wkh wzr0yduldeoh lqwhudfwlrq whup dsshdulqj lq wkh orjlvwlf irup ri �E| % m{� lv
uhvwulfwhg e| xvlqj �{hg fdwhjru| vfruhv iru | % =

�
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Vxfk d uhvwulfwhg dvvrfldwlrq whup lv vrphwlphv uhihuuhg wr dv d urz0 ru
froxpq0dvvrfldwlrq prgho/ ghshqglqj rq zkhwkhu zh vhh wkh odwhqw yduldeoh
dv wkh urz ru wkh froxpq yduldeoh +Jrrgpdq/ 4<:<> Djuhvwl/ 5335,1

515 Fryduldwhv

Dq lpsruwdqw h{whqvlrq ri wkh vwdqgdug OF prgho ghvfulehg deryh lv wkh
lqfoxvlrq ri fryduldwhv lq wkh prgho +Forjj/ 4<;4> Gd|wrq dqgPfUhdg|/ 4<;;>
Kdjhqdduv/ 4<<3/ 4<<6,1 > Lqfoxvlrq ri fryduldwhv wr suhglfw fodvv phpehuvkls
lv vwudljkwiruzdug zlwklq wkh iudphzrun gh�qhg e| wkh jhqhudo prgho ri
htxdwlrq +4,1

Vxssrvh zh kdyh d prgho zlwk irxu fdwhjrulfdo lqglfdwruv dqg rqh qrp0
lqdo dqg rqh qxphulf fryduldwh +} � dqg } � ,1 Wkh OF foxvwhu prgho iru wklv
vlwxdwlrq lv
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Rwkhu uhihuhqfhv rq wklv wrslf duh Ydq ghu Khlmghq/ Ghvvhqv/ dqg Eùfnhqkrow +4<<9,/

Yhupxqw +4<<:,/ Gd|wrq +4<<;,/ dqg PfFxwfkhrq +4<;;/ 4<<7,1
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Qrwh wkdw frpsduhg wr wkh prgho zlwkrxw fryduldwhv ghvfulehg lq htxdwlrq
+7,/ zh uhsodfhg �E{ � � e| �E{ � m} � > } � �/ zklfk pdnhv wkh glvwulexwlrq ri { �
ghshqghqw rq } � dqg } � 1 Lw lv lpsruwdqw wr eh dzduh ri wkh idfw wkdw zh
duh pdnlqj dq dgglwlrqdo vhw ri frqglwlrqdo lqghshqghqfh dvvxpswlrqv= Wkh
lqglfdwruv duh dvvxphg wr eh lqghshqghqw ri wkh fryduldwhv jlyhq wkh odwhqw
yduldeoh { � 1

Wkh suredelolw| �E{ � m} � > } � � lv uhvwulfwhg e| phdqv ri d orjlw ru orjlvwlf uh0
juhvvlrq prgho wr h{foxgh kljkhu0rughu lqwhudfwlrq whupv/ dv zhoo dv wr uhvwulfw
wkh wzr0yduldeoh lqwhudfwlrq whupv iru qxphulf +ruglqdo/ glvfuhwh lqwhuydo/ ru
frqwlqxrxv, fryduldwhv1 Li } � lv qrplqdo dqg } � qxphulf/ wklv |lhogv
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Dv fdq eh vhhq/ wkh wkuhh0yduldeoh lqwhudfwlrq lv qrw lqfoxghg lq wkh orjlw
prgho1 Wr vlpsoli| wkh prgho/ Odwhqw JROG dozd|v h{foxghv kljkhu0rughu lq0
whudfwlrqv ehwzhhq fryduldwhv iurp d prgho1 @ Ehfdxvh } � lv qxphulf/ wkh fru0
uhvsrqglqj wzr0yduldeoh whup lv frqvwudlqhg lq wkh vwdqgdug pdqqhu= �

�� , � ) '
�
�� �*) } � 1
Zh fdoo wklv surfhgxuh iru lqfoxglqj fryduldwhv lq d prgho wkh �dfwlyh

fryduldwhv phwkrg�= Fryduldwhv duh dfwlyh lq wkh vhqvh wkdw wkh OF foxvwhu
vroxwlrq zlwk fryduldwhv fdq eh vrphzkdw gl�huhqw iurp wkh vroxwlrq zlwk0
rxw fryduldwhv1 Dq dowhuqdwlyh phwkrg/ odehohg �lqdfwlyh fryduldwhv phwkrg�/
lqyroyhv frpsxwlqj ghvfulswlyh phdvxuhv iru wkh dvvrfldwlrq ehwzhhq frydul0
dwhv dqg wkh odwhqw yduldeoh diwhu hvwlpdwlqj d prgho zlwkrxw fryduldwh h�hfwv1
Pruh ghwdlo rq wkh odwwhu phwkrg lv jlyhq lq wkh vxevhfwlrq h{sodlqlqj wkh
SurePhdqv rxwsxw1

516 Orfdo Ghshqghqflhv

Dv phqwlrqhg deryh/ wkh orfdo lqghshqghqfh dvvxpswlrq lv wkh edvlf dvvxps0
wlrq ri wkh vwdqgdug OF prgho1 Odfn ri �w ri d odwhqw prgho lv fdxvhg e|
ylrodwlrq ri wklv dvvxpswlrq1 Wkh xvxdo zd| wr surfhhg lv wr lqfuhdvh wkh

A
Qrwh wkdw kljkhu0rughu lqwhudfwlrqv fdq dozd|v eh lqfoxghg lq d prgho e| dgglqj wkh

fruuhvsrqglqj surgxfw whupv wr wkh gdwd edvh dqg xvlqj wkhvh dv dgglwlrqdo fryduldwhv1
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qxpehu ri fodvvhv xqwlo d prgho zlwk dq dffhswdeoh �w lv rewdlqhg1 Dq do0
whuqdwlyh prgho �wwlqj vwudwhj| wkdw zh zrxog olnh wr sursdjdwh lv wr uhod{
wkh orfdo lqghshqghqfh dvvxpswlrq e| doorzlqj iru dvvrfldwlrqv ehwzhhq lq0
glfdwruv/ dv zhoo dv gluhfw h�hfwv ri fryduldwhv rq wkh lqglfdwruv +Kdjhqdduv/
4<;;> Yhupxqw/ 4<<:,1 Odwhqw JROG fdofxodwhv elyduldwh }0| dqg |0| uhvlg0
xdov zklfk fdq eh xvhg wr ghwhfw zklfk sdluv ri revhuyhg yduldeohv duh pruh
vwurqjo| uhodwhg wkdq fdq eh h{sodlqhg e| wkh irupxodwhg prgho1

Dv lq wkh suhylrxv vxevhfwlrq/ zh zloo xvh dq h{dpsoh ri d OF prgho
zlwk irxu lqglfdwruv dqg rqh qrplqdo +} � , dqg rqh qxphulf +} � , fryduldwh1
Vxssrvh wkdw zh zrxog olnh wr uhod{ wzr orfdo lqghshqghqfh dvvxpswlrqv e|
dvvxplqj wkdw | � dqg | � duh gluhfwo| uhodwhg dqg wkdw | 0 lv lq xhqfhg e| } � 1
Wklv |lhogv wkh iroorzlqj suredelolw| vwuxfwxuh=

�E| � | � | 0 | : m} � } � � ' [
�*) �E{ � m} � } � ��E| � | � m{ � ��E| 0 m{ � } � � �E| : m{ � �= +9,

Wkh ghshqghqw yduldeohv | � dqg | � qrz vhuyh dv d mrlqw ghshqghqw yduldeoh dqg
| 0 lv doorzhg wr ghshqg rq } � 1 Wkh orjlw prghov iru �E{ � m} � > } � � dqg �E| : m{ � �
duh wkh vdph dv deryh1 Wkh olqhdu whup lq wkh orjlw prgho iru �E| � > | � m{ � �
htxdov
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dqg wkh whup iru �E| 0 m} � � htxdov
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Wkh olqhdu whupv duh xvhg djdlq wr h{foxgh kljkhu0rughu lqwhudfwlrqv iurp wkh
prgho/ dv zhoo dv wr xvh wkh lqirupdwlrq rq wkh vfdoh w|sh ri wkh yduldeohv1

Odwhqw Jrog vwduwv vhwwlqj xs wkh suredelolw| vwuxfwxuhv fruuhvsrqglqj wr
orfdo lqghshqghqfh prghov olnh wkh rqhv ghvfulehg lq htxdwlrqv +7, dqg +9,1
Zkhq xvhuv lqfoxgh orfdo ghshqghqflhv xvlqj lqirupdwlrq rq elyduldwh uhvlg0
xdov/ wkh surjudp dxwrpdwlfdoo| vhwv xs wkh fruuhfw dqg prvw sduvlprqlrxv
suredelolw| vwuxfwxuh iru wkh vlwxdwlrq frqfhuqhg1

517 OF Foxvwhu Prghov iru Frqwlqxrxv Yduldeohv

Wkh OF foxvwhu prgxoh fdq qrw rqo| eh xvhg wr vshfli| foxvwhu0w|sh prghov iru
fdwhjrulfdo lqglfdwruv/ exw dovr wr hvwlpdwh prghov zlwk frqwlqxrxv lqglfdwruv
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+Yhupxqw dqg Pdjlgvrq/ 5335,1 Wkh edvlf vwuxfwxuh ri d OF foxvwhu iru
frqwlqxrxv | yduldeohv lv=

iE)� '
[
�*) �E{ � � iE)m{ � �=

Wkh gl�huhqw yduldqwv duh rewdlqhg yld wkh vshfl�fdwlrq ri iE)m{ � �= Wkh ohdvw
uhvwulfwlyh prgho lv rewdlqhg e| dvvxplqj wkdw wkh |*v frph iurp fodvv0vshfl�f
pxowlyduldwh qrupdo glvwulexwlrqv
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Wklv prgho lv dovr nqrzq dv d �qlwh pl{wxuh ri pxowlyduldwh qrupdov +Zroih/
4<:3> PfOdfkodq dqg Edvirug/ 4<;;> Edq�hog dqg Udiwhu|/ 4<<6> PfOdfkodq
dqg Shho/ 5333,1 Dv fdq hdvlo| eh vhhq/ hdfk fodvv kdv lwv rzq vhw ri phdqv
� �*) dqg lwv rzq yduldqfh0fryduldqfh pdwul{ P �*) 1

Vshfl�fdwlrq ri pruh uhvwulfwhg prghov iru frqwlqxrxv | yduldeohv w|slfdoo|
lqyroyhv �{lqj vrph hohphqwv ri wkh fryduldqfh pdwul{ wr }hur1 Wkh prvw
uhvwulfwlyh prgho dvvxphv wkdw doo fryduldqfhv htxdo }hur/ zklfk lv htxlydohqw
wr wkh orfdo lqghshqghqfh dvvxpswlrq1 Wklv prgho fdq dovr eh zulwwhq dv
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Qrwh wkdw wkh vwuxfwxuh lq htxdwlrq +:, lv htxlydohqw wr wkh vwdqgdug OF
prgho iru fdwhjrulfdo yduldeohv jlyhq lq htxdwlrq +6,1

Pdq| lqwhuyhqlqj prghov fdq eh rewdlqhg e| vhwwlqj vrph exw qrw doo
r�0gldjrqdo hohphqwv ri wkh pdwulfhv P �*) wr }hur1 Wklv |lhogv d vshfl�fdwlrq
lq zklfk vrph lqglfdwruv duh lqghshqghqw ri rqh dqrwkhu zlwklq fodvvhv zkloh
rwkhuv duh qrw1 Dv zdv h{sodlqhg lq vhfwlrq 4/ lq vxfk vlwxdwlrqv/ zh zloo
zrun zlwk vhwv ri | yduldeohv/ zkhuh lqglfdwruv ehorqjlqj wr gl�huhqw vhwv duh
dvvxphg wr eh orfdoo| lqghshqghqw1 Lqglfdwruv ehorqjlqj wr wkh vdph vhw pd|
eh ghshqghqw ru lqghshqghqw ri rqh dqrwkhu1 Dv zlwk fdwhjrulfdo | yduldeohv/
wkh ghidxow lv wkh orfdo lqghshqghqfh prgho ghvfulehg lq htxdwlrq +:,1 Xvhuv
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fdq lqfoxgh orfdo ghshqghqflhv rqh e| rqh/ dqg wkh surjudp vxevhtxhqwo|
vhwv xs wkh fruuhfw dqg prvw sduvlprqlrxv suredelolw| vwuxfwxuh1

Dq lpsruwdqw lvvxh lq wkh vshfl�fdwlrq ri pl{wxuhv ri qrupdo glvwulexwlrqv
lv zkhwkhu wr zrun zlwk fodvv0ghshqghqw ru fodvv0lqghshqghqw huuru yduldqfhv
dqg fryduldqfhv1 Vr idu/ zh dvvxphg wkh huuru yduldqfhv dqg fryduldqfhv wr
eh fodvv ghshqghqw1 Krzhyhu/ zkhq wkh qxpehu ri | yduldeohv dqg2ru qxpehu
ri odwhqw fodvvhv lv odujh/ wklv pd| |lhog prghov wkdw kdyh pdq| sdudphwhuv
wr eh hvwlpdwhg1 E| uhsodflqj � % � �2) e| � % ru P �*) e| P lq wkh deryh irupxodv/
rqh rewdlqv pruh sduvlprqlrxv vwuxfwxuhv zlwk fodvv0lqghshqghqw yduldqfhv
dqg fryduldqfhv1

Ilqdoo|/ dv lq OF foxvwhu prghov iru fdwhjrulfdo yduldeohv/ lw lv srvvleoh wr
lqfoxgh fryduldwhv dv suhglfwruv ri fodvv phpehuvkls lq pl{wxuhv ri qrupdov1
Fryduldwhv fdq qrw rqo| lq xhqfh fodvv phpehuvkls/ exw fdq dovr kdyh gluhfw
h�hfwv rq wkh fodvv vshfl�f phdqv1 Wkh prvw jhqhudo OF foxvwhu prgho zlwk
fryduldwhv lv vlplodu wr wkh jhqhudo Odwhqw JROGprgho ghvfulehg lq htxdwlrq
+4,/ zlwk fodvv0vshfl�f ghqvlwlhv ri wkh irup ghvfulehg lq htxdwlrq +5,1 Wkh
rqo| gl�huhqfh lv wkdw/ frqwudu| wr wkh jhqhudo prgho ghvfulehg lq htxdwlrq
+4,/ OF foxvwhu prghov frqwdlq rqo| rqh odwhqw yduldeoh1

518 OF Foxvwhu Prghov iru Pl{hg Prgh Gdwd

Wkhprvw jhqhudo OF foxvwhu prgho lv wkh prgho iru pl{hg prgh gdwd +Hyhulww/
4<;;> Odzuhqfh dqg Nu}dqrzvnl/ 4<<9> Prxvwdnl/ 4<<9> Kxqw dqg Mrujhqvhq/
4<<<> Yhupxqw dqg Pdjlgvrq/ 5335,1 Wklv prgho lv xvhg zkhq rqh kdv |
yduldeohv ri gl�huhqw vfdoh w|shv1 Wkh edvlf vwuxfwxuh lv djdlq wkh orfdo lqgh0
shqghqfh vwuxfwxuh wkdw zh dovr xvhg iru fdwhjrulfdo dqg frqwlqxrxv yduldeohv1
Iru hdfk lqglfdwru/ wkh xvhu kdv wr vshfli| zkhwkhu lw lv qrplqdo/ ruglqdo/ frq0
wlqxrxv/ ru d frxqw1 Dv lq wkh deryh prghov iru fdwhjrulfdo dqg frqwlqxrxv
lqglfdwruv/ lw lv srvvleoh wr lqfoxgh fryduldwhv lq OF foxvwhu prghov iru pl{hg
prgh gdwd1 Wkhvh fryduldwhv fdq dovr kdyh gluhfw h�hfwv rq wkh ydulrxv w|shv
ri lqglfdwruv1

Orfdo ghshqghqflhv ehwzhhq sdluv ri fdwhjrulfdo yduldeohv dqg ehwzhhq
sdluv ri frqwlqxrxv yduldeohv duh ghdow zlwk lq wkh vdph zd| dv glvfxvvhg
deryh> wkdw lv/ yld mrlqw pxowlqrpldo dqg pxowlyduldwh glvwulexwlrqv1 Krz0
hyhu/ fxuuhqwo|/ wkhuh lv qr gluhfw zd| wr vshfli| rwkhu nlqgv ri |0| lqwhu0
dfwlrqv1 Wkhuh lv/ krzhyhu/ dq lqgluhfw phwkrg +d wulfn, wr vshfli| d orfdo
ghshqghqf| ehwzhhq/ iru lqvwdqfh/ d fdwhjrulfdo/ vd| | � / dqg d frqwlqxrxv/
vd| | � / lqglfdwru +Yhupxqw dqg Pdjlgvrq/ 5335,1 Wklv fdq eh dffrpsolvkhg
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e| gxsolfdwlqj wkh fdwhjrulfdo lqglfdwru dqg xvlqj lw erwk dv d fryduldwh dqg
dv dq lqglfdwru lq wkh prgho1 Wkh orfdo ghshqghqf| lv rewdlqhg e| vshfli|lqj
wkdw wkh �fryduldwh | � � kdv gluhfw h�hfw rq | � / exw grhv qrw d�hfw wkh odwhqw
yduldeoh { � 1 Wklv |lhogv wkh frqglwlrqdo Jdxvvldq glvwulexwlrq iru | � sursrvhg
e| Kxqw dqg Mrujhqvhq +4<<<,1 Lq d vlplodu zd|/ rqh fdq vshfli| gluhfw h�hfwv
ri d frqwlqxrxv | rq d fdwhjrulfdo |/ ri d fdwhjrulfdo | rq d Srlvvrq frxqw/
dqg ri d frqwlqxrxv | rq d Srlvvrq frxqw1

6 OF Idfwru Prghov

Wkh OF idfwru prgho lpsohphqwhg lq Odwhqw JROG lv d prgho zlwk=

41 rqh ru pruh glfkrwrprxv2ruglqdo odwhqw yduldeohv/ zklfk pd| eh dv0
vxphg wr eh pxwxdoo| ghshqghqw ru lqghshqghqw/

51 lqglfdwru +ghshqghqw, yduldeohv zklfk duh qrplqdo/ ruglqdo/ frqwlqxrxv/
dqg2ru frxqwv/

61 fhuwdlq ordglqjv uhvwulfwhg wr }hur/

71 qrplqdo dqg2ru qxphulf fryduldwhv/

81 gluhfw uhodwlrqvklsv ehwzhhq lqglfdwruv dqg2ru gluhfw h�hfwv ri frydul0
dwhv rq lqglfdwruv1

Wkh pdlq gl�huhqfh ehwzhhq wkh OF idfwru dqg wkh OF foxvwhu prgho lv
wkdw wkh iruphu pd| frqwdlq pruh wkdq rqh odwhqw yduldeoh1 Dqrwkhu gli0
ihuhqfh lv wkdw lq wkh idfwru prgho wkh fdwhjrulhv ri wkh odwhqw yduldeohv duh
dvvxphg wr eh rughuhg1 Wkxv/ udwkhu wkdq zrunlqj zlwk d vlqjoh qrplqdo
odwhqw yduldeoh/ khuh zh zrun zlwk rqh ru pruh glfkrwrprxv ru rughuhg sro|0
wrprxv odwhqw yduldeohv +Pdjlgvrq dqg Yhupxqw/ 5334,1 Wkh dgydqwdjh ri
wklv dssurdfk lv wkdw lw jxdudqwhhv wkdw hdfk ri wkh idfwruv lv rqh0glphqvlrqdo1

Wkh sulpdu| gl�huhqfh ehwzhhq rxu OF idfwru dqg wkh wudglwlrqdo idf0
wru dqdo|vlv prgho lv wkdw wkh odwhqw yduldeohv +idfwruv, duh dvvxphg wr eh
glfkrwrprxv ru ruglqdo dv rssrvhg wr frqwlqxrxv dqg qrupdoo| glvwulexwhg1
Ehfdxvh ri wkh vwurqj vlplodulw| zlwk wudglwlrqdo idfwru dqdo|vlv/ zh fdoo wklv
dssurdfk OF idfwru dqdo|vlv1 Wkhuh lv dovr d vwurqj frqqhfwlrq ehwzhhq OF
idfwru prghov dqg lwhp uhvsrqvh ru odwhqw wudlw prghov1 Dfwxdoo|/ OF idfwru
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prghov duh glvfuhwl}hg yduldqwv ri zhoo0nqrzq odwhqw wudlw prghov iru glfkrwr0
prxv dqg sro|wrprxv lwhpv +Khlqhq/ 4<<9> Yhupxqw/ 5334,1 D

Dv lq pd{lpxp olnholkrrg idfwru dqdo|vlv/ prgholqj xqghu wkh OF idfwru
dssurdfk fdq surfhhg e| lqfuhdvlqj wkh qxpehu ri idfwruv xqwlo d jrrg �wwlqj
prgho lv dfklhyhg1 Wklv dssurdfk wr OF prgholqj surylghv d jhqhudo dowhuqd0
wlyh wr wkh wudglwlrqdo phwkrg ri rewdlqlqj d jrrg �wwlqj prgho e| lqfuhdvlqj
wkh qxpehu ri odwhqw fodvvhv1 Lq sduwlfxodu/ zkhq zrunlqj zlwk glfkrwrprxv
xqfruuhodwhg idfwruv/ wkhuh lv dq h{dfw htxlydohqfh lq wkh qxpehu ri sdud0
phwhuv ri wkh wzr prghov1 D OF idfwru prgho zlwk 4 idfwru kdv wkh vdph
qxpehu ri sdudphwhuv dv d 50fodvv OF foxvwhu prgho/ d prgho zlwk 5 idfwruv
dv d 60fodvv prgho/ d prgho zlwk 6 idfwruv dv d 70fodvv prgho/ hwf1 Wkxv/ lq dq
h{sorudwru| dqdo|vlv/ udwkhu wkdq lqfuhdvlqj wkh qxpehu ri fodvvhv rqh pd|
lqvwhdg lqfuhdvh wkh qxpehu ri idfwruv xqwlo dq dffhswdeoh �w lv rewdlqhg1

614 D Wzr0idfwru Prgho iru Qrplqdo Lqglfdwruv

Wr looxvwudwh wkh OF idfwru prgho/ ohw xv dvvxph wkdw zh kdyh d wzr0idfwru
prgho iru irxu qrplqdo fdwhjrulfdo lqglfdwruv1 Wkh fruuhvsrqglqj suredelolw|
vwuxfwxuh lv ri wkh irup

�E| � | � | 0 | : � ' [
�*)

[
�E, �E{ � { � �

:\

%�� �
�E| % m{ � { � �=

Wkh frqglwlrqdo uhvsrqvh suredelolwlhv �E| % m{ � > { � � duh uhvwulfwhg e| phdqv ri
orjlw prghov zlwk olqhdu whupv

� & ' � �2)#�/, ' �
�& ' n �

�� & ' � y �2) n �
�� & ' � y �/, =

Ehfdxvh wkh idfwruv duh dvvxphg wr eh ruglqdo +ru glvfuhwh lqwhuydo, yduldeohv/
wkh wzr0yduldeoh whupv duh uhvwulfwhg e| xvlqj �{hg fdwhjru| vfruhv iru wkh
ohyhov ri wkh idfwruv/ zklfk |lhogv vr0fdoohg urz0dvvrfldwlrq vwuxfwxuhv1 Wkh
vfruhv y �"� iru idfwru m duh htxlglvwdqw vfruhv udqjlqj iurp 3 wr 41 Wkh �uvw
ohyho ri d idfwru jhwv wkh vfruh 3 dqg wkh odvw ohyho wkh vfruh 41

Qrwh wkdw deryh orjlw prgho grhv qrw lqfoxgh wkh wkuhh0yduldeoh lqwhudf0
wlrq whup ri wkh wzr idfwruv dqg wkh lqglfdwru1 Wkh sdudphwhuv ghvfulelqj
wkh vwuhqjwk ri uhodwlrqvklsv ehwzhhq wkh idfwruv dqg wkh lqglfdwruv � khuh/
�
�� &�' dqg �

�� &�' � fdq eh lqwhusuhwhg dv idfwru ordglqjv1
F
Wzr hglwhg yroxphv sd|lqj vshfldo dwwhqwlrq wr wkh uhodwlrqvkls ehwzhhq odwhqw wudlw

dqg odwhqw fodvv prghov duh Odqjhkhlqh dqg Urvw +4<;;, dqg Urvw dqg Odqjhkhlqh +4<<:,1
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Lq wkh vwdqgdug OF idfwru prgho/ wkh idfwruv duh vshfl�hg wr eh glfkrwr0
prxv/ zklfk phdqv wkdw wkh urz0dvvrfldwlrq vwuxfwxuhv duh qrw uhdo frq0
vwudlqwv1 Dq lpsruwdqw h{whqvlrq ri wklv vwdqgdug prgho lv/ krzhyhu/ lq0
fuhdvlqj wkh qxpehu ri ohyhov ri d idfwru/ zklfk pdnhv lw srvvleoh wr ghvfuleh
pruh suhflvho| wkh glvwulexwlrq ri wkh idfwru frqfhuqhg1 Qrwh wkdw wkh ohy0
hov ri wkh idfwruv uhpdlq rughuhg e| wkh xvh ri �{hg htxdo0lqwhuydo fdwhjru|
vfruhv lq wkhlu uhodwlrqvklsv zlwk wkh lqglfdwruv1 G Wkhuhiruh/ hdfk dgglwlrqdo
ohyho frvwv rqo| rqh ghjuhh ri iuhhgrp> wkdw lv/ wkhuh lv rqh dgglwlrqdo fodvv
vl}h wr eh hvwlpdwhg1

Lq wkh ghidxow vhwwlqj/ wkh idfwruv duh dvvxphg wr eh lqghshqghqw ri rqh
dqrwkhu1 Wklv lv vshfl�hg e| wkh dssursuldwh orjlw frqvwudlqwv rq wkh odwhqw
suredelolwlhv1 Lq wkh wzr0idfwru fdvh/ wklv lqyroyhv uhvwulfwlqj wkh olqhdu whup
lq wkh orjlw prgho iru �E{ � { � � e|

� �*)#�E, ' �
��*) n �

��/, =
Zrunlqj zlwk fruuhodwhg idfwruv lv frpsdudeoh wr shuiruplqj dq reoltxh ur0
wdwlrq1 Wkh dvvrfldwlrq ehwzhhq hdfk sdlu ri idfwruv lv ghvfulehg e| d vlqjoh
xqlirup dvvrfldwlrq sdudphwhu=

� �*)#�E, ' �
��*) n �
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� � � � y �2) � y �/, =

Lw vkrxog eh qrwhg wkdw frqwudu| wr wudglwlrqdo idfwru dqdo|vlv/ wkh OF idfwru
prgho lv lghqwl�hg zlwkrxw dgglwlrqdo frqvwudlqwv/ vxfk dv vhwwlqj fhuwdlq
idfwru ordglqjv htxdo wr }hur1 H Qhyhuwkhohvv/ lw lv srvvleoh wr vshfli| prghov
lq zklfk idfwru ordglqjv duh �{hg wr }hur1 Wrjhwkhu zlwk wkh srvvlelolw|
wr lqfoxgh idfwru fruuhodwlrq lq wkh prgho/ wklv rswlrq fdq eh xvhg iru d
frq�updwru| idfwru dqdo|vlv1

615 Rwkhu Srvvlelolwlhv

Deryh/ zh suhvhqwhg wkh wzr0idfwru OF prgho iru qrplqdo fdwhjrulfdo ydul0
deohv1 Zh glvfxvvhg vhyhudo lpsruwdqw h{whqvlrqv ri wkh vwdqgdug prgho/

I
Vhyhudo dxwkruv kdyh ghvfulehg vxfk d vfrulqj ri odwhqw fodvvhv1 Vhh/ iru lqvwdqfh/ Xh0

ehuvd{ +4<<6/ 4<<:,/ Khlqhq +4<<9,/ Forjj +4<;;,/ Irupdqq +4<<5,/ Irupdqq dqg Nrok0
pdqq +4<<;,/ Yhupxqw +5334,1J

Ri frxuvh/ wklv lv rqo| wuxh li wkhuh duh vx!flhqw lqglfdwruv frpsduhg wr wkh qxpehu
ri idfwruv1
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vxfk dv lqfuhdvlqj wkh qxpehu ri fdwhjrulhv ri wkh odwhqw yduldeohv/ dvvxplqj
idfwruv wr eh fruuhodwhg/ dqg vhwwlqj idfwru ordglqjv htxdo wr }hur1

Rwkhu h{whqghg srvvlelolwlhv duh vlplodu wr zkdw zh glvfxvvhg lq wkh frq0
wh{w ri OF foxvwhulqj1 Lqglfdwruv fdq qrw rqo| eh qrplqdo exw dovr ruglqdo/
frqwlqxrxv/ ru frxqwv1 Lq dgglwlrq/ dv lq wkh OF foxvwhu prghov ghvfulehg lq
wkh suhylrxv vhfwlrq/ rqh fdq vshfli| prghov zlwk orfdo ghshqghqflhv/ dv zhoo
dv prghov zlwk qrplqdo dqg qxphulf fryduldwhv1

7 OF Uhjuhvvlrq Prghov

Wkh OF ru pl{wxuh uhjuhvvlrq prgho lpsohphqwhg lq Odwhqw JROG lv d prgho
zlwk=

41 d vlqjoh qrplqdo odwhqw yduldeoh/

51 d vlqjoh ghshqghqw yduldeoh zklfk pd| eh qrplqdo/ ruglqdo/ frqwlqxrxv/
ru d elqrpldo ru Srlvvrq frxqw/

61 uhsolfdwlrq ru uhshdwhg revhuydwlrqv/

71 }hur/ htxdolw|/ dqg rughu uhvwulfwlrqv rq uhjuhvvlrq frh!flhqwv

81 qrplqdo dqg2ru qxphulf fryduldwhv1

Wkh pdlq gl�huhqfh ehwzhhq OF uhjuhvvlrq dqdo|vlv dqg wkh rwkhu irupv
ri OF dqdo|vlv lpsohphqwhg lq Odwhqw JROG lv wkdw lw frqwdlqv d vlqjoh
ghshqghqw yduldeoh1 Wklv ghshqghqw yduldeoh/ zklfk pd| eh revhuyhg pruh
wkdq rqfh iru hdfk fdvh/ fdq eh qrplqdo/ ruglqdo/ d frxqw/ ru frqwlqxrxv1
Dv zlwk OF foxvwhu prghov/ OF uhjuhvvlrq prghov frqwdlq d vlqjoh qrplqdo
odwhqw yduldeoh1 K

714 Wkh Jhqhudo OF Uhjuhvvlrq Prgho

Dq lpsruwdqw ihdwxuh ri OF uhjuhvvlrq prghov lv wkdw iru hdfk fdvh zh pd|
kdyh pruh wkdq rqh revhuydwlrq1 Wkhvh pxowlsoh revhuydwlrqv pd| eh h{0
shulphqwdo uhsolfdwlrqv/ uhshdwhg phdvxuhphqwv dw gl�huhqw wlph srlqwv ru

L
Uhihuhqfhv wr OF ru �qlwh pl{wxuh uhjuhvvlrq dqdo|vlv duh Zhgho dqg GhVduer +4<<7,/

Zhgho dqg Ndpdnxud +4<<;,/ Yhupxqw dqg Ydq Glmn +5334,/ Djuhvwl +5335/ vhfwlrq 4615,1
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rffdvlrqv/ foxvwhuhg revhuydwlrqv/ ru rwkhu w|shv ri ghshqghqw revhuydwlrqv1
Khuh/ zh zloo xvh wkh whup uhsolfdwlrqv/ zkhuh wkh uhsolfdwlrq qxpehu zloo eh
ghqrwhg e| w= Wkh qxpehu ri uhsolfdwlrqv lv qrw qhfhvvdulo| wkh vdph iru doo
fdvhv1 Wkh wrwdo qxpehu ri uhsolfdwlrqv iru fdvh l lv ghqrwhg e| W M 1 Wkh ydoxh
ri wkh ghshqghqw yduldeoh dw uhsolfdwlrq w lv ghqrwhg e| | N 1

Lq wkh frqwh{w ri OF uhjuhvvlrq dqdo|vlv/ lw pdnhv vhqvh wr pdnh d glv0
wlqfwlrq ehwzhhq wzr w|shv ri } yduldeohv=

41 yduldeohv lq xhqflqj wkh odwhqw yduldeoh/

51 yduldeohv lq xhqflqj wkh ghshqghqw yduldeoh1

Ehfdxvh wkh �uvw w|sh lv vlplodu wr wkh } yduldeohv xvhg vr idu/ zh zloo fdoo
wkhp �fryduldwhv�1 Iru wkh vhfrqg w|sh/ zh lqwurgxfh wkh qdph �suhglfwruv�
vlqfh wkh| vhuyh dv suhglfwruv lq wkh uhjuhvvlrq htxdwlrq iru wkh ghshqghqw
yduldeoh |= Fryduldwhv zloo eh ghqrwhg e| } O dqg suhglfwruv e| } PN 1 Wkh lqgh{
w lq } PN uh hfwv wkdw wkh ydoxh ri d suhglfwru pd| fkdqjh dfurvv uhsolfdwlrqv1
D fryduldwh/ rq wkh rwkhu kdqg/ kdv wkh vdph ydoxh dfurvv wkh uhsolfdwlrqv
ehorqjlqj wr wkh vdph fdvh1

Qrwh wkdw zh duh ghvfulelqj d wzr0ohyho gdwd vwuxfwxuh= fryduldwhv duh
wkh kljkhu0ohyho lqghshqghqw yduldeohv zkloh suhglfwruv duh orzhu0ohyho lqgh0
shqghqw yduldeohv1 Khuh/ w lqgh{hv wkh +ghshqghqw, orzhu0ohyho revhuydwlrqv
zlwklq d fhuwdlq kljkhu0ohyho revhuydwlrq1 Wklv looxvwudwhv wkdw Odwhqw JROG
fdq eh xvhg wr hvwlpdwh +qrq0sdudphwulf, wzr0ohyho ru udqgrp0frh!flhqw
prghov1 Xvlqj w dv dq lqgh{ iru wlph srlqwv ru wlph lqwhuydov/ zh rewdlq
prghov iru orqjlwxglqdo gdwd/ olnh jurzwk ru hyhqw klvwru| prghov zlwk qrq0
sdudphwulf udqgrp frh!flhqwv +Zhgho hw do1/ 4<<8> Yhupxqw/ 4<<:/ 5335/
Yhupxqw dqg Ydq Glmn/ 5335,1

Xvlqj wkh voljkwo| prgl�hg qrwdwlrq ghvfulehg deryh/ wkh prvw jhqhudo
OF uhjuhvvlrq prgho fdq eh gh�qhg dv

iE)m3 O 3P � ' [
�*) �E{ � m3 O �

9(Q
\

NR� � iE| N m{ � 3P N � =

Iru qrplqdo ru ruglqdo ghshqghqw yduldeohv/ wkh suredelolw| ghqvlw| iE| N m{ � 3P N �
zloo eh dvvxphg wr eh pxowlqrpldo/ iru frqwlqxrxv yduldeohv/ xqlyduldwh qru0
pdo/ dqg iru frxqwv/ Srlvvrq ru elqrpldo1
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Lq Odwhqw JROG 613/ lw lv srvvleoh wr vshfli| d uhsolfdwlrq zhljkw uz MSN iru
hdfk uhfrug ehorqjlqj wr fdvh l1 Wkhvh prgli| wkh gh�qlwlrq ri iE)m3 O 3P � dv
iroorzv=

iE)m3 O 3P � ' [
�2) �E{ � m3 O �

9 Q
\

NT� � diE| N m{
� 3P N � o U!V

Q W
= +;,

Wkh olqhdu suhglfwru lq �E{ � m3 O � kdv wkh vdph irup dv lq OF foxvwhu prghov
+vhh htxdwlrq 8,1 Lq wkh fdvh ri d qrplqdo ghshqghqw yduldeoh/ wkh olqhdu
suhglfwru lq iE| N m{ � 3P N � htxdov
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zkhuh OP ghqrwhv wkh qxpehu ri suhglfwruv1 Zlwk frxqwv ru frqwlqxrxv gh0
shqghqw yduldeohv/ zh zrxog rplw wkh lqgh{ | � zklfk uh hfwv wkdw wkhuh lv
d vhsdudwh sdudphwhu iru hdfk ohyho ri wkh ghshqghqw yduldeoh � iurp wkh �
sdudphwhuv1 Iru ruglqdo yduldeohv/ �

��*)#��XW  & ' �
��*)#��XW  � y & =

Wkh sduw ri wkh OF uhjuhvvlrq prgho ghvfulehg lq +<, frqwdlqv wzr w|shv ri
sdudphwhuv= d vhw ri fodvv0vshfl�f lqwhufhswv dqg d vhw ri fodvv0vshfl�f uhjuhv0
vlrq frh!flhqwv1 Qrwh wkdw wkh sdudphwhuv duh dvvxphg wr eh lqghshqghqw
ri wkh uhsolfdwlrq qxpehu w1

�$Y
Lq wkh fdvh ri qxphulf suhglfwruv/ wkh �*v duh

uhvwulfwhg lq wkh xvxdo pdqqhu= �
�� ) ��XW  & ' �

��2) & � } N � 1
Zkloh lq wkh vwdqgdug OF uhjuhvvlrq prgho doo uhjuhvvlrq frh!flhqwv duh

dvvxphg wr eh fodvv ghshqghqw/ lw lv dovr srvvleoh wr vshfli| prghov lq zklfk
rqh ru pruh uhjuhvvlrq frh!flhqwv duh fodvv lqghshqghqw> wkdw lv/ �

��*)�� XW  & '

�
��;XW  & = Zdog vwdwlvwlfv duh uhsruwhg wkdw khos xvhuv wr ghwhuplqh iru zklfk

frh!flhqwv vxfk uhvwulfwlrqv pljkw eh ydolg1

715 Wkh Prvw Lpsruwdqw Vshfldo Fdvhv

Wkh vlpsohvw suredelolw| vwuxfwxuh iru d OF �uhjuhvvlrq prgho� lv

iE| � � ' [
�*) �E{ � �iE| � m{ � � =

Wklv lv d �qlwh pl{wxuh prgho lq zklfk wkh phdq dqg srvvleo| dovr wkh ydul0
dqfh ri wkh glvwulexwlrq ri | � lv dvvxphg wr eh fodvv0ghshqghqw1 Vxfk d prgho
�#Z
E| gh�qlqj dq lqghshqghqw yduldeoh �uhsolfdwlrq qxpehu� ru �wlph�/ dv zhoo dv wkh

qhfhvvdu| surgxfw whupv/ rqh fdq pdnh sdudphwhuv uhsolfdwlrq ru wlph ghshqghqw1
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zlwkrxw suhglfwruv pdnhv lw srvvleoh wr ghvfuleh wkh xqrevhuyhg khwhurjhqhlw|
zlwk uhvshfw wr wkh glvwulexwlrq ri | � lq wkh srsxodwlrq xqghu vwxg|1

���
D pruh xvhixo OF uhjuhvvlrq prgho lv rewdlqhg e| lqfoxglqj lqghshqghqw

yduldeohv lq wkh prgho/ vxfk dv/

iE| � m} P � } P � � '
[
� ) �E{ � �iE| � m{ � } P � } P� � =

Khuh/ iE| � m{ � } P � } P � �ghqrwhv wkh glvwulexwlrq ri wkh ghshqghqw yduldeoh | � jlyhq
d shuvrq*v vfruhv rq wkh suhglfwruv } P � / dqg } P� / dqg odwhqw srvlwlrq { � 1 Gh0
shqglqj rq wkh w|sh ri ghshqghqw yduldeoh/ wkh phdq ri wkh dssursuldwh
glvwulexwlrq lv uhvwulfwhg e| phdqv ri d orjlw/ orj0olqhdu/ ru olqhdu uhjuhvvlrq
prgho1

� �
Dq lpsruwdqw h{whqvlrq ri wkh deryh OF uhjuhvvlrq prgho lv rewdlqhg e|

pdnlqj fodvv phpehuvkls ghshqghqw rq fryduldwhv +Ndpdnxud/ Zhgho/ dqg
Djudzdo/ 4<<7> Yhupxqw/ 4<<:,1 Dq h{dpsoh ri vxfk d prgho lv=

iE| � m} O� } O� } P � } P � � '
[
�*) �E{ � m} O� } O� �iE| � m{ � } P � } P� � =

Lq wklv prgho/ lw lv dvvxphg wkdw wkh suredelolw| ri ehorqjlqj wr odwhqw fodvv
{ � ghshqgv rq wkh ydoxhv ri } O� dqg } O� 1 Wklv lv htxlydohqw wr wkh zd| fryduldwhv
fdq eh xvhg lq wkh rwkhu w|shv ri OF prghov1

Dv douhdg| phqwlrqhg deryh/ wkhuh pd| eh pruh wkdq rqh revhuydwlrq shu
fdvh> wkdw lv/ wkhuh pd| eh pruh wkdq rqh uhsolfdwlrq ri wkh vdph ghshqghqw
dqg lqghshqghqw yduldeohv iru hdfk revhuydwlrqdo xqlw1 Wkh prgho deryh zlwk
uhsolfdwlrqv |lhogv wkh iroorzlqj suredelolw| vwuxfwxuh=

iE)m} O� } O� 3P � 3P � � '
[
�*) �E{ � m} O� } O� �

9 Q
\

NT� � iE| � N m{ � } PN � } PNR� � =

Vxfk d OF uhjuhvvlrq prgho iru uhshdwhg phdvxuhv lv yhu| vlplodu wr pxo0
wlohyho +wzr0ohyho,/ pl{hg/ ru udqgrp0frh!flhqwv prghov/ lq zklfk udqgrp
h�hfwv duh lqfoxghg wr ghdo zlwk wkh ghshqghqw revhuydwlrqv sureohp1 Wkh
OF uhjuhvvlrq prgho lv d qrq0sdudphwulf udqgrp0h�hfwv prgho +Yhupxqw dqg
Ydq Glmn/ 5334> Djuhvwl/ 5335/ vhfwlrq 4615,1
���
Uhohydqw uhihuhqfhv rq wklv wrslf duh Odlug +4<:;,/ Hyhulww dqg Kdqg +4<;4,/ Wlwwhu0

lqjwrq/ Vplwk/ dqg Pdnry/ +4<;8,/ PfOdfkodq dqg Edvirug +4<;;,/ PfOdfkodq dqg Shho
+5333,/ Gloorq dqg Nxpdu +4<<7,/ Eùkqlqj +5333,/ dqg Pdjlgvrq dqg Yhupxqw +5336,1�[�

Iru vrph dssolfdwlrqv/ vhh Zhgho dqg GhVduer +4<<7,/ Eùfnhqkrow +4<<6,/ Odqg/ Pf0
Fdoo dqg Qdjlq +4<<9,/ dqg Pduh +4<<7,1
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716 Uhvwulfwlrqv rq Fodvv0vshfl�f Uhjuhvvlrq Frh!flhqwv

Ydulrxv w|shv ri uhvwulfwlrqv fdq eh lpsrvhg rq wkh fodvv0vshfl�f uhjuhvvlrq
frh!flhqwv= suhglfwru h�hfwv fdq eh �{hg wr }hur/ uhvwulfwhg wr eh htxdo dfurvv
fhuwdlq ru doo fodvvhv/ dqg frqvwudlqhg wr eh rughuhg1

Htxdolw| dqg }hur uhvwulfwlrqv gr qrw uhtxluh ixuwkhu h{sodqdwlrq1 Wkh
rughu uhvwulfwlrqv +dvfhqglqj2ghvfhqglqj, duh vrphzkdw pruh frpsoh{1 Iru d
qxphulf suhglfwru/ wkh dvfhqglqj uhvwulfwlrq lpsolhv wkdw lwv frh!flhqw vkrxog
eh dw ohdvw }hur +� � f, dqg ghvfhqglqj wkdw lw vkrxog eh dw prvw }hur +� � f,1
Iru d qrplqdo suhglfwru/ dvfhqglqj lpsolhv wkdw wkh frh!flhqw ri fdwhjru|
v n � lv odujhu ru htxdo wr wkh rqh ri fdwhjru| v +� \ � � \ ��� > iru hdfk v, dqg
ghvfhqglqj wkdw wkh frh!flhqw ri fdwhjru| v n � lv vpdoohu ru htxdo wr wkh
rqh ri fdwhjru| v +� \ � � \ ��� / iru hdfk v,1

8 Hvwlpdwlrq

814 Orj0olnholkrrg dqg Orj0srvwhulru Ixqfwlrq

Wkh sdudphwhuv ri wkh ydulrxv w|shv ri OF prghov duh hvwlpdwhg e| phdqv
ri Pd{lpxp Olnholkrrg +PO, ru Srvwhulru Prgh +SP, phwkrgv1 Wkh olnh0
olkrrg ixqfwlrq lv ghulyhg iurp wkh suredelolw| ghqvlw| ixqfwlrq gh�qhg lq
htxdwlrq +4,1 Ohw & ghqrwh wkh yhfwru frqwdlqlqj wkh ydulrxv w|shv ri prgho
sdudphwhuv/ ohw ) M dqg 3 M ghqrwh wkh yhfwru ri ghshqghqw dqg lqghshqghqw
yduldeohv � ru lqglfdwruv dqg fryduldwhv � iru uhvsrqvh sdwwhuq l/ dqg ohw q M
eh wkh qxpehu ri fdvhv zlwk sdwwhuq l1

Lghqwlfdo uhvsrqvh sdwwhuqv duh jurxshg e| wkh surjudp1 Lw vkrxog eh
qrwhg wkdw lw lv srvvleoh wr vshfli| d Fdvh Zhljkw +fz,1 Wkh fhoo frxqwv q M
duh rewdlqhg e| vxpplqj wkh fdvh zhljkwv ri lghqwlfdo fdvhv1 Zkhq fz duh
vdpsolqj zhljkwv lq d frpsoh{ vxuyh|/ Odwhqw JROG zloo surylgh svhxgr
PO hvwlpdwhv +Sdwwhuvrq/ Gd|wrq/ dqg Judxedug/ 5335,1 Dqrwkhu w|sh ri
zhljkw lv d Uhsolfdwlrq Zhljkw +uz,1 Dv h{sodlqhg lq wkh frqwh{w ri wkh
OF uhjuhvvlrq prgho/ wkhvh prgli| wkh gh�qlwlrq ri wkh uhohydqw suredelolw|
ghqvlw| +vhh htxdwlrq ;,1

PO hvwlpdwlrq lqyroyhv �qglqj wkh hvwlpdwhv iru & wkdw pd{lpl}h wkh
orj0olnholkrrg ixqfwlrq

*L}O '
[

M q M *L} iE) M m3 M > &�=
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Khuh/ iE) M m3 M > &� lv wkh suredelolw| ghqvlw| iru sdwwhuq l jlyhq sdudphwhu
ydoxhv &1

Lq rughu wr suhyhqw erxqgdu| vroxwlrqv ru/ htxlydohqwo|/ wr flufxpyhqw
wkh sureohp ri qrq0h{lvwhqfh ri PO hvwlpdwhv/ zh lpsohphqwhg vrph lghdv
iurp Ed|hvldq vwdwlvwlfv lq Odwhqw JROG1 Wkh erxqgdu| sureohpv duh wkdw
pxowlqrpldo suredelolwlhv dqg Srlvvrq udwhv pd| ehfrph }hur/ dqg wkdw hu0
uru yduldqfhv lq qrupdo prghov pd| frqyhujh wr }hur1 Wkh �uvw sureohp lv
flufxpyhqwhg e| xvlqj Glulfkohw sulruv iru wkh odwhqw dqg wkh frqglwlrqdo uh0
vsrqvh suredelolwlhv dqg jdppd sulruv iru wkh Srlvvrq udwhv/ dqg wkh vhfrqg
e| xvlqj lqyhuvh0Zlvkduw sulruv iru wkh huuru yduldqfh0fryduldqfh pdwulfhv
+Jhopdq hw1 do1/ 4<<9> Vfkdihu/ 4<<:> Forjj hw do1/ 4<<4,1 Wkhvh duh vr0
fdoohg frqmxjdwh sulruv vlqfh wkh| kdyh wkh vdph irup dv wkh fruuhvsrqglqj
pxowlqrpldo/ Srlvvrq/ dqg pxowlyduldwh qrupdo suredelolw| ghqvlwlhv1 Wkh
lpsolfdwlrq ri xvlqj sulruv lv wkdw wkh hvwlpdwlrq phwkrg lv qr orqjhu PO
exw SP +Srvwhulru Prgh,1

Ghqrwlqj wkh dvvxphg sulruv iru & e| kE&� dqg wkh srvwhulru e| S/ SP hv0
wlpdwlrq lqyroyhv �qglqj wkh hvwlpdwhv iru & wkdw pd{lpl}h wkh orj0srvwhulru
ixqfwlrq

*L}S ' *L}O n *L} kE&�

'
[

M q M *L} iE) M m3 M > &� n *L} kE&�>

ru/ lq rwkhu zrugv/ �qglqj wkh srlqw zkhuh
]_^ `�acb]"d ' f1 Dojrulwkpv wkdw duh

xvhg wr vroyh wklv sureohp duh ghvfulehg lq wkh qh{w vxevhfwlrq1
Wkh xvhu0gh�qhg sdudphwhuv lq wkh sulruv kE&� fdq eh fkrvhq lq vxfk d

zd| wkdw *L} kE&� ' f/ zklfk pdnhv SP hvwlpdwlrq wxuq lqwr PO hvwlpdwlrq1
SP hvwlpdwlrq fdq dovr eh vhhq dv d irup ri shqdol}hg PO hvwlpdwlrq/ lq
zklfk kE&� vhuyhv dv d ixqfwlrq shqdol}lqj vroxwlrqv wkdw duh wrr qhdu wr wkh
erxqgdu| ri wkh sdudphwhu vsdfh dqg/ wkhuhiruh/ vprrwklqj wkh hvwlpdwhv
dzd| iurp wkh erxqgdu|1

Zh zloo qrw suhvhqw djdlq wkh gl�huhqw nlqgv ri irupv wkdw wkh ghqvlw|
iE) M m3 M > &� fdq wdnh rq vlqfh wkhvh zhuh ghvfulehg lq ghwdlo lq vhfwlrq 41
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815 Plvvlqj Gdwd

81514 Lqglfdwruv dqg ghshqghqw yduldeoh

Odwhqw JROG kdv d surylvlrq iru ghdolqj zlwk plvvlqj gdwd lq wkh | yduldeohv1
Dv phqwlrqhg deryh/ wkh olnholkrrg ixqfwlrq lv ghulyhg iurp wkh suredelolw|
ghqvlw| ixqfwlrq gh�qhg lq htxdwlrq +4,1 Krzhyhu/ wr eh deoh wr ghdo zlwk
plvvlqj gdwd/ zh qhhg wr pdnh d plqru prgl�fdwlrq lq wkh gh�qlwlrq ri wkh
ghqvlw| ixqfwlrq ri lqwhuhvw> wkdw lv/

iE) M m3 M > &� '
[

 �E m3 M > &�

�\
�
� � iE) MS� m > 3 M > &�

e Q .
=

Dv fdq eh vhhq/ zh kdyh gh�qhg dq dgglwlrqdo yduldeoh � MS� 1 Wklv yduldeoh
htxdov rqh li doo | yduldeohv lq vhw p duh revhuyhg iru gdwd sdwwhuq l/ dqg }hur
rwkhuzlvh1 Zkdw dfwxdoo| kdsshqv lv wkdw whupv iru zklfk � MS� ' f fdqfho iurp
wkh olnholkrrg htxdwlrq1 Wklv lpsolhv wkdw zh hvwlpdwh wkh prgho sdudph0
whuv xvlqj wkh dydlodeoh lqirupdwlrq iru hdfk ri wkh uhvsrqvh sdwwhuqv/ zklfk
dprxqwv wr dvvxplqj d plvvlqj dw udqgrp +PDU, qrquhvsrqvh phfkdqlvp
+Olwwoh dqg Uxelq/ 4<;:> Vfkdihu/ 4<<;/ Yhupxqw/ 4<<:> Vnurqgdo/ 4<<9,1

Wzr dgglwlrqdo uhpdunv kdyh wr eh pdgh zlwk uhvshfw wr wkh plvvlqj gdwd
surfhgxuh lpsohphqwhg lq Odwhqw JROG1 Iluvw/ lw vkrxog eh qrwhg wkdw zh
xvh d vlqjoh � MS� wr lqglfdwh zkhwkhu doo |*v lq vhw p duh revhuyhg1 Wkxv/ � MS� lv
dovr htxdo wr }hur li vrph |*v lq vhw p duh revhuyhg zkloh rwkhuv duh plvvlqj1
Wklv lpsolhv wkdw zkhq orfdo ghshqghqflhv duh lqfoxghg lq d prgho/ lw pd|
kdsshq wkdw vrph dydlodeoh lqirupdwlrq lv glvuhjdughg1

Wkh vhfrqg uhpdun frqfhuqv wkh fkl0vtxduhg jrrgqhvv0ri0�w vwdwlvwlfv1 Do0
wkrxjk sdudphwhu hvwlpdwlrq zlwk plvvlqj gdwd lv edvhg wkh PDU dvvxps0
wlrq/ wkh fkl0vtxduhg vwdwlvwlfv qrw rqo| whvwv zkhwkhu wkh prgho ri lqwhuhvw
krogv/ exw dovr wkh pxfk pruh uhvwulfwlyh PFDU +plvvlqj frpsohwho| dw udq0
grp, dvvxpswlrq +vhh Yhupxqw/ 4<<:,1 Wkxv/ fdxwlrq vkrxog eh xvhg zkhq
lqwhusuhwlqj wkh ryhudoo jrrgqhvv0ri0�w whvwv lq vlwxdwlrqv lq zklfk wkhuh lv
plvvlqj gdwd1

81515 Fryduldwhv dqg suhglfwruv

Lw lv dovr srvvleoh wr xvh fdvhv zlwk plvvlqj ydoxhv rq wkh suhglfwruv dqg
fryduldwhv1 Li wkh suhglfwru ru fryduldwh lv qxphulf/ Odwhqw JROG zloo lpsxwh
wkh vdpsoh phdq iru wkh plvvlqj ydoxhv1 Wklv lv wkh phdq ryhu doo fdvhv
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zlwkrxw d plvvlqj ydoxh iru fryduldwhv dqg wkh phdq ri doo uhsolfdwlrqv zlwkrxw
d plvvlqj ydoxh iru suhglfwruv1

Plvvlqj ydoxhv rq qrplqdo suhglfwruv dqg fryduldwhv lv ghdow zlwk yld wkh
ghvljq pdwul{1 Lq idfw/ wkh h�hfw lv vhw htxdo wr }hur iru wkh plvvlqj ydoxh
fdwhjru|1 Uhfdoo wkh h�hfw frglqj vfkhph looxvwudwhg lq vxevhfwlrq 416 iru wkh
fdvh ri d qrplqdo suhglfwru zlwk 7 fdwhjrulhv1 Vxssrvh wkhuh lv dovr d plvvlqj
fdwhjru|1 Wkh ghvljq pdwul{ wkdw lv vhw xs iru wkh 6 qrq0uhgxqgdqw whupv lv
wkhq

fdwhjru| 4
fdwhjru| 5
fdwhjru| 6
fdwhjru| 7
plvvlqj

� f f
f � f
f f �

�� �� ��
f f f

Dv fdq eh vhhq/ wkh hqwulhv fruuhvsrqglqj wr wkh plvvlqj fdwhjru| duh doo
htxdo wr 3/ zklfk dprxqwv wr vhwwlqj lwv frh!flhqw htxdo wr }hur1 Qrwh wkdw
lq h�hfw frglqj wkh phdq ri wkh frh!flhqwv htxdov wr }hur1 Wklv lpsxwdwlrq
phwkrg iru qrplqdo yduldeohv lv wkhuhiruh vlplodu wr phdq lpsxwdwlrq iru
qxphulf yduldeohv1

816 Sulru Glvwulexwlrqv

Wkh gl�huhqw w|shv ri sulruv kdyh lq frpprq wkh idfw wkdw wkhlu xvhu0gh�qhg
sdudphwhuv +Ed|hv Frqvwdqwv, ghqrwhg e| � fdq eh lqwhusuhwhg dv dgglqj
� revhuydwlrqv � iru lqvwdqfh/ wkh surjudp ghidxow ri rqh � jhqhudwhg iurp
d frqvhuydwlyh qxoo prgho +dv ghfulehg ehorz, wr wkh gdwd1 Doo sulruv duh
gh�qhg lq vxfk d zd| wkdw li wkh fruuhvsrqglqj �*v duh vhw htxdo wr }hur/ orj
k E&� ' f/ lq zklfk fdvh zh zloo rewdlq PO hvwlpdwhv1 Zh frxog odeho vxfk
sulruv dv �qrq0lqirupdwlyh�1 Ehorz zh suhvhqw wkh orj k E&� whupv iru wkh
ydulrxv w|shv ri glvwulexwlrqv zlwkrxw wkhlu qrupdol}lqj frqvwdqwv1

Wkh Glulfkohw sulru iru wkh odwhqw suredelolwlhv htxdov

*L} k E�E �� '
[



� �
F 
 *L} �E �=

Khuh/ F 
 ghqrwhv wkh qxpehu ri fodvvhv dqg � � wkh Ed|hv Frqvwdqw wr eh
vshfl�hg e| wkh xvhu1 Dv fdq eh vhhq/ wkh lq xhqfh ri wkh sulru lv htxlydohqw
wr dgglqj f )gih fdvhv wr hdfk odwhqw fodvv1 Wklv sulru pdnhv wkh vl}hv ri wkh
odwhqw fodvvhv voljkwo| pruh htxdo dqg wkh fryduldwh h�hfwv vrphzkdw vpdoohu1
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Iru fdwhjrulfdo ghshqghqw yduldeohv dqg elqrpldo frxqwv/ zh xvh wkh iro0
orzlqj Glulfkohw sulru iru �E| % m �=

*L} kE�E| % m �� ' [
&�'

sE| % �� �
F 
 *L} �E| % m �>

zkhuh sE| % � lv wkh revhuyhg glvwulexwlrq ri | % 1 Wklv sulru fdq eh lqwhusuhwhg
dv dgglqj f ,gih revhuydwlrqv wr hdfk fodvv zlwk suhvhuydwlrq ri wkh revhuyhg
glvwulexwlrq ri | % / zkhuh � � lv d sdudphwhu wr eh vshfl�hg e| wkh xvhu1 Wklv
sulru pdnhv wkh fodvv0vshfl�f glvwulexwlrqv pruh vlplodu ru/ lq rwkhu zrugv/
wkh � sdudphwhuv zloo eh voljkwo| forvhu wr }hur1

Iru Srlvvrq frxqwv/ zh lpsohphqwhg d jdppd sulru1 Ohw uE| % � eh wkh
revhuyhg Srlvvrq udwh1 Wkh sulru zh xvh kdv wkh irup

*L} kE| % m � ' � 0
F 
 *L}

�
� % � 
 � 0

F 
 uE| % �
�

� � % � 
 � 0
F 
 uE| % � =

Wklv sulru fdq eh lqwhusuhwhg dv dgglqj f 1g h hyhqwv wr hdfk fodvv zlwk suhvhu0
ydwlrq ri wkh ryhudoo Srlvvrq udwh uE| % �1

Wkh lqyhuvh0Zlvkduw sulruv
� < iru wkh huuru yduldqfh0fryduldqfh pdwulfhv

duh ri wkh irup

*L} kEP � � 
 � ' �f=D
� :
F 
 *L}

��P � � 
 �� � f=D
� :
F 
 wu

�
# \ ,. P 4 �� � 


�
=

Khuh/ # j ,. lv d gldjrqdo pdwul{ frqwdlqlqj wkh revhuyhg yduldqfhv ri wkh N �
ghshqghqw yduldeohv ehorqjlqj wr vhw p1 Wklv sulru fdq eh lqwhusuhwhg dv
lqfuhphqwlqj hdfk fodvv zlwk f*kgih revhuydwlrqv zklfk duh dw d glvwdqfh ri rqh
vwdqgdug ghyldwlrq ri wkh fodvv0vshfl�f phdq dqg zklfk kdyh fryduldqfhv
ri }hur1 Khuh/ � 0 lv wkh sdudphwhu wr eh vshfl�hg e| wkh xvhu1 Wklv sulru
voljkwo| lqfuhdvhv wkh fodvv0vshfl�f huuru yduldqfhv dqg voljkwo| ghfuhdvhv wkh
fodvv0vshfl�f fryduldqfhv1

Wkh lq xhqfh ri wkh sulruv rq wkh �qdo sdudphwhu hvwlpdwhv ghshqgv rq
wkh ydoxhv fkrvhq iru wkh �*v/ dv zhoo dv rq wkh vdpsoh vl}h1 Wkh ghidxow
vhwwlqjv duh � � ' � � ' � 0 ' � : ' �=f1 Wklv phdqv wkdw zlwk prghudwh vdp0
soh vl}hv wkh lq xhqfh ri wkh sulruv rq wkh sdudphwhu hvwlpdwhv lv qhjoljleoh1
Vhwwlqj � � ' � � ' � 0 ' � : ' f |lhogv PO hvwlpdwhv1
�#=
Dfwxdoo|/ rxu sulru gl�huv vrphzkdw iurp d uhdo lqyhuvh0Zlvkduw glvwulexwlrq vlqfh zh

rplw wkh whup � l3mon_pq orj
��	 rts u �� > zkhuh N r lv wkh qxpehu ri yduldeohv lq vhw p1 Wkh

uhdvrq iru grlqj wklv lv wkdw wklv whup grhv qrw ehfrph }hur li � v @ 3/ zklfk lv vrphwklqj
zh zdqw wr kdsshq lq rughu wr eh deoh wr vzlwfk iurp SP wr PO hvwlpdwlrq1
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817 Dojrulwkpv

Wr �qg wkh PO ru SP hvwlpdwhv iru wkh prgho sdudphwhuv &/ Odwhqw JROG
xvhv erwk wkh HP dqg wkh Qhzwrq0Udskvrq dojrulwkp1 Lq sudfwlfh/ wkh
hvwlpdwlrq surfhvv vwduwv zlwk d qxpehu ri HP lwhudwlrqv1 Zkhq forvh hqrxjk
wr wkh �qdo vroxwlrq/ wkh surjudp vzlwfkhv wr Qhzwrq0Udskvrq1 Wklv lv d zd|
wr h{sorlw wkh dgydqwdjhv ri erwk dojrulwkpv> wkdw lv/ wkh vwdelolw| ri HPzkhq
lw lv idu dzd| iurp wkh rswlpxp dqg wkh vshhg ri Qhzwrq0Udskvrq zkhq lw
lv forvh wr wkh rswlpxp1

Wkh wdvnv wr eh shuiruphg iru rewdlqlqj SP hvwlpdwhv iru & lv �qglqj
wkh sdudphwhu ydoxhv iru zklfk

C *L}S
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'
C *L}O

C&
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C *L} kE&�
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' f= +43,
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 C *L} �E m3 M > &�iE) M m 3 M > &�
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zkhuh

q M 
 ' q M �E m3 M ) M > &� ' q M �E m3 M > &�iE) M m 3 M > &�

iE) M m3 M > &�
= +45,

Wkh HP dojrulwkp lv d jhqhudo phwkrg iru ghdolqj zlwk PO hvwlpdwlrq zlwk
plvvlqj gdwd +Ghpsvwhu/ Odlug/ dqg Uxelq/ 4<::> PfOdfkodq dqg Nulvkqdq/
4<<:,1 Wklv phwkrg h{sorlwv wkh idfw wkdw wkh �uvw ghulydwlyhv ri wkh lqfrp0
sohwh gdwd orj0olnholkrrg +*L}O� htxdo wkh �uvw ghulydwlyhv ri wkh frpsohwh
gdwd orj0olnholkrrg +*L}O O ,1 Lq rxu fdvh/ wkh frpsohwh gdwd orj0olnholkrrg lv
wkh orj0olnholkrrg wkdw zh zrxog kdyh li zh nqhz wr zklfk fodvv fdvhv zlwk
uhvsrqvh sdwwhuq l ehorqj=

*L}O O ' [

M
[

 q M 
 *L} �E m3 M > &�iE) M m 3 M > &�= +46,
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Hdfk �wk f|foh ri wkh HP dojrulwkp frqvlvwv ri wzr vwhsv1 Lq wkh H{shf0
wdwlrq +H, vwhs/ hvwlpdwhv eq wM 
 duh rewdlqhg iru q M 
 yld htxdwlrq +45, �oolqj

lq e& w 4 � dv sdudphwhu ydoxhv1 Wkh Pd{lpl}dwlrq +P, vwhs/ lqyroyhv �qglqj

qhz e& w lpsurylqj *L}O O 1 Qrwh wkdw/ dfwxdoo|/ zh xvh SP udwkhu wkdq PO
hvwlpdwlrq/ zklfk phdqv wkdw lq wkh P vwhs zh xsgdwh wkh sdudphwhuv lq
vxfk d zd| wkdw

*L}S O ' *L}O O n *L} kE&� +47,

lqfuhdvhv udwkhu wkdq +46,1 Vrphwlphv forvhg0irup vroxwlrqv duh dydlodeoh
lq wkh P vwhs1 Lq rwkhu fdvhv/ vwdqgdug lwhudwlyh phwkrgv fdq eh xvhg wr
lpsuryh wkh frpsohwh gdwd orj0srvwhulru gh�qhg lq htxdwlrq +47,1 Odwhqw
JROG xvhv lwhudwlyh sursruwlrqdo �wwlqj +LSI, dqg xqlglphqvlrqdo Qhzwrq
lq wkh P vwhs +vhh Yhupxqw 4<<:/ Dsshqglfhv,1

Ehvlghv wkh HP dojrulwkp/ Odwhqw JROG dovr lpsohphqwv d Qhzwrq0
Udskvrq +QU, phwkrg1

� > Wklv jhqhudo rswlpl}dwlrq dojrulwkp zrunv dv iro0
orzv=

e& w ' e& w 4 � � % O 4 � }=

Wkh judglhqw yhfwru } frqwdlqv wkh �uvw0rughu ghulydwlyhv ri wkh orj0srvwhulru

wr doo sdudphwhuv hydoxdwhg dw e& w 4 � /O lv wkh Khvvldq ru revhuyhg lqirupdwlrq
pdwul{ frqwdlqlqj wkh vhfrqg0rughu ghulydwlyhv/ dqg % lv d vfdodu ghqrwlqj wkh
vwhs vl}h1 Hohphqw j U ri } htxdov

j U '
[

M q M C *L} iE) M m3 M > &�

C& U
n

C *L} kE&�

C& U
>

dqg hohphqw K U \ ri O htxdov

K U \ '
[

M q M C
�
*L} iE) M m3 M > &�

C& U C& \ n
C
�
*L} kE&�

C& U C& \ =

Odwhqw JROG frpsxwhv wkhvh ghulydwlyhv dqdo|wlfdoo|1 Wkh vwhs vl}h % suh0
yhqwv ghfuhdvhv ri wkh orj0srvwhulru1

Wkh pdwul{ O 4 � hydoxdwhg dw wkh �qdo e&/ eO 4 � / |lhogv wkh hvwlpdwhg dv0
|pswrwlf yduldqfh0fryduldqfh pdwul{ ri wkh prgho sdudphwhuv1 Qrwh wkdw
eO 4 � fdq eh xvhg wr rewdlq wkh vwdqgdug huuru iru dq| ixqfwlrq iEe&� ri e& e|
�#?
Kdehupdq +4<;;, sursrvhg hvwlpdwlrq vwdqgdug OF prghov e| Qhzwrq Udskvrq1
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wkh ghowd phwkrg=

evh
�

iEe&�
�
'

yxxw
#

iEe&�
Ce&

$ 7
eO 4 �

#
iEe&�
Ce&

$
= +48,

Wkh rughu uhvwulfwlrqv lq uhjuhvvlrq duh ghdow zlwk xvlqj dq dfwlyh0vhw
phwkrg +Jloo/ Pxuud|/ dqg Zuljkw/ 4<;4,1 Iru wkdw sxusrvh/ zh �uvw wudqv0
irup wkh h�hfwv lqyroyhg lq wkh rughu frqvwudlqwv lqwr qrqqhjdwlylw| frq0
vwudlqwv ri wkh irup � � f1 Lq dq dfwlyh0vhw phwkrg/ wkh htxdolw| frqvwudlqw
dvvrfldwhg zlwk dq lqhtxdolw| frqvwudlqw lv dfwlydwhg li lw lv ylrodwhg +khuh/
h�hfw vhw htxdo wr 3,/ dqg lqdfwlydwhg li lwv xsgdwh |lhogv dq dgplvvleoh ydoxh
+khuh/ d srvlwlyh xsgdwh,1

818 Frqyhujhqfh

Wkh h{dfw dojrulwkp lpsohphqwhg lq Odwhqw JROG zrunv dv iroorzv1 Wkh
surjudp vwduwv zlwk HP xqwlo hlwkhu wkh pd{lpxp qxpehu ri HP lwhudwlrqv
+Lwhudwlrq Olplwv HP , ru wkh HP frqyhujhqfh fulwhulrq +HP Wrohudqfh, lv
uhdfkhg1 Wkhq/ wkh surjudp vzlwfkhv wr QU lwhudwlrqv zklfk vwrs zkhq
wkh pd{lpxp qxpehu ri QU lwhudwlrqv +Lwhudwlrq Olplwv Qhzwrq0Udskvrq,
ru wkh ryhudoo frqyhujh fulwhulxp +Wrohudqfh, lv uhdfkhg1 Wkh frqyhujhqfh
fulwhulrq wkdw lv xvhg lv

[

U

�����
e& w
U � e& w 4 �

Ue& w 4 �
U

����� >

zklfk lv wkh vxp ri wkh devroxwh uhodwlyh fkdqjhv lq wkh sdudphwhuv1 Wkh
surjudp dovr vwrsv lwv lwhudwlrqv zkhq wkh fkdqjh lq wkh orj0srvwhulru lv
qhjoljleoh/ l1h1/ vpdoohu wkdq �f 4 � � 1

Wkh surjudp uhsruwv wkh lwhudwlrq surfhvv lq Lwhudwlrq Ghwdlo1 Wkxv/ lw
fdq hdvlo| eh fkhfnhg zkhwkhu wkh pd{lpxp qxpehu ri lwhudwlrqv lv uhdfkhg
zlwkrxw frqyhujhqfh1 Lq dgglwlrq/ d zduqlqj lv jlyhq li rqh ri wkh hohphqwv
ri wkh judglhqw lv odujhu wkdq �f 4 0 =

Lw vkrxog eh qrwhg wkdw vrphwlphv lw lv pruh h!flhqw wr xvh rqo| wkh
HP dojrulwkp/ zklfk lv dffrpsolvkhg e| vhwwlqj Lwhudwlrq Olplwv Qhzwrq0
Udskvrq @ 3 lq wkh Whfkqlfdo Wde1 Wklv lv/ iru lqvwdqfh/ wkh fdvh lq prghov
zlwk pdq| sdudphwhuv dqg lq prghov iru frqwlqxrxv | yduldeohv zlwk frpsol0
fdwhg yduldqfh0fryduldqfh pdwul{ vwuxfwxuhv1 Iru yhu| odujh prghov rqh pljkw
dovr frqvlghu vxssuhvvlqj wkh frpsxwdwlrq ri vwdqgdug huuruv dqg Zdog vwd0
wlvwlfv1
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819 Vwduw Ydoxhv

Odwhqw JROG jhqhudwhv udqgrp vwduw ydoxhv1 Wkhvh gl�hu hyhu| wlph wkdw
d prgho lv hvwlpdwhg ehfdxvh wkh vhhg ri wkh udqgrp qxpehu jhqhudwru lv
rewdlqhg iurp wkh v|vwhp wlph/ dv orqj dv wkh whfkqlfdo rswlrq Vhhg htxdov
31 Wkh vhhg xvhg e| wkh surjudp lv uhsruwhg lq wkh rxwsxw1 D uxq fdq eh
uhsolfdwhg e| vshfli|lqj wkh uhsruwhg ehvw vwduw vhhg dv Vhhg lq wkh Whfkqlfdo
Wde dqg vhwwlqj wkh qxpehu ri Udqgrp Vhwv wr }hur1

Vlqfh wkh HP dojrulwkp lv h{wuhpho| vwdeoh/ wkh xvh ri udqgrp vwduwlqj
ydoxhv lv jhqhudoo| jrrg hqrxjk wr rewdlq d frqyhujhg vroxwlrq1 Krzhyhu/
wkhuh lv qr jxdudqwhh wkdw vxfk d vroxwlrq lv dovr wkh joredo SP ru PO
vroxwlrq1 D zhoo0nqrzq sureohp lq OF dqdo|vlv lv wkh rffxuuhqfh ri rqh ru
pruh orfdo pd{lpd/ zklfk dovr ixo�oo wkh frqglwlrqv gh�qhg e| olnholkrrg
htxdwlrqv jlyhq lq +43,1

Wkh ehvw zd| wr dyrlg hqglqj xs zlwk d orfdo vroxwlrq lv wr xvh pxowlsoh
vhwv ri vwduwlqj ydoxhv vlqfh gl�huhqw vhwv ri vwduwlqj ydoxhv pd| |lhog vrox0
wlrqv zlwk gl�huhqw orj0srvwhulru ydoxhv1 Lq Odwhqw JROG/ wkh xvh ri vxfk
pxowlsoh vhwv ri udqgrp vwduwlqj ydoxhv lv dxwrpdwhg1 Wkh xvhu fdq vshfli|
krz pdq| vhwv ri vwduwlqj ydoxhv wkh surjudp vkrxog xvh e| fkdqjlqj wkh
Udqgrp Vhwv rswlrq lq wkh Whfkqlfdo Wde1 Dqrwkhu uhohydqw sdudphwhu lv
Lwhudwlrqv vshfli|lqj wkh qxpehu ri lwhudwlrqv wr eh shuiruphg shu vwduw vhw1
Pruh suhflvho|/ zlwklq hdfk ri wkh udqgrp vhwv/ Odwhqw JROG shuirupv wkh
vshfl�hg qxpehu ri HP lwhudwlrqv1 Vxevhtxhqwo|/ zlwklq wkh ehvw 43 shufhqw
lq whupv ri orj0srvwhulru/ wkh surjudp shuirupv dq h{wud 5 wlphv Lwhudwlrqv
HP lwhudwlrqv1 Ilqdoo|/ lw frqwlqxhv zlwk wkh ehvw vroxwlrq xqwlo frqyhujhqfh1
Lw vkrxog eh qrwhg wkdw vxfk d surfhgxuh frqvlghudeo| lqfuhdvhv wkh sured0
elolw| ri �qglqj wkh joredo SP ru PO vroxwlrq/ hvshfldoo| li erwk sdudphwhuv
duh vhw odujh hqrxjk/ exw lq jhqhudo grhv qrw jxdudqwhh wkdw lw zloo eh irxqg
lq d vlqjoh1

81: Errwvwudsslqj S0Ydoxh ri O5 Vwdwlvwlf

Udwkhu wkdq uho|lqj rq wkh dv|pswrwlf s0ydoxh/ lw dovr srvvleoh wr hvwlpdwh wkh
s0ydoxh dvvrfldwhg zlwk wkh O

�
vwdwlvwlf e| phdqv ri d sdudphwulf errwvwuds1

Wklv rswlrq lv hvshfldoo| xvhixo zlwk vsduvh wdeohv +Odqjhkhlqh/ Sdqqhnrhn/
dqg Ydq gh Sro/ 4<<9,1 Wkh prgho ri lqwhuhvw lv wkhq qrw rqo| hvwlpdwhg iru
wkh vdpsoh xqghu lqyhvwljdwlrq/ exw dovr iru U uhsolfdwlrq vdpsohv1 Wkhvh duh
jhqhudwhg iurp wkh suredelolw| glvwulexwlrq gh�qhg e| wkh PO hvwlpdwhv1 Wkh
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hvwlpdwhg errwvwuds s0ydoxh/ es x#y!y�N / lv gh�qhg dv wkh sursruwlrq ri errwvwuds
vdpsohv zlwk d odujhu O

�
wkdq wkh ruljlqdo vdpsoh1 Wkh vwdqgdug huuru ri es x#y!y�N

htxdov
t z

P/{T|#| W[} � 4
z
P/{T|[| WR~� 1 Wkh suhflvlrq ri es x#y!y�N fdq eh lqfuhdvhg e| lqfuhdvlqj

wkh qxpehu ri uhsolfdwlrqv U1 Wkh qxpehu ri uhsolfdwlrqv lv vshfl�hg e| wkh
sdudphwhu Uhsolfdwlrqv1

Wkh rwkhu sdudphwhu lv Vhhg/ zklfk fdq eh xvhg wr uhsolfdwh d errwvwuds1
Wkh vhhg xvhg e| wkh errwvwuds wr jhqhudwh wkh gdwd vhwv lv uhsruwhg lq wkh
rxwsxw1

Wzr whfkqlfdo ghwdlov derxw wkh lpsohphqwdwlrq ri wkh errwvwuds vkrxog
eh phqwlrqhg1 Iru hdfk errwvwuds uhsolfdwlrq/ wkh pd{lpxp olnholkrrg hvwl0
pdwhv vhuyh dv vwduw ydoxhv1 Wkxv/ qr udqgrp vhwv duh xvhg iru wkh uhsolfd0
wlrqv1 Wr jdlq h!flhqf| lq whupv ri frpsxwdwlrq wlph/ wkh lwhudwlrqv zlwklq
d errwvwuds uhsolfdwlrq duh vwrsshg zkhq wkh O

�
lv vpdoohu wkdw wkh ruljlqdo

rqh/ hyhq li wkh frqyhujhqfh fulwhulrq ru wkh pd{lpxp qxpehu ri lwhudwlrqv
lv qrw uhdfkhg1

81; Lghqwl�fdwlrq Lvvxhv

Vrphwlphv OF prghov duh qrw lghqwl�hg> wkdw lv/ lw pd| qrw eh srvvleoh wr
rewdlq xqltxh hvwlpdwhv iru vrph sdudphwhuv1 Qrq0lghqwl�fdwlrq lpsolhv wkdw
gl�huhqw sdudphwhu hvwlpdwhv |lhog wkh vdph orj0srvwhulru ru orj0olnholkrrg
ydoxh1 Zkhq d prgho lv qrw lghqwl�hg/ wkh revhuyhg lqirupdwlrq pdwul{ O lv
qrw ixoo udqn/ zklfk lv uhsruwhg e| wkh surjudp1 Dqrwkhu phwkrg wr fkhfn
zkhwkhu d prgho lv lghqwl�hg lv wr uxq wkh prgho djdlq zlwk gl�huhqw vwduwlqj
ydoxhv1 Fhuwdlq prgho sdudphwhuv duh qrw lghqwl�hg li wzr vhwv ri vwduwlqj
ydoxhv |lhog wkh vdph *L}S ru *L}O/ exw gl�huhqw sdudphwhu hvwlpdwhv1

Zlwk uhvshfw wr srvvleoh qrq0lghqwl�fdwlrq lw vkrxog eh qrwhg wkdw wkh xvh
ri sulruv pd| pdnh lghqwl�hg prghov wkdw zrxog rwkhuzlvh qrw eh lghqwl�hg1
Lq vxfk vlwxdwlrqv/ wkh sulru lqirupdwlrq lv mxvw hqrxjk wr xqltxho| ghwhuplqh
wkh sdudphwhu ydoxhv1 H{dpsohv ri vxfk vlwxdwlrqv duh OF foxvwhu prghov iru
wzr sro|wrprxv qrplqdo lqglfdwruv dqg wkh OF wzr0idfwru prghov iru irxu
glfkrwrprxv lwhpv1

D uhodwhg sureohp lv �zhdn lghqwl�fdwlrq�/ zklfk phdqv wkdw hyhq wkrxjk
wkh sdudphwhuv duh xqltxho| ghwhuplqhg/ vrphwlphv wkh gdwd lv qrw lqirupd0
wlyh hqrxjk wr rewdlq vwdeoh sdudphwhu hvwlpdwhv1 Zhdn lghqwl�fdwlrq fdq
eh ghwhfwhg iurp wkh rffxuuhqfh ri odujh dv|pswrwlf vwdqgdug huuruv1 Orfdo
vroxwlrqv pd| dovr uhvxow xqghu zhdn lghqwl�fdwlrq1
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Rwkhu �lghqwl�fdwlrq lvvxhv� duh uhodwhg wr wkh rughu ri wkh fodvvhv ri wkh
odwhqw yduldeohv dqg wkh xqltxhqhvv ri sdudphwhuv iru qrplqdo yduldeohv1 Zh
irufh wkh rughu ri wkh fodvvhv wr eh xqltxh e| uhrughulqj wkh fodvvhv dffruglqj
wr wkhlu vl}hv= wkh �uvw fodvv lv dozd|v wkh odujhvw fodvv1 Lq OF idfwru dqdo|vlv/
wkh rughu ehwzhhq idfwruv lv edvhg rq wkh fodvvl�fdwlrq U0vtxduhg +odujhvw
�uvw,/ dqg wkh rughu ri wkh ohyhov ri hdfk idfwru lv vxfk wkdw wkh �uvw ohyho
lv odujhu wkdq wkh odvw ohyho1 Sdudphwhuv +�*v dqg �*v, lqyroylqj qrplqdo
yduldeohv duh lghqwl�hg e| xvlqj h�hfw ru DQRYD0w|sh frglqj/ zklfk phdqv
wkdw wkh| vxp wr }hur ryhu doo wkhlu lqglfhv1 Qrwh wkdw wkh Sdudphwhuv rxwsxw
dovr frqwdlqv wkh uhgxqgdqw � dqg � sdudphwhuv dqg wkhlu vwdqgdug huuruv1

9 Odwhqw Jrog*v Rxwsxw

Ehorz/ zh surylgh wkh qhfhvvdu| whfkqlfdo ghwdlov rq wkh txdqwlwlhv suhvhqwhg
lq wkh ydulrxv Odwhqw JROG rxwsxw vhfwlrqv= Vxppdu| Lqirupdwlrq iru d
Prgho/ Sdudphwhuv/ Sur�oh/ SurePhdqv/ Lwhudwlrq Ghwdlo/ Iuhtxhqflhv/ El0
yduldwh Uhvlgxdov/ dqg Fodvvl�fdwlrq1

914 Vxppdu| Lqirupdwlrq iru d Prgho

Wklv �uvw sduw ri wkh rxwsxw vhfwlrq uhsruwv wkh qxpehu ri fdvhv +Q,/ wkh wr0
wdo qxpehu ri uhsolfdwlrqv +lq uhjuhvvlrq prghov zlwk d fdvh LG,/ wkh qxpehu
ri hvwlpdwhg sdudphwhuv +qsdu,/ wkh qxpehu ri dfwlydwhg frqvwudlqwv +lq uh0
juhvvlrq prghov zlwk rughu uhvwulfwlrqv,/ wkh vhhg xvhg e| wkh svhxgr udqgrp
qxpehu jhqhudwru/ wkh vhhg ri wkh ehvw vwduw vhw/ dqg wkh vhhg xvhg e| wkh
errwvwuds surfhgxuh1 Wkh odvw sduw +Yduldeoh Ghwdlo, frqwdlqv lqirupdwlrq rq
wkh yduldeohv wkdw duh xvhg lq wkh dqdo|vlv1 Wkh rwkhu irxu sduwv 0 Fkl0vtxduhg
Vwdwlvwlfv/ Orj0olnholkrrg Vwdwlvwlfv/ Fodvvl�fdwlrq Vwdwlvwlfv/ dqg Suhglfwlrq
Vwdwlvwlfv 0 duh ghvfulehg lq pruh ghwdlo ehorz1

91414 Fkl0vtxduhg Vwdwlvwlfv

Lq OF prghov frqwdlqlqj rqo| glvfuhwh ghshqghqw ru lqglfdwru yduldeohv +qrp0
lqdo/ ruglqdo/ frxqw/ ru elqrpldo frxqw,/ wkh surjudp uhsruwv fkl0vtxduhg dqg
uhodwhg vwdwlvwlfv1 Wkh wkuhh uhsruwhg fkl0vtxduhg phdvxuhv duh wkh olnholkrrg0
udwlr fkl0vtxduhg vwdwlvwlf O

�
> wkh Shduvrq fkl0vtxduhg vwdwlvwlf [

�
/ dqg wkh
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Fuhvvlh0Uhdg fkl0vtxduhg vwdwlvwlf FU
�
1
� @ Ohw q M ghqrwh dq revhuyhg fhoo

hqwu|/ ep M dq hvwlpdwhg fhoo hqwu|/ L wkh qxpehu ri qrq0}hur revhuyhg fhoo
hqwulhv/ dqg Q wkh wrwdo vdpsoh vl}h1 Xvlqj wkhvh gh�qlwlrqv/ wkh fkl0vtxduhg
vwdwlvwlfv duh fdofxodwhg dv iroorzv=

O
�

' 2

�
[

M�� � q M *L} q M
ep M >
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�

'

�
[

M�� �
Eq M � �

ep M � Q>

FU
�

' �=H

�
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M�� � q M
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q M
ep M

� � 5 0
� �

&
=

Dq h{shfwhg fhoo hqwulhv ep M lv rewdlqhg e|=

ep M ' Q � Q iE) M m3 M >e&� ' Q � Q �E) M m3 M >e&�> +49,

l1h1/ wkh wrwdo qxpehu ri fdvhv zlwk wkh vdph fryduldwh ydoxhv dv uhvsrqvh
sdwwhuq l wlphv wkh hvwlpdwhg pxowlqrpldo suredelolw|1

Wkh revhuyhg fhoo frxqwv q M duh rewdlqhg e| jurxslqj lghqwlfdo fdvhv1
Zlwk uhsolfdwlrqv/ doo uhfrugv ri d fdvh kdyh wr eh frqvlghuhg1 Wkh revhuyhg
iuhtxhqf| wdeoh lv vhw xs e| jurxslqj fdvhv zlwk lghqwlfdo uhfrugv> wkdw lv/
shrsoh wkdw kdyh wkh vdph fryduldwh/ suhglfwru/ dqg h{srvxuh ydoxhv/ dqg
jlyh wkh vdph uhvsrqvhv1 Lq rughu wr rewdlq wkh fkl0vtxduhg vwdwlvwlfv/ zh
dovr qhhg wkh wrwdov ri wkh uhohydqw pxowlqrpldov/ zklfk duh ghqrwhg e| Q � Q 1
Wkh ixoo suhglfwru/ fryduldwh/ dqg h{srvxuh sdwwhuq gh�qhv wkh pxowlqrpldo
wr zklfk d fdvh ehorqjv1 Zkdw zh kdyh wr gr lv jurxs fdvhv zlwk lghqwlfdo
suhglfwru/ fryduldwh/ dqg h{srvxuh ydoxhv1 Wklv dprxqwv wr jurxslqj fdvhv
zlwkrxw wdnlqj lqwr dffrxqw wkhlu uhvsrqvhv1

Wkh hvwlpdwhg suredelolwlhv xqghu wkh vdwxudwhg prgho duh rewdlqhg e|
glylglqj wkh revhuyhg iuhtxhqflhv e| wkh fruuhvsrqglqj wrwdov1 O

�
fdq dovr

eh zulwwhq dv

O
�
' 2

�
[

M�� � q M *L} q M @Q � Q
�E) M m3 M >e&� (

� A
Iru d frpsdulvrq ri wkh shuirupdqfh ri wkhvh vwdwlvwlfv vhh Froolqv hw1 do1 +4<<6,1
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wkdw lv/ dv plqxv wzlfh wkh gl�huhqfh ri wkh orj0olnholkrrg ri wkh gdwd +@wkh
vdwxudwhg prgho, dqg wkh orj0olnholkrrg ri wkh prgho ri lqwhuhvw1

Ohw F � eh wkh wrwdo qxpehu ri gl�huhqw fryduldwh sdwwhuqv lq wkh gdwd vhw/
F &+' wkh qxpehu fdwhjrulhv ri | % / dqg qsdu wkh qxpehu ri sdudphwhuv lq wkh
prgho1

� D Wkh qxpehu ri ghjuhhv ri iuhhgrp lv gh�qhg e|

gi ' F �
#

\

%
F &�' � �

$
� qsdu=

Wkh fkl0vtxduhg ydoxhv zlwk wkh fruuhvsrqglqj gi |lhog wkh dv|pswrwlf s0
ydoxhv/ zklfk fdq eh xvhg wr ghwhuplqh zkhwkhu wkh vshfl�hg prgho �wv wkh
gdwd1

� G
Li wkh errwvwuds rswlrq lv xvhg/ wkh surjudp dovr surylghv wkh hvwlpdwhg

errwvwuds s0ydoxh fruuhvsrqglqj wr wkh O
�
vwdwlvwlf/ dv zhoo dv lwv vwdqgdug

huuru1 Wklv rswlrq lv hvshfldoo| xvhixo zlwk vsduvh wdeohv/ lq zklfk fdvh wkh
dv|pswrwlf s0ydoxhv fdqqrw eh wuxvwhg1

Wkh surjudp uhsruwv wkh Ed|hvldq Lqirupdwlrq Fulwhulxp +ELF,/ wkh
Dndlnh Lqirupdwlrq Fulwhulxp +DLF,/ dqg wkh Frqvlvwhqw Dndlnh Lqirupd0
wlrq Fulwhulxp +FDLF, edvhg rq wkh O

�
dqg gi / zklfk lv wkh pruh frpprq

irupxodwlrq lq wkh dqdo|vlv ri iuhtxhqf| wdeohv1 Wkh| duh gh�qhg dv

ELF 	�� ' O
� � *L}EQ� gi>

DLF 	�� ' O
� � 2 gi>

FDLF 	�� ' O
� � d*L}EQ� n �o gi=

Wkhvh lqirupdwlrq fulwhuld zhljk wkh �w dqg wkh sduvlprq| ri d prgho= wkh
orzhu ELF> DLF/ ru FDLF/ wkh ehwwhu wkh prgho1
�[F
D elqrpldo frxqw fdq wdnh rq d ydoxh ehwzhhq 3 dqg wkh wrwdo h{srvxuh W � 1 F �;� lv

wkhuhiruh htxdo wr W � . 41 D Srlvvrq frxqw fdq wdnh rq dq| ydoxh/ zklfk phdqv wkdw wkh
qxpehu ri fdwhjrulhv lv lq idfw lq�qlw|1 Krzhyhu/ zh vhw F �;� @ pd{+| � ,.5/ zklfk dprxqwv
wr wuhdwlqj doo ydoxhv wkdw duh odujhu wkdq wkh odujhvw revhuyhg vfruh dv d vlqjoh fdwhjru|1�[I

Zkhq wkhuh lv plvvlqj gdwd/ frpsxwdwlrq ri wkh qxpehu ri ghjuhhv ri iuhhgrp lv d
elw pruh frpsolfdwhg1 Lq wkdw fdvh/ zh kdyh wr frpsxwh d vhsdudwh whup ri wkh irup
F ��� +T � +F ��� , � �#� � 4, iru hdfk plvvlqj gdwd sdwwhuq u/ zkhuh � � � ghqrwhv zkhwkhu yduldeoh
| � lv revhuyhg ru qrw lq wkh plvvlqj gdwd sdwwhuq frqfhuqhg1 Wkh vxp ri wkhvh whupv plqxv
qsdu |lhogv gi 1 D vlplodu vlwxdwlrq dv zlwk plvvlqj gdwd rffxuv li fdvhv gl�hu zlwk uhvshfw
wr wkhlu qxpehu ri uhsolfdwlrqv ru wkhlu h{srvxuhv1
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91415 Orj0olnholkrrg Vwdwlvwlfv

Iru doo prghov/ zh uhsruw wkh ydoxhv ri wkh orj0olnholkrrg +*L}O,/ wkh orj0sulru
+*L} kE&��/ dqg orj0srvwhulru +*L}S, / zkhuh

*L}O '
[

M q M *L} iE) M m3 M >e&�>

*L}S ' *L}O n *L} kEe&�=

Lq dgglwlrq/ wkh Ed|hvldq Lqirupdwlrq Fulwhulxp +ELF,/ wkh Dndlnh Lqiru0
pdwlrq Fulwhulxp +DLF,/ dqg wkh Frqvlvwhqw Dndlnh Lqirupdwlrq Fulwhulxp
+DLF, edvhg rq wkh orj0olnholkrrg duh uhsruwhg1 Wkh odwwhu duh gh�qhg dv

ELF ^ `�aC� ' �2 *L}OnE*L}Q� qsdu>

DLF ^ `�aC� ' �2 *L}O n 2 qsdu>

FDLF ^ `�aC� ' �2 *L}On dE*L}Q� n �o qsdu=

91416 Fodvvl�fdwlrq Vwdwlvwlfv

Wklv vhw ri vwdwlvwlfv frqwdlqv lqirupdwlrq rq krz zhoo zh fdq suhglfw wr
zklfk odwhqw fodvv fdvhv ehorqj jlyhq wkhlu revhuyhg | dqg } ydoxhv/ ru/ lq
rwkhu zrugv/ krz zhoo wkh odwhqw fodvvhv duh vhsdudwhg1 Fodvvl�fdwlrq lv edvhg
rq wkh odwhqw fodvvl�fdwlrq ru srvwhulru fodvv phpehuvkls suredelolwlhv1 Iru
uhvsrqvh sdwwhuq l/ wkhvh duh fdofxodwhg dv iroorzv=

�E m3 M ) M > e&� ' �E m3 M > e&�iE) M m 3 M > e&�
iE) M m3 M >e&� = +4:,

Lq OF idfwru prghov zlwk vhyhudo idfwruv/ wkhvh duh dfwxdoo| mrlqw fodvvl�fdwlrq
suredelolwlhv iru doo M odwhqw yduldeohv dw rqfh1 Krzhyhu/ odwhqw fodvvl�fdwlrq
suredelolwlhv iru d vlqjoh odwhqw yduldeoh fdq eh rewdlqhg e| froodsvlqj wkhvh
mrlqw suredelolwlhv ryhu wkh rwkhu odwhqw yduldeohv> wkdw lv/

�E{� m3 M ) M > e&�= '
[
� �#���� �"�

�E m3 M ) M > e&�= +4;,

Wkhvh txdqwlwlhv duh xvhg wr frpsxwh wkh hvwlpdwhg sursruwlrq ri fodvvl�fd0
wlrqv huuruv +H� , iru hdfk odwhqw yduldeoh/ dv zhoo dv wkuhh U

�
0w|sh phdvxuhv=

wkh uhgxfwlrq ri fodvvl�fdwlrq huuru +U
��!� � U!U y U ,/ dq hqwurs| edvhg U

�
0w|sh phd0

vxuh iru qrplqdo yduldeohv +U
��!� �$� N U y P & ,/ dqg d �vwdqgdug� U

��!� �+� U M ��� O � 1 Hdfk ri
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wkhvh U
�
phdvxuhv lv edvhg rq wkh vdph nlqg ri uhgxfwlrq ri huuru vwuxfwxuh>

qdpho|/

U
�� ' huuruE{� ��huuruE{� m3 M ) M �

huuruE{� � =

zkhuh huuruE{� � lv wkh wrwdo huuru zlwkrxw xvlqj lqirupdwlrq rq 3 M / dqg ) M /
dqg huuruE{� m3 M ) M � wkh huuru li zh xvh doo dydlodeoh lqirupdwlrq iurp fdvh l1 Lq
U
��!� � U!U y U /

huuruE{� � ' � � 4@ �E{� me&�>
huuruE{� m3 M ) M � ' H� ' [

M
q M
Q

k
� � 4@ �E{� m3 M ) M > e&�

l
>

lq U
��!� �$� N U y P & /

huuruE{� � ' �
[
�"� �E{� me&� *L} �E{� me&�>

huuruE{� m3 M ) M � ' �
[

M
q M
Q

[
�"� �E{� m3 M ) M > e&� *L} �E{� m3 M ) M > e&�>

dqg lq U
���� ��� U M �;� O � >

huuruE{� � '
[
�"� dy �"� � eHE{� �o � �E{� me&�>

huuruE{� m3 M ) M � '
[

M
q M
Q

[
��� dy �"� � eHE{� �o � �E{� m3 M ) M > e&�=

Khuh/ y � � ghqrwhv d �{hg fdwhjru| vfruh iru wkh mwk odwhqw yduldeoh dqg eHE{� �
lwv phdq1

Lq wkh foxvwhu dqg uhjuhvvlrq prgho/ wkh odwhqw yduldeoh lv d qrplqdo ydul0
deoh1 Wkh gh�qlwlrq ri U

��!� �+� U M ��� O � lv wkhuhiruh edvhg rq wkh txdolwdwlyh yduldqfh+Pdjlgvrq/ 4<;4,> wkdw lv/

huuruE{� � '
[
��� d� � �E{� me&�o�E{� me&�>

huuruE{� m3 M ) M � '
[

M
q M
Q

[
�"� d� � �E{� m3 M ) M > e&�o �E{� m3 M ) M > e&�>

zklfk |lhogv d U
��!� ��� U M �;� O � ri wkh irup ri d Jrrgpdq dqg Nuxvndo wdx0e1
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Wkh Dyhudjh Zhljkw ri Hylghqfh +DZ H� fulwhulrq dggv d wklug glphq0
vlrq wr wkh lqirupdwlrq fulwhuld ghvfulehg deryh1 Lw zhljkv �w/ sduvlprq|/
dqg wkh shuirupdqfh ri wkh fodvvl�fdwlrq +Edq�hog dqg Udiwhu|/ 4<<6,1 Wklv
phdvxuh xvhv wkh vr0fdoohg fodvvl�fdwlrq orj0olnholkrrg/ zklfk lv htxlydohqw wr
wkh frpsohwh gdwd orj0olnholkrrg *L}O O / l1h1/

*L}O O ' [

M
[

 q M 
 *L} �E m3 M > &�iE) M m 3 M > &�=

DZ H fdq qrz eh gh�qhg dv

DZ H ' �2 *L}O O n 2

�
�

2
n *L}Q

�
qsdu=

Wkh orzhu DZ H/ wkh ehwwhu d prgho1

91417 Suhglfwlrq Vwdwlvwlfv

Lq wkh uhjuhvvlrq prgho/ zh kdyh d vhfwlrq fdoohg suhglfwlrq vwdwlvwlfv1 Wkhvh
duh edvhg rq wkh frpsdulvrq ehwzhhq revhuyhg dqg suhglfwhg | MSN ydoxhv1 Wkh
suhglfwhg ydoxh ri wkh ghshqghqw yduldeoh jlyhq wkh prgho sdudphwhuv dqg wkh
suhglfwru dqg fryduldwh ydoxhv ri lqglylgxdo l dw uhsolfdwlrq w/ e| M�N / lv gh�qhg
dv wkh zhljkwhg dyhudjh ri wkh fodvv0vshfl�f h{shfwhg ydoxhv HE| MSN m{> 3 M > e&�1
Lq rwkhu zrugv/

e| MSN ' HE| MSN m3 M > e&� '
[
�*� �E{m3 M ) M > e&�HE| MSN m{> 3 M > e&�=

Dv fdq eh vhhq/ shuvrq l*v srvwhulru phpehuvkls suredelolwlhv vhuyh dv zhljkwv1
Wklv |lhogv srvwhulru0phdq ru h{shfwhg d srvwhulrul suhglfwhg ydoxhv1

Wkh prvw qdwxudo suhglfwhg ydoxh iru ruglqdo/ frqwlqxrxv/ dqg frxqw ydul0
deohv lv wkh hvwlpdwhg h{shfwhg ydoxh suhvhqwhg deryh1 Iru qrplqdo yduldeohv/
wklv wkh prgh1 Dv vkrzq ehorz/ huuru phdvxuhv iru fdwhjrulfdo yduldeohv pd|/
krzhyhu/ dovr eh edvhg rq wkh hvwlpdwhg suredelolwlhv lqvwhdg ri d vlqjoh suh0
glfwhg ydoxh1 Iru fdwhjrulfdo ghshqghqw yduldeohv/ zh uhsruw d suhglfwlrq wdeoh
furvv0fodvvli|lqj revhuyhg dqg suhglfwhg ydoxhv edvhg rq prgdo dvvljqphqw1

Wkh dyhudjh suhglfwlrq huuru fdq eh gh�qhg lq ydulrxv zd|v1 Zh lpsoh0
phqwhg phdvxuhv edvhg rq vtxduhg huuru +PVH,/ plqxv wkh orj0olnholkrrg
+�POO,/ devroxwh huuru +PDH,/ dqg/ iru fdwhjrulfdo yduldeohv/ dovr wkh sur0
sruwlrq ri suhglfwlrqv huuruv +S S H,1 Wkh ydulrxv w|shv ri huuru phdvxuhv fdq
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eh ghqrwhg e| wkh jhqhulf qdph Huuru+prgho,1 H{fhsw iru qrplqdo ghshqghqw
yduldeohv/ frpsxwdwlrq ri PVH dqg PDH lv vwudljkwiruzdug=

PVH '

S M fz M S N uz MSN d| MSN � e| MSN o �S M fz M S N uz MSN
PDH '

S M fz M S N uz MSN m| MSN � e| MSN mS M fz M S N uz MSN
Khuh/ fz M dqg uz MSN ghqrwh fdvh dqg uhsolfdwlrq zhljkwv1 Iru qrplqdo yduldeohv/
d| MSN �e| MSN o � dqg m| MSN �e| MSN m duh uhsodfhg e| d vxp ryhu doo fdwhjrulhv=

S �
dL
�
E| MSN ��

�E| MSN ' tm3 M �o � dqg S � mL
�
E| MSN ���E| MSN ' tm3 M �m/ zkhuh lqglfdwru yduldeoh L

�
E| MSN �

htxdov 4 li | MSN ' t dqg rwkhuzlvh 31 Wkh phdq plqxv orj0olnholkrrg +�POO,
lv rewdlqhg xvlqj e| MSN dv h{shfwhg ydoxh lq wkh dssursuldwh orj ghqvlw| ixqfwlrq1
Djdlq/ zh wdnh wkh dyhudjh ryhu doo fdvhv dqg uhsolfdwlrqv1 Pruh suhflvho|/

�POO ' �
S M fz M S N uz MSN *L} i d| MSN me| MSN oS M fz M S N uz MSN =

Zlwk fdwhjrulfdo yduldeohv/ zh uhsodfh *L} i d| MSN me| MSN o e| S �
L
�
E| MSN � *?d�E| MSN '

tm3 M �o=
Wkh jhqhudo gh�qlwlrq ri wkh +svhxgr, U

�
ri dq hvwlpdwhg prgho lv wkh

uhgxfwlrq ri huuruv frpsduhg wr wkh huuruv ri d edvholqh prgho1 Pruh suhflvho|/

U
�
'

Huuru+edvholqh, � Huuru+prgho,

Huuru+edvholqh,
=

Rxu edvholqh suhglfwlrq/ e| � / lv wkh dyhudjh suhglfwhg ydoxh dffruglqj wr wkh
vshfl�hg prgho> wkdw lv/

e| � '
S M fz M S N uz MSN e| MSNS M fq M S N uz MSN =

Qrwlfh wkdw lq prvw vlwxdwlrqv/ e| � lv vlpso| wkh revhuyhg vdpsoh phdq/ ru wkh
suhglfwhg ydoxh lq wkh lqwhufhsw0rqo| prgho1 Wklv lv/ krzhyhu/ qrw qhfhvvdulo|
wkh fdvh zkhq uhvwulfwlrqv duh lpsrvhg rq wkh lqwhufhsw1

915 Sdudphwhuv

Lq wkh rxwsxw vhfwlrq Sdudphwhuv/ wkh surjudp uhsruwv wkh hvwlpdwhv iru wkh
� dqg � sdudphwhuv dsshdulqj lq wkh olqhdu suhglfwruv � dqg wkh huuru ydul0
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dqfhv dqg fryduldqfhv �> dv zhoo dv wkh fruuhvsrqglqj hvwlpdwhg dv|pswrwlf
vwdqgdug huuruv/ evhE��/ evhE��/ dqg evhE��1

Wkh vljql�fdqfh ri vhwv ri sdudphwhuv fdq eh whvwhg e| phdqv ri wkh
uhsruwhgZdog vwdwlvwlf odehohg Zdog1 Lq OF uhjuhvvlrq prghov/ zh dovr uhsruw
d Zdog vwdwlvwlf odehohg Zdog+@,1 Wklv vwdwlvwlf whvwv zkhwkhu uhjuhvvlrq
frh!flhqwv fdq eh dvvxphg wr eh htxdo ehwzhhq fodvvhv +fodvv0lqghshqghqw,1
Wkh jhqhudo irupxod iru d Zdog vwdwlvwlf +Z

�
, lv

Z
�
'

�
�
�
&

� 7 �
�
� eO 4 � �

� 4 � �
�
�
&

�
>

zkhuh wkh whvwhg vhw ri olqhdu frqvwudlqwv lv= �
�
& ' f1 Wkh Zdog whvw

lv d fkl0vtxduhg whvw1 Lwv qxpehu ri ghjuhhv ri iuhhgrp htxdov wkh qxpehu
ri frqvwudlqwv1 Frpsxwdwlrq ri vwdqgdug huuruv dqg Zdog vwdwlvwlfv fdq eh
vxssuhvvhg1 Wklv rswlrq pd| eh xvhixo lq prghov zlwk pdq| sdudphwhuv1

Lq wkh OF uhjuhvvlrq prgho/ wkh sdudphwhuv rxwsxw frqwdlqv fodvv0vshfl�f
U
�
ydoxhv edvhg rq PVH +vhh dovr suhglfwlrq vwdwlvwlfv,1 Lq wkh frpsxwdwlrq

ri wkh fodvv0vshfl�f huuruv/ hdfk revhuyhg ydoxh | MSN lv frpsduhg zlwk wkh fodvv0
vshfl�f suhglfwlrq jlyhq e| wkh prgho/ HE| MSN m{�1 Wkh srvwhulru phpehuvkls
suredelolwlhv �E{m3 M >) M > e&� txdqwli| wkh frqwulexwlrq fdvh l wr wkh huuru ri
fodvv {1 Pruh suhflvho|/ PVH � lv rewdlqhg dv

PVH � '
S M fz M �E{m3 M >) M > e&�S N uz MSN d| MSN � HE| MSN m{�o �

S M fz M �E{m3 M >) M > e&�
S N uz MSN =

Vlploduo| wr wkh ryhudoo U
�
/ lq wkh frpsxwdwlrq ri hdfk fodvv0vshfl�f U

�
/

zh xvh wkh dyhudjh HE| MSN m{� wr ghulyh d edvholqh huuru1
Zh dovr uhsruw wkh phdqv dqg vwdqgdug ghyldwlrqv ri wkh uhjuhvvlrq frh!0

flhqwv1 Wkhvh duh wkh w|slfdo �{hg dqg udqgrp h�hfwv lq pxowlohyho/ pl{hg/ ru
udqgrp0frh!flhqw prghov1 Wkh phdq htxdov

S � �E �e� � / dqg wkh vwdqgdug

ghyldwlrq

u
S � �E �Ee� � � � �

kS � �E �e� �
l �
1

Wkh sdudphwhuv rxwsxw lq wkh foxvwhu dqg idfwru prghov frqwdlqv d vhs0
dudwh U

�
ydoxh iru hdfk lqglfdwru1 Wkhvh duh vlplodu wr h{sodlqhg yduldqfhv

lq dqdo|vlv ri yduldqfh dqg lwhp frppxqdolwlhv lq wudglwlrqdo idfwru dqdo|vlv1
Iru wkh vfdoh w|shv ruglqdo/ frqwlqxrxv/ dqg frxqw/ wkhvh duh vwdqgdug h{0
sodlqhg yduldqfhv> wkdw lv/ wkh| duh gh�qhg dv wkh udwlr ri wkh ehwzhhq0fodvv
dqg wrwdo yduldwlrq ri wkh | yduldeoh frqfhqhg1 Iru qrplqdo lqglfdwruv/ wkh U

�
lv edvhg rq wkh txdolwdwlyh yduldqfh/ zklfk lv wkh vxp ri wkh fdwhjru|0vshfl�f
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yduldqfhv +vhh fodvvl�fdwlrq vwdwlvwlfv,/ |lhoglqj d Jrrgpdq dqg Nuxvndo wdx0
e phdvxuh1

916 Sur�oh

Wkh Sur�oh rxwsxw frqwdlqv wudqvirupdwlrqv ri wkh � dqg � sdudphwhuv wkdw
pdnh wkh lqwhusuhwdwlrq ri wkh uhvxowv vrphzkdw hdvlhu1 Iluvw/ zh uhsruw wkh
hvwlpdwhg pdujlqdo odwhqw suredelolwlhv ru fodvv vl}hv iru hdfk odwhqw yduldeoh/
e�E{� �/ zklfk duh rewdlqhg dv iroorzv=

e�E{� � ' [
�

[
� ���!�� �"�

Q �
Q

e�E m3�=

Khuh/ Q � ghqrwhv wkh qxpehu ri fdvhv zlwk fryduldwh sdwwhuq 3= Lq idfwru/ zh
dovr surylgh wkh mrlqw pdujlqdo glvwulexwlrq ri doo odwhqw idfwruv1

Wkh vhfrqg sduw ri wkh Sur�oh rxwsxw frqwdlqv sduwldo frqglwlrqdo phdqv
ru suredelolwlhv iru hdfk | % 0{� frpelqdwlrq1 Wkhvh vkrz wkh vwuhqjwk ri wkh
h�hfwv ri wkh odwhqw yduldeohv rq wkh ghshqghqw ru lqglfdwru yduldeohv xvlqj
d pruh qdwxudo vfdoh> wkdw lv/ ghshqglqj rq wkh vfdoh w|sh ri wkh | yduldeoh=
suredelolwlhv/ Srlvvrq udwhv/ ru qrupdo phdqv1 Lq wkh idfwru prgho/ wkh Sur�oh
rxwsxw dovr frqwdlqv mrlqw sduwldo frqglwlrqdo phdqv ru suredelolwlhv iru hdfk
lqglfdwru1

Iru qrplqdo dqg ruglqdo | yduldeohv/ wkh olqhdu whup xvhg wr rewdlq wkh
sduwldo frqglwlrqdo suredelolwlhv e�E| % m{� �P � U N�M �+� htxdov

e� P � U N�M �+�&�' � �"� ' e�
� P � U N�M �+�&�' n e�

�
&�' � � � =

Khuh/ e�
�
&�' � �"� lv wkh h�hfw wkdw zh zdqw wr wudqvirup wr d suredelolw| vfdoh1

Wkh lqwhufhsw whup e�
� P � U N�M �+�&�' frqwdlqv wkh pdlq h�hfw e�

�
&�' > dv zhoo dv doo wkh

rwkhu � whupv iru | % hydoxdwhg dw wkh phdq ri wkh rwkhu yduldeoh hqwhulqj lq
wkh whup frqfhuqhg1 Zkhq wkh rwkhu yduldeoh lv qrplqdo/ wkh whup frqfhuqhg
lv vlpso| rplwwhg1

Wkh uhvxowlqj sduwldo frqglwlrqdo suredelolwlhv vkrz wkh h�hfw ri {� rq | %
rq d suredelolw| vfdoh iru d shuvrq zlwk dyhudjh ydoxhv rq doo rwkhu yduldeohv
dsshdulqj lq wkh prgho iru | % 1 Qrwh wkdw lq prghov zlwk d vlqjoh odwhqw
yduldeoh/ zlwkrxw h�hfwv ri fryduldwhv rq | % / dqg zlwkrxw orfdo ghshqghqflhv
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lqyroylqj | % > wkh uhvxowlqj sduwldo frqglwlrqdo suredelolwlhv htxdo wkh frqgl0
wlrqdo suredelolwlhv dsshdulqj lq wkh prgho= e�E| % m{� �P � U N�M ��� ' e�E| % m{� �= Wklv
dovr dssolhv wr wkh mrlqw sduwldo frqglwlrqdo suredelolwlhv lq wkh idfwru prgho1

Iru frqwlqxrxv lqglfdwruv/ zh uhsruw wkh qrupdo phdqv e�Enm{� �P � U N�M ��� / iru
frxqwv/ wkh Srlvvrq udwhv e�Enm{� �P � U N�M �+� / dqg iru elqrpldo frxqwv/ wkh vxffhvv
suredelolwlhv e�Enm{� �P � U N�M �+� 1 Wkhvh duh edvhg rq olqhdu whupv ri wkh irup

e� P � U N�M �+�% � �"� ' e�
� P � U N�M �+�% n e�

�
% � ��� =

Dovr +mrlqw, pdujlqdo frqglwlrqdo phdqv ru suredelolwlhv duh surylghg1
Wkhvh duh rewdlqhg xvlqj wkh uhohydqw prgho suredelolwlhv dqg phdqv/ dqg
djjuhjdwlqj ryhu wkh rwkhu yduldeohv lqyroyhg lq wkh prgho iru wkh | ydul0
deoh frqfhuqhg1 Wr vkrz krz wkhvh duh rewdlqhg/ ohw xv frqvlghu rqh ri wkh
pruh frpsolfdwhg fdvhv1 Vxssrvh zh kdyh d OF idfwru prgho zlwk frydul0
dwhv kdylqj gluhfw h�hfwv rq lqglfdwruv dqg zlwk d orfdo ghshqghqf| ehwzhhq
qrplqdo lqglfdwruv | � dqg | � 1 Wkh pdujlqdo suredelolw| e�E| � m{� � lv rewdlqhg
dv iroorzv=

e�E| � m{� � '
S � S � ���!�� �"� S& �

�o�� e�E m3�e�E| � | � m 3�
e�E{� � =

Dv fdq eh vhhq/ �uvw zh frpsxwh wkh mrlqw suredelolwlhv ri | � / | � /  / dqg 3/
froodsvh wkhvh ryhu doo rwkhu yduldeohv/ dqg glylgh wkh uhvxow e| wkh pdujlqdo
suredelolwlhv ri wkh odwhqw yduldeoh+v, frqfhuqhg1

Vwdqgdug huuruv iru wkh +mrlqw, pdujlqdo odwhqw suredelolwlhv/ dqg wkh
+mrlqw, sduwldo dqg pdujlqdo phdqv duh frpsxwhg e| phdqv ri wkh ghowd
phwkrg +vhh htxdwlrq 48,1

Odwhqw JROG 613 dovr surylghv Sur�oh rxwsxw iru fryduldwhv1 Wklv lv
qrw frpsxwhg xvlqj wkh prgho suredelolwlhv dqg phdqv dv iru lqglfdwruv dqg
ghshqghqw yduldeohv/ exw iurp wkh srvwhulru phpehuvkls suredelolwlhv1 Zh
frpsxwh wkh suredelolw| ri kdylqj d fhuwdlq fryduldwh ydoxh jlyhq fodvv php0
ehuvkls e| djjuhjdwlqj dqg uh0vfdolqj srvwhulru phpehuvkls suredelolwlhv1
Sur�oh rxwsxw iru fryduldwhv lv/ lq idfw/ uh0vfdohg SurePhdqv rxwsxw +iru
pruh ghwdlov/ vhh Surephdqv rxwsxw ehorz,1

Wkh +mrlqw, sduwldo dqg pdujlqdo frqglwlrqdo phdqv duh sorwwhg lq wkh
Sur�oh Sorw1 Wklv pdnhv lw hdv| wr lghqwli| gl�huhqfhv ehwzhhq foxvwhuv/
fodvvhv/ ru ohyhov ri idfwruv1
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917 SurePhdqv

Wkh Sur�oh rxwsxw jlyhv wkh frqglwlrqdo glvwulexwlrq ri d | yduldeoh jlyhq dq
lqglylgxdo*v vfruh rq d odwhqw yduldeoh1 Krzhyhu/ lw pd| dovr eh ri lqwhuhvw wr
orrn dw wkh glvwulexwlrq ri wkh odwhqw yduldeoh iru d fhuwdlq ohyho ri dq revhuyhg
yduldeoh1 Phdvxuhv ri wkhvh nlqgv dsshdu lq wkh SurePhdqv rxwsxw dqg wkh
dvvrfldwhg Xql0/ El0/ dqg Wul0Sorwv1

Wkh suredelolw| ri ehlqj fodvvl�hg lq d fhuwdlq odwhqw fodvv jlyhq d shuvrq*v
vfruh rq d } yduldeoh 0 e�E{� m}� � 0 ru | yduldeoh 0 e�E{� m| % � 0 fdq eh rewdlqhg
e| djjuhjdwlqj dqg froodsvlqj wkh odwhqw fodvvl�fdwlrq suredelolwlhv gh�qhg
lq htxdwlrq +4;, lq wkh dssursuldwh pdqqhu1 Pruh suhflvho|/

e�E{� m| % � ' [
��� � & Q ' � &�'

�E{� m3 M ) M > e&�q M @Q &�' =

Khuh/ Q &+' ghqrwhv wkh wrwdo qxpehu ri shuvrqv lq ohyho | % ri lqglfdwru n1 D
vlplodu irupxod fdq eh xvhg wr rewdlq wkh suredelolwlhv iru wkh fryduldwhv/
e�E{� m} � �1

Lq OF foxvwhu dqg uhjuhvvlrq prghov/ wkh deryh fodvv phpehuvkls sure0
delolwlhv duh sorwwhg lq Xql0 dqg Wul0sorwv +Yhupxqw dqg Pdjlgvrq 5333>
Pdjlgvrq dqg Yhupxqw/ 5334,1 Vlplodu sorwv kdyh ehhq sursrvhg e| Ydq ghu
Dun dqg Ydq ghu Khlmghq +4<<;, dqg Ydq ghu Khlmghq/ Jloxod/ dqg Ydq ghu
Dun +4<<<, iru vwdqgdug OF dqg odwhqw exgjhw prghov1

Lq OF idfwru prghov/ zh zrun zlwk idfwru phdqv udwkhu wkdq fodvv php0
ehuvkls suredelolwlhv> wkdw lv/

eHE{� m| % � ' [
�"� y � � e�E{� m| % �=

Khuh y �"� lv wkh fdwhjru| vfruh ri d ohyho ri wkh mwk idfwru1 Wkh vdph irupxod
fdq eh xvhg wr rewdlq d idfwru phdq iru d fhuwdlq fryduldwh ohyho1 Qrwh
wkdw lq OF idfwru dqdo|vlv zh xvh vfruhv udqjlqj iurp 3 dqg 4 iru wkh idfwru
ohyhov1 Wklv lpsolhv wkdw zlwk d glfkrwrprxv idfwru/ d idfwru phdq htxdov wkh
suredelolw| ri ehlqj lq ohyho +fodvv, 51

Wkh idfwru phdqv iru hdfk fryduldwh ohyho dqg iru hdfk lqglfdwru ohyho
duh sorwwhg lq wkh Xql0 dqg El0sorwv ri rxu OF idfwru prghov +Yhupxqw dqg
Pdjlgvrq 5333> Pdjlgvrq dqg Yhupxqw/ 5334,1

D qlfh ihdwxuh ri wkh SurePhdqv rxwsxw lv wkdw lw ghvfulehv wkh uhodwlrq0
vklsv ehwzhhq wkh odwhqw yduldeoh+v, dqg doo yduldeohv vhohfwhg dv lqglfdwruv
ru fryduldwhv1 Wklv phdqv wkdw hyhq li d fhuwdlq fryduldwh h�hfw lv �{hg wr
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}hur/ rqh rewdlqv lwv SurePhdqv lqirupdwlrq1 Wklv ihdwxuh lv h{sorlwhg lq
wkh �lqdfwlyh fryduldwhv phwkrg�1 Dq dgydqwdjh ri zrunlqj zlwk lqdfwlyh
fryduldwhv lv wkdw wkh| gr qrw lq xhqfh wkh rewdlqhg vroxwlrq1

918 Iuhtxhqflhv

Odwhqw JROG uhsruwv revhuyhg dqg hvwlpdwhg fhoo iuhtxhqflhv +q M dqg ep M ,/
dv zhoo dv vwdqgdugl}hg uhvlgxdov +eu M ,/ li doo wkh | yduldeohv duh glvfuhwh> wkdw
lv/ lq OF foxvwhu dqg idfwru prghov zlwk lqglfdwruv wkdw duh qrplqdo/ ruglqdo/
ru frxqwv dqg lq OF uhjuhvvlrq prghov zlwk d ghshqghqw yduldeoh wkdw lv
qrplqdo/ ruglqdo/ ru d +Srlvvrq2elqrpldo, frxqw1 Wklv lv dovr wkh vlwxdwlrq
lq zklfk fkl0vtxduhg vwdwlvwlfv duh surylghg1

Wkh gh�qlwlrq ri wkh hvwlpdwhg fhoo hqwulhv zdv jlyhq lq htxdwlrq +49,1
Wkh vwdqgdugl}hg uhvlgxdov duh gh�qhg dv

eu M ' q M � ep Ms
ep M =

Qrwh wkdw Eeu M � � lv fhoo l*v wkh frqwulexwlrq wr wkh [
�
vwdwlvwlf1

919 Elyduldwh Uhvlgxdov

Dv zdv h{sodlqhg zkhq suhvhqwlqj wkh ydulrxv w|shv ri OF prghov lpsoh0
phqwhg lq Odwhqw JROG/ rqh ri wkh pdlq dvvxpswlrqv lq OF dqdo|vlv lv wkh
orfdo lqghshqghqfh dvvxpswlrq1 Wkh uhsruwhg elyduldwh uhvlgxdov iru }0| dqg
|0| sdluv surylgh yhu| gluhfw fkhfnv iru wklv dvvxpswlrq1 Wkh| lqglfdwh krz
vlplodu wkh hvwlpdwhg dqg revhuyhg elyduldwh dvvrfldwlrqv duh1 Wkh phdvxuhv
fdq eh lqwhusuhwhg dv orzhu erxqg hvwlpdwhv iru wkh lpsuryhphqw lq �w +O

�
ru

�2 *L}O, li wkh fruuhvsrqglqj orfdo lqghshqghqfh frqvwudlqwv zhuh uhod{hg1
� H

Dfwxdoo|/ wkhvh phdvxuhv/ zklfk duh vrphwlphv uhihuuhg wr dv prgl�fdwlrq
lqglfhv/ duh Odjudqjh0w|sh fkl0vtxduhg vwdwlvwlfv1 Olnholkrrg0udwlr vwdwlvwlfv
frpsduh wkh orj0olnholkrrg ydoxhv ri d uhvwulfwhg dqg dq xquhvwulfwhg prgho/
Zdog vwdwlvwlfv hvwlpdwh wkh ghfuhdvh ri wkh orj0olnholkrrg ydoxh li frqvwudlqwv
duh lpsrvhg lq wkh xquhvwulfwhg prgho/ dqg Odjudqjh0pxowlsolhu vwdwlvwlfv
hvwlpdwh wkh lqfuhdvh ri wkh orj0olnholkrrg ydoxh li frqvwudlqwv duh uhod{hg lq
�#J
Vlplodu exw qrw frpsohwho| htxlydohqw dssurdfkhv iru ghwhfwlqj orfdo ghshqghqflhv

kdyh ehhq sursrvhg e| Eduwkrorphz dqg W}dprxudql +4<<<,/ Uhlvhu +4<<9,/ Uhlvhu dqg
Olq +4<<<,/ dqg Jodv +4<<<,1
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wkh uhvwulfwhg prgho ru/ htxlydohqwo|/ li sdudphwhuv duh dgghg wr wkh uhvwulfwhg
prgho +Exvh/ 4<;5,1 Hyhq wkrxjk wkh elyduldwh uhvlgxdov uhsruwhg lq Odwhqw
JROG duh vlplodu wr Odjudqjh0pxowlsolhu whvwv/ wkh| duh qrw h{dfwo| wkh
vdph ehfdxvh wkh| gr qrw wdnh lqwr dffrxqw wkh ghshqghqflhv ehwzhhq wkh
sdudphwhuv lq wkh uhvwulfwhg prgho dqg wkh qhz vhw1

Vxssrvh wkdw d sduwlfxodu orfdo ghshqghqf| frqwdlqv U sdudphwhuv gh0
qrwhg e| &

� y O �+�U 1 Wkh jhqhudo irupxod iru rxu Odjudqjh0w|sh uhvlgxdov lv=

W
�
'

�

U

�
[

U � �
�

C *L}S
C&

� y O ���U

� �
@

�
C
�
*L}S

C � & � y O ���U

�
=

Wkxv/ iru hdfk ri wkh U sdudphwhuv/ zh frpsxwh wkh �uvw0 dqg vhfrqg0rughu
ghulydwlyh ri wkh orj0srvwhulru1 Ghshqghqflhv ehwzhhq wkh sdudphwhuv lq d
vhw/ dv zhoo dv zlwk wkh pdlq h�hfwv/ duh ghdow zlwk e| lqfoxglqj uhgxqgdqw
sdudphwhuv lq d vhw1 Wr ixuwkhu uhgxfh wkh frpsxwdwlrqdo exughq/ lq vrph vlw0
xdwlrqv/ zh xvh dq dssur{lpdwlrq iru wkh vhfrqg0rughu ghulydwlyhv1 Qrwh wkdw
ehfdxvh ri wkh idfwru

�� / wkh phdvxuh vkrxog eh lqwhusuhwhg dv wkh hvwlpdwhg
prgho �w lpsuryhphqw shu h{wud sdudphwhu1

Odwhqw JROG uhsruwv }0| uhvlgxdov iru doo w|shv ri | yduldeohv1 Wkhvh
duh edvhg rq wkh +xquhvwulfwhg, �

�&�' �! whupv1 Wkh |0| uhvlgxdov iru sdluv ri

fdwhjrulfdo +qrplqdo ru ruglqdo, yduldeohv duh edvhg rq �
�&�'!& ' � whupv/ dqg

iru sdluv ri frqwlqxrxv yduldeohv rq wkh huuru fryduldqfhv � %+% � 1 Iru sdluv ri
Srlvvrq frxqwv/ zh fxuuhqwo| gr qrw kdyh elyduldwh uhvlgxdov1

Ilqdoo|/ |0| uhvlgxdov ehwzhhq yduldeohv ri gl�huhqw vfdoh w|shv duh uh0
sruwhg1 Uhvlgxdov iru fdwhjrulfdo0frqwlqxrxv sdluv dvvxph wkdw wkh fdwhjrul0
fdo yduldeoh lv xvhg dv d fryduldwh lq wkh prgho iru wkh frqwlqxrxv yduldeoh1
Wkh vdph phwkrg lv xvhg lq wkh fdvh ri sdluv frqvlvwlqj ri d fdwhjrulfdo dqg
d Srlvvrq yduldeoh1 Dv zdv h{sodlqhg lq wkh vxevhfwlrq rq OF foxvwhu prghov
iru pl{hg prgh gdwd/ wkhvh nlqgv ri orfdo ghshqghqflhv fdq rqo| eh lqfoxghg
lq dq lqgluhfw pdqqhu lq wkh prgho1 Frqwlqxrxv0Srlvvrq uhvlgxdov duh qrw
uhsruwhg1

91: Fodvvl�fdwlrq dqg Uhodwhg Rxwsxw

Wkh Fodvvl�fdwlrq rxwsxw vhfwlrq frqwdlqv wkh fodvvl�fdwlrq lqirupdwlrq iru
hdfk uhvsrqvh sdwwhuq l1 Fodvvl�fdwlrq lv edvhg rq wkh odwhqw fodvvl�fdwlrq ru
srvwhulru fodvv phpehuvkls suredelolwlhv ghvfulehg htxdwlrq +4;,1
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Lq OF foxvwhu prghov dqg OF uhjuhvvlrq prghov/ zh kdyh rqo| rqh od0
whqw yduldeoh/ zklfk phdqv wkdw zh fdq dovr ghqrwh wkhvh suredelolwlhv e|
�E{ � m3 M ) M > e&�= Wkhvh txdqwlwlhv fdq gluhfwo| eh xvhg wr ghwhuplqh zklfk fodvv
vrphrqh ehorqjv wr1 Pruh suhflvho|/ vxemhfwv duh dvvljqhg wr wkh odwhqw fodvv
zlwk wkh kljkhvw odwhqw fodvvl�fdwlrq suredelolw|1 Wklv phwkrg ri dvvljqphqw
lv vrphwlphv uhihuuhg wr dv hpslulfdo Ed|hv prgdo +HEP, ru prgdo d srvwh0
ulrul +PDS, hvwlpdwlrq +Vnurqgdo/ 4<<9,1

Lq OF idfwru prghov/ wkhuh pd| eh pruh wkdw rqh odwhqw yduldeoh1 Lq
dgglwlrq/ wkh idfwruv duh ruglqdo ru glvfuhwh lqwhuydo yduldeohv wkdw fdq eh
xvhg dv dssur{lpdwlrqv ri frqwlqxrxv odwhqw yduldeohv zlwk xqnqrzq glvwul0
exwlrqv1 Wkhuhiruh/ lq OF idfwru prghov/ Odwhqw JROG qrw rqo| uhsruwv wkh
fodvvl�fdwlrq suredelolwlhv dqg wkh prgdo doorfdwlrq iru hdfk idfwru/ exw dovr
wkh idfwru vfruhv ru idfwru phdqv1 Wkh idfwru vfruhv iru uhvsrqvh sdwwhuq l
duh rewdlqhg e|

HE{� m3 M ) M > e&� '
[
� � y �"� �E{� m3 M ) M > e&�=

Khuh/ y �"� ghqrwh wkh fdwhjru| vfruhv +udqjlqj iurp 3 wr 4, iru wkh ohyhov
ri wkh odwhqw yduldeoh frqfhuqhg1 Idfwru vfruhv frpsxwhg lq wklv pdqqhu duh
vrphwlphv uhihuuhg wr dv hpslulfdo Ed|hv +HE, ru h{shfwhg d srvwhulru +HDS,
hvwlpdwruv +Vnurqgdo/ 4<<9,1

Fodvvl�fdwlrq fdq dovr eh edvhg rq fryduldwhv rqo|1 Wklv lqyroyhv xvlqj wkh
prgho suredelolwlhv �E m3 M > e&�/ vrphwlphv uhihuuhg wr dv sulru suredelolwlhv/
dv fodvvl�fdwlrq suredelolwlhv1 Wkh vdph fodvvl�fdwlrq uxohv fdq eh dssolhg dv
zlwk wkh srvwhulru fodvv phpehuvkls suredelolwlhv1

Dq lvvxh uhodwhg wr fodvvl�fdwlrq lv wkh hvwlpdwlrq ri lqglylgxdo uhjuhv0
vlrq frh!flhqwv1 Wkh srvwhulru0phdq ru h{shfwhg d srvwhulrul hvwlpdwh ri d
sduwlfxodu uhjuhvvlrq frh!flhqw iru fdvh l lv gh�qhg dv iroorzv=

e� M '
[
� �E m3 M ) M > e&�e� � (

wkdw lv/ dv d zhljkwhg dyhudjh ri wkh fodvv0vshfl�f frh!flhqwv1 Wkhvh hv0
wlpdwhv duh vlplodu wr wkh lqglylgxdo frh!flhqwv rewdlqhg lq pxowlohyho ru
klhudufklfdo +Ed|hv, prghov1
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Eleolrjudsk|

Djuhvwl/ D1 +5335,1 Fdwhjrulfdo gdwd dqdo|vlv1 Vhfrqg Hglwlrq/ Qhz \run=
Zloh|1

Edq�hog/ M1G1/ dqg Udiwhu|/ D1H1 +4<<6,1 Prgho0edvhg Jdxvvldq dqg qrq0
Jdxvvldq foxvwhulqj1 Elrphwulfv/ 7</ ;360;541

Eduwkrorphz/ G1M1/ dqg Nqrww/ P1 +4<<<,1 Odwhqw yduldeoh prghov dqg
idfwru dqdo|vlv1 Orqgrq= Duqrog1

Eduwkrorphz/ G1M1/ dqg W}dprxudql/ S1 +4<<<,1 Wkh jrrgqhvv0ri0�w ri
odwhqw wudlw prghov lq dwwlwxgh phdvxuhphqw1 Vrflrorjlfdo Phwkrgv dqg
Uhvhdufk/ 5:/ 85808791

Eùfnhqkrow/ X1 +4<<6,1 D odwhqw fodvv uhjuhvvlrq dssurdfk iru wkh dqdo|vlv
ri uhfxuuhqw fkrlfhv1 Eulwlvk Mrxuqdo ri Pdwkhpdwlfdo dqg Vwdwlvwlfdo
Sv|fkrorj|/ 79/ <8044;1

Eùkqlqj/ G1 +5333,1 Frpsxwhu0dvvlvwhg dqdo|vlv ri pl{wxuhv= phwd0dqdo|vlv/
glvhdvh pdsslqj dqg rwkhuv1 Orqgrq= Fkdspdqq ) Kdoo1

Exvh/ D1 +4<;5,1 Wkh olnholkrrg udwlr/ Zdog/ dqg Odjudqjh pxowlsolhu whvwv=
Dq h{srvlwru| qrwh1 Wkh Dphulfdq Vwdwlvwlfldq/ 69/ 486048:1

Forjj/ F1F1 +4<;4,1 Qhz ghyhorsphqwv lq odwhqw vwuxfwxuh dqdo|vlv1 G1M1
Mdfnvrq dqg H1I1 Erujrwwd +hgv1,/ Idfwru dqdo|vlv dqg phdvxuhphqw lq
vrflrorjlfdo uhvhdufk/ 54805791 Ehyhuo| Kloov= Vdjh Sxeolfdwlrqv1

Forjj/ F1F1 +4<;;,1 Odwhqw fodvv prghov iru phdvxulqj1 U1 Odqjhkhlqh dqg
M1Urvw +hgv1,/ Odwhqw wudlw dqg odwhqw fodvv prghov1 Qhz \run/ Orqgrq=
Sohqxp Suhvv1

Forjj/ F1F1 +4<<8,1 Odwhqw fodvv prghov1 J1Duplqjhu/ F1F1Forjj/ dqg
P1H1Vreho +hgv1,/ Kdqgerrn ri vwdwlvwlfdo prgholqj iru wkh vrfldo dqg
ehkdylrudo vflhqfhv/ 644068<1 Qhz \run= Sohqxp Suhvv1

Forjj/ F1F1/ Uxelq/ G1U1/ Vfkhqnhu/ Q1/ Vfkxow}/ E1/ Zhlgpdq/ O1 +4<<4,1
Pxowlsoh lpsxwdwlrq ri lqgxvwu| dqg rffxsdwlrq frghv lq fhqvxv sxeolf0
xvh vdpsohv xvlqj Ed|hvldq orjlw uhjuhvvlrq1 Mrxuqdo ri wkh Dphulfdq
Vwdwlvwlfdo Dvvrfldwlrq/ ;9/ 9;0:;1
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Froolqv/ O1P1/ Ilgohu/ S1I1/ Zxjdowhu/ V1H1/ dqg Orqj/ O1G1 +4<<6,1 Jrrgqhvv0
ri0�w whvwlqj iru odwhqw fodvv prghov1 Pxowlyduldwh Ehkdylrudo Uhvhdufk/
5;/ 6:806;<1

Gd|wrq/ F1P1 +4<<;,1 Odwhqw fodvv vfdolqj dqdo|vlv1 Wkrxvdqg Rdnhv= Vdjh
Sxeolfdwlrqv1

Gd|wrq/ F1P1/ dqg Pdfuhdg|/ J1E1 +4<;;,1 Frqfrplwdqw0yduldeoh odwhqw0
fodvv prghov1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;6/ 4:60
4:;1

Ghpsvwhu/ D1S1/ Odlug/ Q1P1/ dqg Uxelq/ G1E1 +4<::,1 Pd{lpxp olnholkrrg
hvwlpdwlrq iurp lqfrpsohwh gdwd yld wkh HP dojrulwkp +zlwk glvfxv0
vlrq,1 Mrxuqdo ri wkh Ur|do Vwdwlvwlfdo Vrflhw|/ Vhu1 E1/ 6</ 406;1

Gloorq/ Z1U1/ dqg Nxpdu/ D1 +4<<7,1 Odwhqw vwuxfwxuh dqg rwkhu pl{wxuh
prghov lq pdunhwlqj= D lqwhjhuwdlyh vxuyh| dqg ryhuylhz1 U1S1 Edjr}}l
+hg1,/ Dgydqfhg phwkrgv ri Pdunhwlqj Uhvhdufk/ 68506;;/ Fdpeulgjh=
Eodfnzhoo Sxeolvkhuv1

Hyhulww/ E1V1 +4<;;,1 D �qlwh pl{wxuh prgho iru wkh foxvwhulqj ri pl{hg0
prgh gdwd1 Vwdwlvwlfv dqg Suredelolw| Ohwwhuv/ 9/ 638063<1

Hyhulww/ E1V1/ dqg Kdqg/ G1M1 +4<;4,1 Ilqlwh pl{wxuh glvwulexwlrqv1 Orqgrq=
Fkdspdq dqg Kdoo1

Irupdqq/ D1N1 +4<<5,1 Olqhdu orjlvwlf odwhqw fodvv dqdo|vlv iru sro|wrprxv
gdwd1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;:/ 7:907;91

Irupdqq/ D1N1/ dqg Nrkopdqq/W1 +4<<;,1 Vwuxfwxudo odwhqw fodvv prghov1
Vrflrorjlfdo Phwkrgv dqg Uhvhdufk/ 59/ 86308981

Jloo/ S1H1/ Pxuud|/ Z1/ dqg Zuljkw/ P1K1 +4<;4,1 Sudfwlfdo rswlpl}dwlrq1
Orqgrq= Dfdghplf Suhvv1

Jodv/ F1D1Z1 +4<<<,1 Prgl�fdwlrq lqglfhv iru wkh 5SO dqg wkh qrplqdo
uhvsrqvh prgho1 Sv|fkrphwulnd/ 97/ 5:605<71

Jhopdq/ Dqguhz/ Fduolq/ Mrkq E1/ Vwhuq/ Kdo 1V1/ dqg Urelq/ Grqdog E1
+4<<8,1 Ed|hvldq gdwd dqdo|vlv1 Orqgrq= Fkdspdq ) Kdoo1
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Jrrgpdq/ O1D1 +4<:7d,1 Wkh dqdo|vlv ri v|vwhpv ri txdolwdwlyh yduldeohv
zkhq vrph ri wkh yduldeohv duh xqrevhuydeoh= Sduw L 0 D prgl�hg odwhqw
vwuxfwxuh dssurdfk1 Dphulfdq Mrxuqdo ri Vrflrorj|/ :</ 44:<0458<1

Jrrgpdq/ O1D1 +4<:7e,1 H{sorudwru| odwhqw vwuxfwxuh dqdo|vlv xvlqj erwk
lghqwl�deoh dqg xqlghqwl�deoh prghov1 Elrphwulnd/ 94/ 54805641

Jrrgpdq/ O1D1 +4<:<,1 Vlpsoh prghov iru wkh dqdo|vlv ri dvvrfldwlrq lq
furvv0fodvvl�fdwlrqv kdylqj rughuhg fdwhjrulhv1 Mrxuqdo ri wkh Dphulfdq
Vwdwlvwlfdo Dvvrfldwlrq/ :7/ 86:08851

Kdehupdq/ V1M1 +4<:<,1 Dqdo|vlv ri txdolwdwlyh gdwd/ Yro 5/ Qhz ghyhors0
phqwv1 Qhz \run= Dfdghplf Suhvv1

Kdehupdq/ V1M1 +4<;;,1 D vwdelol}hg Qhzwrq0Udskvrq dojrulwkp iru orj0
olqhdu prghov iru iuhtxhqf| wdeohv ghulyhg e| lqgluhfw revhuydwlrqv1
F1Forjj +hg1,/ Vrflrorjlfdo Phwkrgrorj| 4<;;/ 4<605441 Vdq Iudqflvfr=
Mrvvh|0Edvv1

Kdjhqdduv/ M1D1 +4<;;,1 Odwhqw vwuxfwxuh prghov zlwk gluhfw h�hfwv eh0
wzhhq lqglfdwruv= orfdo ghshqghqfh prghov1 Vrflrorjlfdo Phwkrgv dqg
Uhvhdufk/ 49/ 6:<07381

Kdjhqdduv/ M1D1 +4<<3,1 Fdwhjrulfdo orqjlwxglqdo gdwd 0 orjolqhdu dqdo|vlv
ri sdqho/ wuhqg dqg frkruw gdwd11 Qhzexu| Sdun= Vdjh1

Kdjhqdduv/ M1D1 +4<<6,1 Orjolqhdu prghov zlwk odwhqw yduldeohv1 Qhzexu|
Sdun= FD= Vdjh1

Kdjhqdduv1 M1D1 dqg PfFxwfkhrq1D1O1 +5335,1 Dssolhg odwhqw fodvv dqdo|0
vlv/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

Khlqhq/ W1 +4<<9,1 Odwhqw fodvv dqg glvfuhwh odwhqw wudlw prghov= vlplodulwlhv
dqg gl�huhqfhv1 Wkrxvdqg Rdnhv= Vdjh Sxeolfdwlrqv1

Kxqw/ O/ dqg Mrujhqvhq/ P1 +4<<<,1 Pl{wxuh prgho foxvwhulqj xvlqj wkh
PXOWLPL[ surjudp1 Dxvwudoldq dqg Qhz ]hdodqg Mrxuqdo ri Vwdwlv0
wlfv/ 74/ 48604:51

Ndpdnxud/ Z1D1/ Zhgho/ P1/ dqg Djudzdo/ M1 +4<<7,1 Frqfrplwdqw yduldeoh
odwhqw fodvv prghov iru wkh h{whuqdo dqdo|vlv ri fkrlfh gdwd1 Lqwhuqd0
wlrqdo Mrxuqdo ri Pdunhwlqj Uhvhdufk/ 44/ 87407971
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Nrokpdqq W1/ dqg Irupdqq D1N1 +4<<:,1 Xvlqj odwhqw fodvv prghov wr
dqdo|}h uhvsrqvh sdwwhuqv lq hslghplrorjlf pdlo vxuyh|v1 M1Urvw dqg
U1Odqjhkhlqh +hgv1,1 Dssolfdwlrqv ri odwhqw wudlw dqg odwhqw fodvv prg0
hov lq wkh vrfldo vflhqfhv1 Pxhqvwhu= Zd{pdqq Yhuodj1

Odlug/ Q1 +4<:;,1 Qrqsdudphwulf pd{lpxp olnholkrrg hvwlpdwlrq ri d pl{0
wxuh glvwulexwlrq1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ :6/
;380;441

Odqg/ F1N1/ PfFdoo/ S1O1/ dqg Qdjlq/ G1V1 +4<<9,1 D frpsdulvrq ri Srlv0
vrq/ qhjdwlyh elqrpldo/ dqg vhplsdudphwulf pl{hg Srlvvrq uhjuhvvlrq
prghov1 Vrflrorjlfdo Phwkrgv dqg Uhvhdufk/ 57/ 6;:07751

Odqjhkhlqh/ U1/ Sdqqhnrhn/ M1/ dqg Ydq gh Sro/ I1 +4<<9,1 Errwvwuds0
slqj jrrgqhvv0ri0�w phdvxuhv lq fdwhjrulfdo gdwd dqdo|vlv1 Vrflrorjlfdo
Phwkrgv dqg Uhvhdufk/ 57/ 7<508491

Odqjhkhlqh/ U1/ dqg Urvw/ M1 +4<;;,1 Odwhqw wudlw dqg odwhqw fodvv prghov1
Qhz \run= Sohqxp Suhvv1

Odzuhqfh F1M1/ Nu}dqrzvnl/ Z1M1 +4<<9,1 Pl{wxuh vhsdudwlrq iru pl{hg0
prgh gdwd1 Vwdwlvwlfv dqg Frpsxwlqj1/ 9/ ;80<51

Od}duvihog/ S1I1/ dqg Khqu|/ Q1Z1 +4<9;,1 Odwhqw vwuxfwxuh dqdo|vlv1 Ervwrq=
Krxjkwrq Ploo1

Olwwoh/ U1M1/ dqg Uxelq/ G1E1 +4<;:,1 Vwdwlvwlfdo dqdo|vlv zlwk plvvlqj gdwd1
Qhz \run= Zloh|1

Pduh/ U1G1 +4<<7,1 Glvfuhwh0wlph elyduldwh kd}dugv zlwk xqrevhuyhg khw0
hurjhqhlw|= d sduwldoo| revhuyhg frqwlqjhqf| wdeoh dssurdfk1 S1Y1
Pduvghq +hg1,/ Vrflrorjlfdo Phwkrgrorj| 4<<7/ 67406;81 R{irug= Edvlo
Eodfnzhoo1

Pdjlgvrq/ M1 +4<;4,1 Txdolwdwlyh yduldqfh/ hqwurs|/ dqg fruuhodwlrq udwlrv
iru qrplqdo ghshqghqw yduldeohv1 Vrfldo Vflhqfhv Uhvhdufk/ 43/ 4::04<71

Pdjlgvrq/ M1 dqg Yhupxqw/ M1N1 +5334,1 Odwhqw fodvv idfwru dqg foxvwhu
prghov/ el0sorwv dqg uhodwhg judsklfdo glvsod|v/ Vrflrorjlfdo Phwkrgro0
rj|/ 64/ 55605971
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Pdjlgvrq/ M1/ dqg Yhupxqw/ M1N/ +5336, Odwhqw fodvv dqdo|vlv1 G1 Ndsodq
+hg1,/ Kdqgerrn ri Txdqwlwdwlyh Phwkrgrorj| iru wkh Vrfldo Vflhqfhv/
Vdjh Sxeolfdwlrqv1

PfFxoodjk/ S1/ dqg Qhoghu/ M1D1 +4<;6,1 Jhqhudol}hg olqhdu prghov1 Orqgrq=
Fkdspdq ) Kdoo/ vhfrqg hglwlrq 4<;<1

PfFxwfkhrq/ D1O1 +4<;:,1 Odwhqw fodvv dqdo|vlv/ Vdjh Xqlyhuvlw| Sdshu1
Qhzexu| Sdun= Vdjh Sxeolfdwlrqv1

PfFxwfkhrq/ D1O1 +4<;;,1 Vh{xdo prudolw|/ sur0olih ydoxhv dqg dwwlwxghv
wrzdug deruwlrq1 Vrflrorjlfdo Phwkrgv dqg Uhvhdufk/ 49/ 58905:81

PfFxwfkhrq/ D1O1 +4<<7,1 Odwhqw orjlw prghov zlwk sro|wrprxv h�hfw ydul0
deohv1 D1 yrq H|h dqg F1F Forjj +hgv1,/ Odwhqw yduldeoh dqdo|vlv1
Qhzexu| sdun/ FD= Vdjh1

PfOdfkodq/ J1M1/ dqg Edvirug/ N1H1 +4<;;,1 Pl{wxuh prghov= lqihuhqfh dqg
dssolfdwlrq wr foxvwhulqj1 Qhz \run= Pdufho Ghnnhu1

PfOdfkodq/ J1M1/ dqg Nulvkqdq/ W1 +4<<:,1 Wkh HP dojrulwkp dqg h{whq0
vlrqv1 Qhz \run= Mrkq Zloh| ) Vrqv/ Lqf1

PfOdfkodq/ J1M1/ dqg Shho/ G1 +5333,1 Ilqlwh Pl{wxuh prghov1 Qhz \run=
Mrkq Zloh| ) Vrqv/ Lqf1

Prxvwdnl/ L1 +4<<9,1 D odwhqw wudlw dqg d odwhqw fodvv prgho iru pl{hg
revhuyhg yduldeohv1 Wkh Eulwlvk Mrxuqdo ri Pdwkhpdwlfdo dqg Vwdwlvwlfdo
Sv|fkrorj|/ 7</ 64606671

Sdwwhuvrq/ E1K1/ Gd|wrq/F1P1> Judxedug/ E1L1 +5335, �Odwhqw fodvv dqdo|vlv
ri frpsoh{ vdpsoh vxuyh| gdwd= dssolfdwlrq wr glhwdu| gdwd�1 Mrxuqdo
ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ <:/ :540:5;1

Uhlvhu/ P1 +4<<9,1 Dqdo|vlv ri uhvlgxdov iru wkh pxowlqrpldo lwhp uhvsrqvh
prgho1 Sv|fkrphwulnd/ 94/ 83<085;1

Uhlvhu/ P1/ dqg Olq/ \1 +4<<<,1 Jrrgqhvv0ri0�w whvw iru wkh odwhqw fodvv
prgho zkhq h{shfwhg iuhtxhqflhv duh vpdoo1 P1Vreho dqg P1Ehfnhu
+hgv1,/ Vrflrorjlfdo Phwkrgrorj| 4<<</ ;404441 Ervwrq= Eodfnzhoo Sxe0
olvkhuv1
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Urvw/ M1/ dqg Odqjhkhlqh/ U1 +4<<:,1 Dssolfdwlrqv ri odwhqw wudlw dqg odwhqw
fodvv prghov lq wkh vrfldo vflhqfhv1 Pxhqvwhu= Zd{pdqq Yhuodj1

Vfkdihu/ M1O1 +4<<:,1 Dqdo|vlv ri lqfrpsohwh fdwhjrulfdo gdwd1 Orqgrq=
Fkdspdq ) Kdoo1

Vkrfnh|/ M1 +4<;;,1 Odwhqw fodvv dqdo|vlv= dq lqwurgxfwlrq wr glvfuhwh gdwd
prghov zlwk xqrevhuyhg yduldeohv1 M1V1 Orqj +uhg1,/ Frpprq sureohpv
lq txdqwlwdwlyh uhvhdufk1 Qhzexu| Sdun/ FD= Vdjh1

Vnurqgdo/ D1 +4<<9,1 Odwhqw wudlw/ pxowlohyho dqg uhshdwhg phdvxuhphqw
prghoolqj zlwk lqfrpsohwh gdwd ri pl{hg phdvxuhphqw ohyhov1 Skg1
Glvvhuwdwlrq1 Vhfwlrq ri Phglfdo Vwdwlvwlfv/ Xqlyhuvlw| ri Rvor/ Qruzd|1

Wlwwhulqjwrq/ G1P1/ Vplwk/ D1I1/ dqg Pdnry/ X1H1 +4<;8,1 Vwdwlvwlfdo dqdo|0
vlv ri �qlwh pl{wxuh gvlwulexwlrqv1 Fklfkhvwhu= Mrkq Zloh| ) Vrqv1

Xhehuvd{/ M1V1 +4<<6,1 Vwdwlvwlfdo prgholqj ri h{shuw udwlqjv rq phglfdo
wuhdwphqw dssursuldwhqhvv1 Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvr0
fldwlrq/ ;;/ 754075:1

Xhehuvd{/ M1V1 +4<<:,1 Dqdo|vlv ri vwxghqw sureohp ehkdylruv zlwk odwhqw
wudlw/ odwhqw fodvv/ dqg uhodwhg surelw pl{wxuh prghov1 M1Urvw dqg
U1Odqjhkhlqh +hgv1,1 Dssolfdwlrqv ri odwhqw wudlw dqg odwhqw fodvv prg0
hov lq wkh vrfldo vflhqfhv1 Pxhqvwhu= Zd{pdqq Yhuodj1

Ydq ghu Dun/ O1D1/ dqg Ydq ghu Khlmghq/ S1J1P1 +4<<;,1 Judsklfdo glvsod|
ri odwhqw exgjhw dqg odwhqw fodvv dqdo|vlv/ zlwk vshfldo uhihuhqfh wr fru0
uhvsrqghqfh dqdo|vlv1 M1 Eodvlxv dqg P1Juhhqdfuh +hgv1, Ylvxdol}dwlrq
ri fdwhjrulfdo gdwd1 Ervwrq= Dfdghplf Suhvv1

Ydq ghu Khlmghq/ S1J1P1/ Ghvvhqv/ M1/ dqg Eùfnhqkrow/ X1 +4<<9,1 Hvwlpdw0
lqj wkh frqfrplwdqw0yduldeoh odwhqw fodvv prgho zlwk wkh HP dojrulwkp1
Mrxuqdo ri Hgxfdwlrqdo dqg Ehkdylrudo Vwdwlvwlfv/ 8/ 548055<1

Ydq ghu Khlmghq S1J1P1/ Jloxod/ ]1/ dqg Ydq ghu Dun/ O1D1 +4<<<,1 Rq
d uhodwlrqvkls ehwzhhq mrlqw fruuhvsrqghqfh dqdo|vlv dqg odwhqw fodvv
dqdo|vlv1 P1Vreho dqg P1Ehfnhu +hgv1,/ Vrflrorjlfdo Phwkrgrorj| 4<<</
;404441 Ervwrq= Eodfnzhoo Sxeolvkhuv1
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Yhupxqw/ M1N1 dqg Ydq Glmn1 O1 +5334,1 D qrqsdudphwulf udqgrp0frh!flhqwv
dssurdfk= wkh odwhqw fodvv uhjuhvvlrq prgho1 Pxowlohyho Prghoolqj
Qhzvohwwhu/ 46/ 90461

Yhupxqw/ M1N1 +4<<:,1 Orj0olqhdu prghov iru hyhqw klvwrulhv1 Wkrxvdqg
Rdnhv= Vhulhv TDVV/ yro ;1 Vdjh Sxeolfdwlrqv1

Yhupxqw/ M1N1 +5334, Wkh xvh uhvwulfwhg odwhqw fodvv prghov iru gh�qlqj
dqg whvwlqj qrqsdudphwulf dqg sdudphwulf LUW prghov1 Dssolhg Sv|0
fkrorjlfdo Phdvxuhphqw/ 58/ 5;605<71

Yhupxqw/ M1N11 +5335,1 D jhqhudo odwhqw fodvv dssurdfk iru ghdolqj zlwk
xqrevhuyhg khwhurjhqhlw| lq wkh dqdo|vlv ri hyhqw klvwru| gdwd1 M1D1
Kdjhqdduv dqg D1O1 PfFxwfkhrq +hgv1,/ Dssolhg odwhqw fodvv dqdo|vlv/
6;6073:1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

Yhupxqw/ M1N1/ dqg M1 Pdjlgvrq +5333, Judsklfdo glvsod|v iru odwhqw fodvv
foxvwhu dqg odwhqw fodvv idfwru prghov1 Z1 Mdqvhq dqg M1J1 Ehwkohkhp
+hgv1,/ Surfhhglqjv lq Frpsxwdwlrqdo Vwdwlvwlfv 5333/ 45404551 Vwdwlv0
wlfv Qhwkhuodqgv1 LVVQ 3586034;[1

Yhupxqw/ M1N1/ dqg Pdjlgvrq/ M1 +5335,1 Odwhqw fodvv foxvwhu dqdo|vlv1 M1D1
Kdjhqdduv dqg D1O1 PfFxwfkhrq +hgv1,/ Dssolhg odwhqw fodvv dqdo|vlv/
;<04391 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

Yhupxqw/ M1N1 dqg Pdjlgvrq/ M1 +5336,1 Odwhqw fodvv dqdo|vlv1 P1 Ohzlv0
Ehfn/ D1 Eu|pdq/ dqg W1I1 Oldr +hgv1,/ Hqf|forshgld ri Uhvhdufk
Phwkrgv iru wkh Vrfldo Vflhqfhv1 QhzExu| Sdun= Vdjh Sxeolfdwlrqv/
Lqf1

Zhgho/ P1/ dqg GhVduer/ Z1V +4<<7,1 D uhylhz ri uhfhqw ghyhorsphqwv lq
odwhqw fodvv uhjuhvvlrq prghov1 U1S1 Edjr}}l +hg1,/ Dgydqfhg phwkrgv
ri Pdunhwlqj Uhvhdufk/ 68506;;/ Fdpeulgjh= Eodfnzhoo Sxeolvkhuv1

Zhgho/ P1/ dqg Ndpdnxud/ Z1D1 +4<<;,1 Pdunhw vhjphqwdwlrq= Frqfhswv
dqg phwkrgrorjlfdo irxqgdwlrqv1 Ervwrq= Noxzhu Dfdghplf Sxeolvk0
huv1

Zhgho/ P1/ Ndpdnxud/ Z1D1/ GhVduer/ Z1V1/ dqg Whu Krivwhgh/ I1 +4<<8,1
Lpsolfdwlrqv ri dv|pphwu|/ qrqsursruwlrqdolw|/ dqg khwhurjhqhlw| lq
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eudqg vzlwfklqj iurp slhfh0zlvh h{srqhqwldo pl{wxuh kd}dug prghov1
Mrxuqdo ri Pdunhwlqj Uhvhdufk/ 65/ 78:07951

Zroih/ M1K1 +4<:3,1 Sdwwhuq foxvwhulqj e| pxowlyduldwh foxvwhu dqdo|vlv1 Pxo0
wlyduldwh Ehkdylrudo Uhvhdufk/ 8/ 65<06831
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