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This appendix describes the various types of latent class (LC) models imple-
mented in Latent GOLD 3.0. First, we present the general Latent GOLD
model. Then, attention is paid to the three special cases “LC cluster”, “LC
factor”, and “LC regression” that have been implemented as separate mod-
ules in the program. Subsequently, we describe estimation procedures and
the corresponding technical options. The output provided by the various
modules is described in the last section.

1 General Latent GOLD Model

The specification of a LC model typically consists of three steps:

1. setting up a probability structure using certain assumptions regarding
conditional independence,

2. specifying distributional forms for the dependent variables,
3. specifying regression-type constraints to gain parsimony.

Latent GOLD automatically sets up the correct probability structure for
each of the three special cases. Before discussing these special cases, we
describe the general probability structure, the available distribution functions
for the latent and dependent variables, and the corresponding regression-type
constraints.

1.1 Probability Structure

Latent GOLD implements three types of LC models: LC cluster, LC fac-
tor, and LC regression. Each of these models is based on the same general
probability structure which defines the relationships between three types of
variables:



1. J latent (unobserved) variables denoted by xy,xs,...,z;. When re-
ferring to the entire set of x variables, we will use the symbol x. The
latent variables may be treated as nominal or ordinal (discrete interval).
Latent GOLD models must contain at least one latent variable.

2. K indicators or dependent variables' denoted by 41,2, ...,yx. The
symbol y is used to denote the entire set of dependent variables. We
will also use the symbol y,, to denote one of the M subsets of y vari-
ables, and K, to denote the number of variables in set m. Dependent
variables may be nominal, ordinal, continuous, or counts. Users must
assign at least one variable to be included in the model as a y variable.

3. L covariates or independent variables? denoted by 21,29, ...,2. The
bold face symbol z is used to refer to the entire set of independent
variables. Covariates may be nominal or numeric variables. Numeric
covariates may be ordinal, discrete interval, or continuous; that is, the
scale type numeric refers to situations in which we treat observed scores
as quantities rather than only as category labels. Latent GOLD models
can be specified without any covariates. In addition, it is possible to
have covariates which are inactive. These are not part of the model,
but are used to obtain descriptive information about the latent classes.

The simple but very general probability structure that is assumed for
these variables is of the form:

f(ylz) =) n(x|z) f(ylx.2) = ) n(x|z) [] f(ymlx. 2) (1)

As can be seen, we are interested in modeling the probability density of
observing a particular set of y values given a particular set of z values,
that is, f(y|z). The second part of equation (1) shows that the unobserved
variables x intervene between the z and the y variables. Here, 7(x|z) is the
probability of having a certain set of values on the latent variables given an
individual’s realized covariate values, and f(y|x, z) is the probability density

LOther terms that may be used to describe the y’s are response variables, outcome
variables, outputs, endogenous variables, and items.

2 Alternative terms for the z’s are concomitant variables, grouping variables, external
variables, exogenous variables, predictors, and inputs.



of y given x and z. Thus, x variables may be influenced by z variables, and
y variables may be influenced by = and z variables.

The last part of the model formulation described in equation (1) implies
that y variables belonging to different sets are assumed to be mutually inde-
pendent given the latent variables and the covariates:

f(Y|X’ Z) = H f(ym|xv Z)'
m=1

On the other hand, it is also important to note that the y’s belonging to the
same set m may be dependent of one another given the z’s and the 2z’s.

1.2 Distributions and Regression-type Constraints

Depending on the scale types of the variables in a set, a particular distribu-
tional form is assumed for y,,. A set may consist of one or more categorical
(nominal or ordinal) variables, one or more continuous variables, or a single
variable containing counts. When the variables are categorical, a multinomial
distribution is assumed for y,,. For continuous variables, we use (multivari-
ate) normal distributions. Counts can be modeled via a Poisson or a binomial
distribution.

As explained in more detail below, in most cases, restrictions will be
imposed on the distributions m(x|z) and f(ym|x,z) in the form of regression-
type constraints. For each distribution, we define a linear predictor that can
be restricted by a simple regression model. Within the context of gener-
alized linear modeling, the assumed distribution function is denoted as the
error function and the transformation yielding the linear predictor as the link
function (McCullagh and Nelder, 1983). Since these regression-type of con-
straints are somewhat different for LC cluster, LC factor, and LC regression
models, they are discussed in more detail in the next sections.

1.2.1 Latent Variables

The scores on the latent variables given the covariate values are assumed
to come from a (joint) multinomial distribution. This was already reflected
by the fact that in equation (1) we used the symbol 7 when referring to the
probability of belonging to a certain latent class. The multinomial probability



7(x|z) is parameterized as follows:

eXp(nx|z) .
> XD (1)

that is, by means of a logit or logistic regression model. The linear term 7,,
equals

m(x|z) =

J J o J L J
Mg = D 00 F D D Vo, T D Ve
j=1 j=1 j'=j+1 (=1 j=1
As can be seen, the linear term contains the main effects for all latent vari-
ables (”ygj), their two-way interactions (”ygjmj,), and the covariate effects on
the latent variables (fyiwj). In the default setting, the bivariate associations
between the latent variables are excluded from the model: fyg,jxj, = 0. Note
that higher-order interactions are not included in the model.

When the latent variables are ordinal (or discrete interval) variables, as
in a LC factor model, the vgjmj, and ~! (z; terms are constrained by using
fixed equal-interval category scores for the latent variables. For example,
fygjmj, = fy?j, * Vg * Uy, Where v, denotes the fixed category for z;. Such a
restricted interaction term is sometimes referred to as a uniform or linear-
by-linear association (Goodman, 1979; Agresti, 2002).

When a covariate is numeric (ordinal, discrete interval, or continuous),
the corresponding 2 12, term is restricted by using the observed scores z; in
the two-way association term. This yields ! ;= w%wj - z¢; that is, a standard
effect term of a logistic regression model with continuous covariates.

For identification purposes, effect or ANOVA-like coding is used for the
nominal variables, which means that the parameters are restricted to sum to
zero over the categories of any nominal variable.

1.2.2 Nominal and Ordinal Dependent Variables

Categorical (nominal or ordinal) dependent variables are assumed to come
from a multinomial distribution. Let us first have a look at the situation in
which each set m consist of a single dependent or indicator variable: M =
K and m = k. In other words, we postulate that the local independence
assumption holds. In that case, the distribution for each of the K indicators



yx is of the form

eXp(nyk|xz)

m eXp(nyk|xz)

[ (yr|xz) = 7(yr|xz) = >

To show the difference between the treatment of nominal and ordinal vari-
ables, we will consider a more concrete case. Suppose that we have a LC
cluster model, which is a LC model with a single nominal latent variable
21, with two nominal covariates z; and z;. If the dependent variable gy is
nominal, the linear predictor will be

10 1 2 2
Myilarz120 = Byk + Bmlyk + leyk + BZQZ/k’

where the parameters are restricted to sum to zero over all their indices.
What can be seen is that all three- or more-variable terms are excluded from
the model. Note that in most applications of LC cluster models, we will
assume that covariates do not have direct effects on the indicators; that is,
ﬁzlyk = ﬁiﬂlk = 0.

When a dependent or indicator variable y; is ordinal, the regression terms
are further restricted using fixed scores v,, for the categories of y;. This yields

_ 0 1 2 2
nyk|w12122 - Byk + Bl‘lk ' Uyk + lek ’ Uyk + 622]{5 ' Uyk'

The two-way interaction terms now have the structure of row associations
(Goodman, 1979; Agresti, 2002). Situations in which the latent variables are
ordinal are discussed in more detail in the section on LC factor analysis.

So far, we assumed that each set m consists of a single nominal or ordinal
categorical variable. However, in models with local dependencies, some sets
will contain more than one indicator. For sets containing more than one
categorical indicator, we also have a multinomial distribution; that is,

eXp(nym|xz)

Vo eXp(nym |xz)

f(ym|x2z) = 7(ym|x2z) = 5

The effects of the x’s and the z’s on the separate y’s belonging to set m are
the same as in the local independence case described above. What differs is
that we now have to specify the direct relationships between the y variables
of set m. These local dependencies are included in the model via two-variable
terms appearing in the linear predictor.



Suppose that we have a set of three nominal variables vy, y2, and y3 in
a model with a single nominal latent variable z; and without covariates. In
that case, the linear predictor will be

3
Nyiyoyalzr = Zﬁ +Z Z ﬁykyk/ Zﬁmyk
k=1

k=1 k'=k+1 =1

0 1 1 1
+ 592 ﬁ 61/1@/2 6@/1@/3 6@/2@/3 + ﬁmlyl + 5I1y2 + B$1y3'

The linear predictor contains, besides the three main effects and the three
effects of the latent variable on the indicators, three direct effects between
indicators. Note that it is not necessary to include all ﬁgkyk/ terms that can
be defined in a particular set: From the above model we could, for instance,
exclude BWB

1.2.3 Continuous Dependent Variables

Continuous dependent variables are modeled by means of multivariate normal
distributions; that is,

f(ymlxz) = (271-)*Km/2 ‘Zmlx}fl/z
1
exp D) (Ym - /—Lmlxz)’ Z;n|1x (Ym — [,Lm|xz) . (2)

Here, the vector p,,, contains the conditional expectations of the y vari-
ables belonging to set m, and X,,x is their variance-covariance matrix. As
indicated by their indices, expectations may depend on the latent class to
which one belongs and on an individual’s covariate values, while variances
and covariances may only be class dependent.

A special case occurs when a set consists of a single continuous y variable.
In that case, we get a univariate normal distribution, i.e.,

f( ‘XZ) = 71 exp —1 L — P 2
Y /2O kx 2 Tkix ’

Here, fiyy, denotes the mean and oyx the standard deviation of the distrib-
ution.



In normal models, the linear predictor is the expectation of the distribu-
tion: figjxy = Nijxg, Where

J L
0 1 2
Nijxz = B, + Z Base + Zﬁnk-
=1 =1

This applies to both the univariate and the multivariate case. The dif-
ference between the two models is that in the multivariate case the errors of
the K, regression equations in set m are correlated.

1.2.4 Counts

Counts or numbers of events can be modeled by Poisson distributions. The
form of this distribution is

1
f(yelxz) = @(emszk)y’“ exp(—0brjxzEr)-

Here, 0k x. denotes the Poisson rate and Ej the exposure to the event con-
cerned. The rate can also be written as

9k|xz - eXp(nldxz)’

where 7., is again the linear predictor. In LC cluster and factor models,
the exposures are assumed to be equal to 1 for all cases. On the other hand,
in LC regression models, the exposure is a variable that can be specified by
the user.

In LC regression models, counts can also be modeled by a binomial model.
The binomial distribution for counts equals

f(yilxz) = ( Ti !> (ki) (1 = Topoeg) o5

Y (Tk — Yr)

Here, T}, denotes a total, or the maximum number of events that an individual
can experience. The parameterization of the binomial probability is similar
to the one for dichotomous categorical y variables; i.e.,

eXp(nk:|xz)

Thlxz = 7, 7 -
| 1+ eXp(nsz)



As can be seen, we have a binary logit model with linear predictor 7y,
Note that there is a difference between this logit model and the logit models
we used so far: here, we use the category ‘no event” as reference category,
which means that we use dummy coding for the dependent variable instead
of effect coding.

1.3 Effect coding for categorical variables

In Latent GOLD, we use effect coding for nominal variables, as well as for the
intercept of ordinal variables. This means that the parameters are restricted
to sum to zero over the categories of the variable concerned.

Suppose z; is a nominal predictor with 4 levels in a model for a continuous
dependent variable y;. The effect coding constraint implies that 22:1 Bil =
0. An equivalent way to formulate this constraint is by 83, = — 231:1 B%Zl;
that is, the parameter of the last category equals minus the sum of the other

ones. The design matrix that is set up for the 3 non-redundant terms (6%1,
32,, 32,) is as follows:

categoryl 1 0 O
category2 0 1 0
categoryd 0 0 1
category 4 —1 —1 -1

where each row corresponds to a category and each column to a parameter.
Although the parameter for the last category is omitted from model, you do
not notice that because it is computed by the program after the model is
estimated.

2 LC Cluster Models
The LC cluster model implemented in Latent GOLD is a model with:

1. a single nominal latent variable,

2. indicator (dependent) variables which can be nominal, ordinal, contin-
uous, and/or counts,

3. nominal and/or numeric covariates,



4. direct relationships between indicators and/or direct effects of covari-
ates on indicators.

This section introduces the most important types of LC cluster models.
We start with the description of the standard LC model for (nominal or ordi-
nal) categorical y variables without covariates. Then, we show how nominal
and numeric covariates are included in the model. Next, we indicate how the
assumption of local independence is relaxed or, in other words, how z-y and
y-y relationships are included in a model. The last two parts of this section
deal with LC cluster models for continuous y variables and LC cluster models
for mixed mode data, respectively.

2.1 LC Cluster Models for Categorical Variables

The standard LC model as described by Lazarsfeld and Henry (1968), Good-
man (1974a, 1974b), and Haberman (1979) is a LC cluster model containing
only categorical indicators.> An example of such a model with four categor-
ical indicators (K = 4) is

Fryaysys) = > w(wn) [ £yalan). (3)

x1 k=1

By using the symbol 7 rather that f for a probability, which is more in
agreement with the notation used in standard LC models, we can also write
the model as

T(yryoysys) = Y w(wa) [ [ wlula)

1

= Z7T($1)7T(311|$1)7T(Z/2|$1)7T(y3|$1)ﬁ(y4|$1)- (4)

1

x1 k

As can be seen from this probability structure, the indicators y1, y2, 3, and y4
are assumed to be mutually independent given that one belongs to a certain

3Textbooks and introductory papers on the standard LC model include McCutcheon
(1987), Hagenaars (1990, 1993), Shockey (1988), Vermunt (1997), Dillon and Kumar
(1994), Bartholomew and Knott (1999), Heinen (1996), Clogg (1995), Dayton (1998), Ha-
genaars and McCutcheon (2002), Magidson and Vermunt (2003), Vermunt and Magidson
(2003).



latent class. This conditional independence constraint is sometimes referred
to as the local independence assumption. Note that — using the terminology
introduced above — each of the M sets consists of a single y variable.

As described in section 1, the conditional (response) probabilities 7(yx|z)
are parameterized as follows:

exp(7y, [z1)
> PNy 1)

T(yk|z1) =

with
0 1
77yk|951 = Byk + Bmlyk'

If the corresponding indicator is a nominal variable, we do not need to impose
further restrictions on the [ parameter. On the other hand, if y; is ordinal,
the two-variable interaction term appearing in the logistic form of m(yx|x) is
restricted by using fixed category scores for yy:

1 1
Brlyk = ﬁmlk " Uy, -

Such a restricted association term is sometimes referred to as a row- or
column-association model, depending on whether we see the latent variable
as the row or the column variable (Goodman, 1979; Agresti, 2002).

2.2 Covariates

An important extension of the standard LC model described above is the
inclusion of covariates in the model (Clogg, 1981; Dayton and McReady, 1988;
Hagenaars, 1990, 1993).* Inclusion of covariates to predict class membership
is straightforward within the framework defined by the general model of
equation (1).

Suppose we have a model with four categorical indicators and one nom-
inal and one numeric covariate (z; and z3). The LC cluster model for this
situation is

4
7T(yly2y3y4|z122) = Z (w121, 22) HW Yr|z1).
k=1

1

4Other references on this topic are Van der Heijden, Dessens, and Bockenholt (1996),
Vermunt (1997), Dayton (1998), and McCutcheon (1988, 1994).
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Note that compared to the model without covariates described in equation
(4), we replaced m(z1) by 7(x1|21, 29), which makes the distribution of z;
dependent on z; and z,. It is important to be aware of the fact that we
are making an additional set of conditional independence assumptions: The
indicators are assumed to be independent of the covariates given the latent
variable z.

The probability m(x|z1, z2) is restricted by means of a logit or logistic re-
gression model to exclude higher-order interaction terms, as well as to restrict
the two-variable interaction terms for numeric (ordinal, discrete interval, or
continuous) covariates. If z; is nominal and 2z, numeric, this yields

eXp(nmﬂzlzg)
Zﬂvl eXp(nmﬂzle) ’

T(21|7122) = (5)
with
_ A0 1 1
nx1|2122 =Yy + Va1 + Yoz, 2

As can be seen, the three-variable interaction is not included in the logit
model. To simplify the model, Latent GOLD always excludes higher-order in-
teractions between covariates from a model.” Because 2, is numeric, the cor-
responding two-variable term is constrained in the standard manner: 1, =
V%rle'

We call this procedure for including covariates in a model the “active
covariates method”: Covariates are active in the sense that the LC cluster
solution with covariates can be somewhat different from the solution with-
out covariates. An alternative method, labeled “inactive covariates method”,
involves computing descriptive measures for the association between covari-
ates and the latent variable after estimating a model without covariate effects.
More detail on the latter method is given in the subsection explaining the
ProbMeans output.

2.3 Local Dependencies

As mentioned above, the local independence assumption is the basic assump-
tion of the standard LC model. Lack of fit of a latent model is caused by
violation of this assumption. The usual way to proceed is to increase the

5Note that higher-order interactions can always be included in a model by adding the
corresponding product terms to the data base and using these as additional covariates.
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number of classes until a model with an acceptable fit is obtained. An al-
ternative model fitting strategy that we would like to propagate is to relax
the local independence assumption by allowing for associations between in-
dicators, as well as direct effects of covariates on the indicators (Hagenaars,
1988; Vermunt, 1997). Latent GOLD calculates bivariate z-y and y-y resid-
uals which can be used to detect which pairs of observed variables are more
strongly related than can be explained by the formulated model.

As in the previous subsection, we will use an example of a LC model
with four indicators and one nominal (z;) and one numeric (22) covariate.
Suppose that we would like to relax two local independence assumptions by
assuming that y; and y, are directly related and that ys is influenced by zs.
This yields the following probability structure:

T(yryayaysl2122) = D w(wr]z120) 7 (yayalwn)w(yslwrze) w(yalan).  (6)

Tl

The dependent variables y; and y, now serve as a joint dependent variable and
ys is allowed to depend on z5. The logit models for 7(x1|21, 22) and m(y4|x1)
are the same as above. The linear term in the logit model for 7(y1, ya|x1)
equals
0 0 0 1 1
Nysyolar = Byy + Byo + Byryo + By + Bagos

and the term for m(ys3|z2) equals

0 1 2
Myslze = ﬁys + Bmys + ﬁ2y322'

The linear terms are used again to exclude higher-order interactions from the
model, as well as to use the information on the scale type of the variables.

Latent Gold starts setting up the probability structures corresponding to
local independence models like the ones described in equations (4) and (6).
When users include local dependencies using information on bivariate resid-
uals, the program automatically sets up the correct and most parsimonious
probability structure for the situation concerned.

2.4 LC Cluster Models for Continuous Variables

The LC cluster module can not only be used to specify cluster-type models for
categorical indicators, but also to estimate models with continuous indicators

12



(Vermunt and Magidson, 2002). The basic structure of a LC cluster for
continuous y variables is:

f(y) =Y (@) flylz).

Tl

The different variants are obtained via the specification of f(y|z1). The least
restrictive model is obtained by assuming that the 3’s come from class-specific
multivariate normal distributions

_ 1
Fkon) = ) B e |3 (v ) B (- )

This model is also known as a finite mixture of multivariate normals (Wolfe,
1970; McLachlan and Basford, 1988; Banfield and Raftery, 1993; McLachlan
and Peel, 2000). As can easily be seen, each class has its own set of means
K, and its own variance-covariance matrix X, .

Specification of more restricted models for continuous y variables typically
involves fixing some elements of the covariance matrix to zero. The most
restrictive model assumes that all covariances equal zero, which is equivalent
to the local independence assumption. This model can also be written as

F) = ml@) [T fluelr), (7)

=1

Eal

1

with

fly \x)=¥exp L (Ve gy i
VT oo, 2\ ops -

Note that the structure in equation (7) is equivalent to the standard LC
model for categorical variables given in equation (3).

Many intervening models can be obtained by setting some but not all
off-diagonal elements of the matrices X, to zero. This yields a specification
in which some indicators are independent of one another within classes while
others are not. As was explained in section 1, in such situations, we will
work with sets of y variables, where indicators belonging to different sets are
assumed to be locally independent. Indicators belonging to the same set may
be dependent or independent of one another. As with categorical y variables,
the default is the local independence model described in equation (7). Users

13



can include local dependencies one by one, and the program subsequently
sets up the correct and most parsimonious probability structure.

An important issue in the specification of mixtures of normal distributions
is whether to work with class-dependent or class-independent error variances
and covariances. So far, we assumed the error variances and covariances to
be class dependent. However, when the number of y variables and/or number
of latent classes is large, this may yield models that have many parameters
to be estimated. By replacing o)., by o1 or 3, by X in the above formulas,
one obtains more parsimonious structures with class-independent variances
and covariances.

Finally, as in LC cluster models for categorical variables, it is possible to
include covariates as predictors of class membership in mixtures of normals.
Covariates can not only influence class membership, but can also have direct
effects on the class specific means. The most general LC cluster model with
covariates is similar to the general Latent GOLD model described in equation
(1), with class-specific densities of the form described in equation (2). The
only difference is that, contrary to the general model described in equation
(1), LC cluster models contain only one latent variable.

2.5 LC Cluster Models for Mixed Mode Data

The most general LC cluster model is the model for mixed mode data (Everitt,
1988; Lawrence and Krzanowski, 1996; Moustaki, 1996; Hunt and Jorgensen,
1999; Vermunt and Magidson, 2002). This model is used when one has y
variables of different scale types. The basic structure is again the local inde-
pendence structure that we also used for categorical and continuous variables.
For each indicator, the user has to specify whether it is nominal, ordinal, con-
tinuous, or a count. As in the above models for categorical and continuous
indicators, it is possible to include covariates in LC cluster models for mixed
mode data. These covariates can also have direct effects on the various types
of indicators.

Local dependencies between pairs of categorical variables and between
pairs of continuous variables are dealt with in the same way as discussed
above; that is, via joint multinomial and multivariate distributions. How-
ever, currently, there is no direct way to specify other kinds of y-y inter-
actions. There is, however, an indirect method (a trick) to specify a local
dependency between, for instance, a categorical, say y;, and a continuous,
say Y, indicator (Vermunt and Magidson, 2002). This can be accomplished

14



by duplicating the categorical indicator and using it both as a covariate and
as an indicator in the model. The local dependency is obtained by specifying
that the “covariate y;” has direct effect on g5, but does not affect the latent
variable x1. This yields the conditional Gaussian distribution for y, proposed
by Hunt and Jorgensen (1999). In a similar way, one can specify direct effects
of a continuous y on a categorical y, of a categorical y on a Poisson count,
and of a continuous y on a Poisson count.

3 LC Factor Models
The LC factor model implemented in Latent GOLD is a model with:

1. one or more dichotomous/ordinal latent variables, which may be as-
sumed to be mutually dependent or independent,

2. indicator (dependent) variables which are nominal, ordinal, continuous,
and/or counts,

3. certain loadings restricted to zero,
4. nominal and/or numeric covariates,

5. direct relationships between indicators and/or direct effects of covari-
ates on indicators.

The main difference between the LC factor and the LC cluster model is
that the former may contain more than one latent variable. Another dif-
ference is that in the factor model the categories of the latent variables are
assumed to be ordered. Thus, rather than working with a single nominal
latent variable, here we work with one or more dichotomous or ordered poly-
tomous latent variables (Magidson and Vermunt, 2001). The advantage of
this approach is that it guarantees that each of the factors is one-dimensional.

The primary difference between our LC factor and the traditional fac-
tor analysis model is that the latent variables (factors) are assumed to be
dichotomous or ordinal as opposed to continuous and normally distributed.
Because of the strong similarity with traditional factor analysis, we call this
approach LC factor analysis. There is also a strong connection between LC
factor models and item response or latent trait models. Actually, LC factor
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models are discretized variants of well-known latent trait models for dichoto-
mous and polytomous items (Heinen, 1996; Vermunt, 2001).

As in maximum likelihood factor analysis, modeling under the LC factor
approach can proceed by increasing the number of factors until a good fitting
model is achieved. This approach to LC modeling provides a general alterna-
tive to the traditional method of obtaining a good fitting model by increasing
the number of latent classes. In particular, when working with dichotomous
uncorrelated factors, there is an exact equivalence in the number of para-
meters of the two models. A LC factor model with 1 factor has the same
number of parameters as a 2-class LC cluster model, a model with 2 factors
as a 3-class model, a model with 3 factors as a 4-class model, etc. Thus, in an
exploratory analysis, rather than increasing the number of classes one may
instead increase the number of factors until an acceptable fit is obtained.

3.1 A Two-factor Model for Nominal Indicators

To illustrate the LC factor model, let us assume that we have a two-factor
model for four nominal categorical indicators. The corresponding probability
structure is of the form

4
T(Y192Y3Y4) ZZ T(T122 HW yk|$1$2
k=1

1 T2

The conditional response probabilities 7 (yx|z1, x2) are restricted by means of
logit models with linear terms

_ A0 1 1
nyk|w1w2 — Py + Blyk Uz + Bka * Uzgy-

Because the factors are assumed to be ordinal (or discrete interval) variables,
the two-variable terms are restricted by using fixed category scores for the
levels of the factors, which yields so-called row-association structures. The
scores v,; for factor j are equidistant scores ranging from 0 to 1. The first
level of a factor gets the score 0 and the last level the score 1.

Note that above logit model does not include the three-variable interac-
tion term of the two factors and the indicator. The parameters describing
the strength of relationships between the factors and the indicators — here,
6] %yk and Béyk — can be interpreted as factor loadings.

6Two edited volumes paying special attention to the relationship between latent trait
and latent class models are Langeheine and Rost (1988) and Rost and Langeheine (1997).
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In the standard LC factor model, the factors are specified to be dichoto-
mous, which means that the row-association structures are not real con-
straints. An important extension of this standard model is, however, in-
creasing the number of levels of a factor, which makes it possible to describe
more precisely the distribution of the factor concerned. Note that the lev-
els of the factors remain ordered by the use of fixed equal-interval category
scores in their relationships with the indicators.” Therefore, each additional
level costs only one degree of freedom; that is, there is one additional class
size to be estimated.

In the default setting, the factors are assumed to be independent of one
another. This is specified by the appropriate logit constraints on the latent
probabilities. In the two-factor case, this involves restricting the linear term
in the logit model for m(z1z2) by

77m1x2 = ’ygl + 72:2

Working with correlated factors is comparable to performing an oblique ro-
tation. The association between each pair of factors is described by a single
uniform association parameter:

_ .0 0 0
nxlwg - 71‘1 + Vmg + 712 : ,Ul'l : ,U-rQ'

It should be noted that contrary to traditional factor analysis, the LC factor
model is identified without additional constraints, such as setting certain
factor loadings equal to zero.® Nevertheless, it is possible to specify models
in which factor loadings are fixed to zero. Together with the possibility
to include factor correlation in the model, this option can be used for a
confirmatory factor analysis.

3.2 Other Possibilities

Above, we presented the two-factor LC model for nominal categorical vari-
ables. We discussed several important extensions of the standard model,

"Several authors have described such a scoring of latent classes. See, for instance, Ue-
bersax (1993, 1997), Heinen (1996), Clogg (1988), Formann (1992), Formann and Kolh-
mann (1998), Vermunt (2001).

8Of course, this is only true if there are sufficient indicators compared to the number
of factors.
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such as increasing the number of categories of the latent variables, assuming
factors to be correlated, and setting factor loadings equal to zero.

Other extended possibilities are similar to what we discussed in the con-
text of LC clustering. Indicators can not only be nominal but also ordinal,
continuous, or counts. In addition, as in the LC cluster models described in
the previous section, one can specify models with local dependencies, as well
as models with nominal and numeric covariates.

4 LC Regression Models

The LC or mixture regression model implemented in Latent GOLD is a model
with:

1. a single nominal latent variable,

2. asingle dependent variable which may be nominal, ordinal, continuous,
or a binomial or Poisson count,

3. replication or repeated observations,
4. zero, equality, and order restrictions on regression coefficients

5. nominal and/or numeric covariates.

The main difference between LC regression analysis and the other forms
of LC analysis implemented in Latent GOLD is that it contains a single
dependent variable. This dependent variable, which may be observed more
than once for each case, can be nominal, ordinal, a count, or continuous.
As with LC cluster models, LC regression models contain a single nominal
latent variable.’

4.1 The General LC Regression Model

An important feature of LC regression models is that for each case we may
have more than one observation. These multiple observations may be ex-
perimental replications, repeated measurements at different time points or

9References to LC or finite mixture regression analysis are Wedel and DeSarbo (1994),
Wedel and Kamakura (1998), Vermunt and Van Dijk (2001), Agresti (2002, section 13.2).
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occasions, clustered observations, or other types of dependent observations.
Here, we will use the term replications, where the replication number will be
denoted by t. The number of replications is not necessarily the same for all
cases. The total number of replications for case 7 is denoted by 7;. The value
of the dependent variable at replication ¢ is denoted by ;.

In the context of LC regression analysis, it makes sense to make a dis-
tinction between two types of z variables:

1. variables influencing the latent variable,

2. variables influencing the dependent variable.

Because the first type is similar to the z variables used so far, we will call
them “covariates”. For the second type, we introduce the name “predictors”
since they serve as predictors in the regression equation for the dependent
variable y. Covariates will be denoted by z¢ and predictors by z!. The index
t in 27 reflects that the value of a predictor may change across rephcatlons.
A covariate, on the other hand, has the same value across the replications
belonging to the same case.

Note that we are describing a two-level data structure: covariates are
the higher-level independent variables while predictors are lower-level inde-
pendent variables. Here, ¢ indexes the (dependent) lower-level observations
within a certain higher-level observation. This illustrates that Latent GOLD
can be used to estimate (non-parametric) two-level or random-coefficient
models. Using ¢ as an index for time points or time intervals, we obtain
models for longitudinal data, like growth or event history models with non-
parametric random coefficients (Wedel et al., 1995; Vermunt, 1997, 2002,
Vermunt and Van Dijk, 2002).

Using the slightly modified notation described above, the most general
LC regression model can be defined as

.

T;
fylzz?) = wlaa|z®) [] fwelanzd)
t=1

z]

For nominal or ordinal dependent variables, the probability density f (y:|z12})
will be assumed to be multinomial, for continuous variables, univariate nor-
mal, and for counts, Poisson or binomial.
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In Latent GOLD 3.0, it is possible to specify a replication weight rw;; for
each record belonging to case i. These modify the definition of f(y|z°z?) as
follows:

fyleazf) (8)

’:],H

fylzz’) = w(a|z%)
xr1 tZl
The linear predictor in 7(x|z¢) has the same form as in LC cluster models
(see equation 5). In the case of a nominal dependent variable, the linear
predictor in f(y:|x12}) equals

P
Ny|z 2P = B;ly + Z ﬁilzfegﬁ (9)
/=1

where LP denotes the number of predictors. With counts or continuous de-
pendent variables, we would omit the index y — which reflects that there is
a separate parameter for each level of the dependent variable — from the
parameters. For ordinal variables, lez "y = lez b Uy

The part of the LC regression model descrlbed in (9) contains two types of
parameters: a set of class-specific intercepts and a set of class-specific regres-
sion coefficients. Note that the parameters are assumed to be independent
of the replication number ¢.!Y In the case of numeric predictors, the 3’s are
restricted in the usual manner: 5:01 B = Bwly Ze-

While in the standard LC regression model all regression coefficients are
assumed to be class dependent, it is also possible to specify models in which

one or more regression coefficients are class independent; that is, Bwlz "y =

6259' Wald statistics are reported that help users to determine for which
coefficients such restrictions might be valid.

4.2 The Most Important Special Cases

The simplest probability structure for a LC “regression model” is
Fly) = @) fyile) -
z1

This is a finite mixture model in which the mean and possibly also the vari-
ance of the distribution of y; is assumed to be class-dependent. Such a model

0By defining an independent variable “replication number” or “time”, as well as the
necessary product terms, one can make parameters replication or time dependent.
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without predictors makes it possible to describe the unobserved heterogeneity
with respect to the distribution of y; in the population under study.!!

A more useful LC regression model is obtained by including independent
variables in the model, such as,

Fnl8) = w(@) fy|n12428) .

1

Here, f(y1|r1272%) denotes the distribution of the dependent variable y; given
a person’s scores on the predictors 27, and 25, and latent position x;. De-
pending on the type of dependent variable, the mean of the appropriate
distribution is restricted by means of a logit, log-linear, or linear regression
model.'?

An important extension of the above LC regression model is obtained by
making class membership dependent on covariates (Kamakura, Wedel, and
Agrawal, 1994; Vermunt, 1997). An example of such a model is:

Flnlzi252075) = D m(wa|2(25) f(yi |21 2 25) .
Tl
In this model, it is assumed that the probability of belonging to latent class
x1 depends on the values of z{ and z§. This is equivalent to the way covariates
can be used in the other types of LC models.

As already mentioned above, there may be more than one observation per
case; that is, there may be more than one replication of the same dependent
and independent variables for each observational unit. The model above with
replications yields the following probability structure:

T;
F(yl25252828) = > " m(wn|2525) [ | £ (yuelnzhizly)
x1 t=1
Such a LC regression model for repeated measures is very similar to mul-
tilevel (two-level), mixed, or random-coefficients models, in which random
effects are included to deal with the dependent observations problem. The

LC regression model is a non-parametric random-effects model (Vermunt and
Van Dijk, 2001; Agresti, 2002, section 13.2).

HRelevant references on this topic are Laird (1978), Everitt and Hand (1981), Titter-
ington, Smith, and Makov, (1985), McLachlan and Basford (1988), McLachlan and Peel
(2000), Dillon and Kumar (1994), Bshning (2000), and Magidson and Vermunt (2003).

2For some applications, see Wedel and DeSarbo (1994), Bsckenholt (1993), Land, Mc-
Call and Nagin (1996), and Mare (1994).
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4.3 Restrictions on Class-specific Regression Coefficients

Various types of restrictions can be imposed on the class-specific regression
coefficients: predictor effects can be fixed to zero, restricted to be equal across
certain or all classes, and constrained to be ordered.

Equality and zero restrictions do not require further explanation. The
order restrictions (ascending/descending) are somewhat more complex. For a
numeric predictor, the ascending restriction implies that its coefficient should
be at least zero (5 > 0) and descending that it should be at most zero (8 < 0).
For a nominal predictor, ascending implies that the coefficient of category
s+ 1 is larger or equal to the one of category s (8, < f,,;, for each s) and
descending that the coefficient of category s + 1 is smaller or equal to the
one of category s (3, > ,,,, for each s).

5 Estimation

5.1 Log-likelihood and Log-posterior Function

The parameters of the various types of LC models are estimated by means
of Maximum Likelihood (ML) or Posterior Mode (PM) methods. The like-
lihood function is derived from the probability density function defined in
equation (1). Let 9 denote the vector containing the various types of model
parameters, let y; and z; denote the vector of dependent and independent
variables — or indicators and covariates — for response pattern i, and let n;
be the number of cases with pattern .

Identical response patterns are grouped by the program. It should be
noted that it is possible to specify a Case Weight (cw). The cell counts n;
are obtained by summing the case weights of identical cases. When cw are
sampling weights in a complex survey, Latent GOLD will provide pseudo
ML estimates (Patterson, Dayton, and Graubard, 2002). Another type of
weight is a Replication Weight (rw). As explained in the context of the
LC regression model, these modify the definition of the relevant probability
density (see equation 8).

ML estimation involves finding the estimates for 9 that maximize the
log-likelihood function

log £ = an log f(yi|zi, 9).
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Here, f(yi|zi,¥) is the probability density for pattern i given parameter
values 9.

In order to prevent boundary solutions or, equivalently, to circumvent
the problem of non-existence of ML estimates, we implemented some ideas
from Bayesian statistics in Latent GOLD. The boundary problems are that
multinomial probabilities and Poisson rates may become zero, and that er-
ror variances in normal models may converge to zero. The first problem is
circumvented by using Dirichlet priors for the latent and the conditional re-
sponse probabilities and gamma priors for the Poisson rates, and the second
by using inverse-Wishart priors for the error variance-covariance matrices
(Gelman et. al., 1996; Schafer, 1997; Clogg et al., 1991). These are so-
called conjugate priors since they have the same form as the corresponding
multinomial, Poisson, and multivariate normal probability densities. The
implication of using priors is that the estimation method is no longer ML
but PM (Posterior Mode).

Denoting the assumed priors for 9 by h(1#) and the posterior by P, PM es-
timation involves finding the estimates for ¥ that maximize the log-posterior
function

logP = logL + logh()
= > nilog f(yilz:, ¥) +log h(¥),

or, in other words, finding the point where alg_gp = 0. Algorithms that are

used to solve this problem are described in the next subsection.

The user-defined parameters in the priors h(1}) can be chosen in such a
way that log h(9¥) = 0, which makes PM estimation turn into ML estimation.
PM estimation can also be seen as a form of penalized ML estimation, in
which 1 (1) serves as a function penalizing solutions that are too near to the
boundary of the parameter space and, therefore, smoothing the estimates
away from the boundary.

We will not present again the different kinds of forms that the density
f(yi|zi,¥) can take on since these were described in detail in section 1.
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5.2 Missing Data
5.2.1 Indicators and dependent variable

Latent GOLD has a provision for dealing with missing data in the y variables.
As mentioned above, the likelihood function is derived from the probability
density function defined in equation (1). However, to be able to deal with
missing data, we need to make a minor modification in the definition of the
density function of interest; that is,

f(yl‘zlvlﬁ) = ZW(X‘Zivlﬁ) H f(y'im‘xa Zi, ﬁ)éim'
m=1

X

As can be seen, we have defined an additional variable ¢;,,. This variable
equals one if all y variables in set m are observed for data pattern ¢, and zero
otherwise. What actually happens is that terms for which d,,, = 0 cancel from
the likelihood equation. This implies that we estimate the model parame-
ters using the available information for each of the response patterns, which
amounts to assuming a missing at random (MAR) nonresponse mechanism
(Little and Rubin, 1987; Schafer, 1998, Vermunt, 1997; Skrondal, 1996).

Two additional remarks have to be made with respect to the missing data
procedure implemented in Latent GOLD. First, it should be noted that we
use a single d;,,, to indicate whether all y’s in set m are observed. Thus, d;,, is
also equal to zero if some 3’s in set m are observed while others are missing.
This implies that when local dependencies are included in a model, it may
happen that some available information is disregarded.

The second remark concerns the chi-squared goodness-of-fit statistics. Al-
though parameter estimation with missing data is based the MAR assump-
tion, the chi-squared statistics not only tests whether the model of interest
holds, but also the much more restrictive MCAR (missing completely at ran-
dom) assumption (see Vermunt, 1997). Thus, caution should be used when
interpreting the overall goodness-of-fit tests in situations in which there is
missing data.

5.2.2 Covariates and predictors

It is also possible to use cases with missing values on the predictors and
covariates. If the predictor or covariate is numeric, Latent GOLD will impute
the sample mean for the missing values. This is the mean over all cases

24



without a missing value for covariates and the mean of all replications without
a missing value for predictors.

Missing values on nominal predictors and covariates is dealt with via the
design matrix. In fact, the effect is set equal to zero for the missing value
category. Recall the effect coding scheme illustrated in subsection 1.3 for the
case of a nominal predictor with 4 categories. Suppose there is also a missing
category. The design matrix that is set up for the 3 non-redundant terms is
then

categoryl 1 0 0
category2 0 1 O
categoryd 0 0 1
category 4 -1 —1 -1
missing 0 0 O

As can be seen, the entries corresponding to the missing category are all
equal to 0, which amounts to setting its coefficient equal to zero. Note that
in effect coding the mean of the coefficients equals to zero. This imputation
method for nominal variables is therefore similar to mean imputation for
numeric variables.

5.3 Prior Distributions

The different types of priors have in common the fact that their user-defined
parameters (Bayes Constants) denoted by « can be interpreted as adding
« observations — for instance, the program default of one — generated from
a conservative null model (as decribed below) to the data. All priors are
defined in such a way that if the corresponding a’s are set equal to zero, log
h () = 0, in which case we will obtain ML estimates. We could label such
priors as “non-informative”. Below we present the log h () terms for the
various types of distributions without their normalizing constants.
The Dirichlet prior for the latent probabilities equals

log h (7 Z log m(x

Here, Cx denotes the number of classes and «; the Bayes Constant to be
specified by the user. As can be seen, the influence of the prior is equivalent
to adding &t cases to each latent class. This prior makes the sizes of the
latent classes slightly more equal and the covariate effects somewhat smaller.

25



For categorical dependent variables and binomial counts, we use the fol-
lowing Dirichlet prior for m(y|x):

log h(m(yx|x)) Zp i) 2 log 7(yx|x),

where p(yy) is the observed distribution of yx. This prior can be interpreted
as adding Z* observations to each class with preservation of the observed
dlstrlbutlon of Y, Where ai is a parameter to be specified by the user. This
prior makes the class-specific distributions more similar or, in other words,
the S parameters will be slightly closer to zero.

For Poisson counts, we implemented a gamma prior. Let r(yx) be the
observed Poisson rate. The prior we use has the form

O3 9k|xa3 } 9k|xa3
oghulx) = £ ox | ()|~ o)
This prior can be interpreted as adding &* * events to each class with preser-
vation of the overall Poisson rate r(yy).

The inverse-Wishart priors'® for the error variance-covariance matrices
are of the form

10g A(mjse) = —0.5g—i 10g | S| — 0.5 oot (D=0

Here, Dg2 is a diagonal matrix containing the observed variances of the K,
dependent variables belonging to set m. This prior can be interpreted as
incrementing each class with &* observations which are at a distance of one
standard deviation of the class specific mean and which have covariances
of zero. Here, as is the parameter to be specified by the user. This prior
slightly increases the class-specific error variances and slightly decreases the
class-specific covariances.

The influence of the priors on the final parameter estimates depends on
the values chosen for the a’s, as well as on the sample size. The default
settings are a; = ay = a3 = a4 = 1.0. This means that with moderate sam-
ple sizes the influence of the priors on the parameter estimates is negligible.
Setting a; = as = ag = a4 = 0 yields ML estimates.

13 Actually, our prior differs somewhat from a real inverse-Wishart distribution since we
omit the term — Km;—l log |§]m|x|, where K, is the number of variables in set m. The
reason for doing this is that this term does not become zero if ay = 0, which is something
we want to happen in order to be able to switch from PM to ML estimation.
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5.4 Algorithms

To find the ML or PM estimates for the model parameters 19, Latent GOLD
uses both the EM and the Newton-Raphson algorithm. In practice, the
estimation process starts with a number of EM iterations. When close enough
to the final solution, the program switches to Newton-Raphson. This is a way
to exploit the advantages of both algorithms; that is, the stability of EM when
it is far away from the optimum and the speed of Newton-Raphson when it
is close to the optimum.

The tasks to be performed for obtaining PM estimates for ¥ is finding
the parameter values for which

OlogP  OdlogL  Ologh(¥)

59~ o9 o9 0 (10)
Here
dlog £ _ 0Olog f(yilzi, V)
v ZZ”’ 99
_ Znalogzxﬁ(xhpﬂ)f(Yi|XZi7’l9)
—~ BX)
Olog m(x|z,,9) f(yi|xzi, )
- sz:nx 5 , (11)
where

m(x|z;, V) f(yilxzi, 9)
Nix = N (X|2,y5,9) = ng .
ey, 9) Pyl 9)

The EM algorithm is a general method for dealing with ML estimation with
missing data (Dempster, Laird, and Rubin, 1977; McLachlan and Krishnan,
1997). This method exploits the fact that the first derivatives of the incom-
plete data log-likelihood (log £) equal the first derivatives of the complete
data log-likelihood (log £¢). In our case, the complete data log-likelihood is
the log-likelihood that we would have if we knew to which class cases with
response pattern ¢ belong:

log £ =Y "> nixlogm(x|z,, 9) f (yilxz:, 9). (13)

2 X

(12)
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Each vth cycle of the EM algorithm consists of two steps. In the Expec-

tation (E) step, estimates nY, are obtained for n, via equation (12) filling
~v—1
ind  as parameter values. The Maximization (M) step, involves finding

new 9 improving log £°. Note that, actually, we use PM rather than ML
estimation, which means that in the M step we update the parameters in

such a way that
log P¢ = log L + log h(1) (14)

increases rather than (13). Sometimes closed-form solutions are available
in the M step. In other cases, standard iterative methods can be used to
improve the complete data log-posterior defined in equation (14). Latent
GOLD uses iterative proportional fitting (IPF) and unidimensional Newton
in the M step (see Vermunt 1997, Appendices).

Besides the EM algorithm, Latent GOLD also implements a Newton-
Raphson (NR) method.'" This general optimization algorithm works as fol-
lows:

~v ~v—1

Y9 =9 —ecHlg

The gradient vector g contains the first-order derivatives of the log-posterior

~v—1
to all parameters evaluated at 9 , H is the Hessian or observed information
matrix containing the second-order derivatives, and ¢ is a scalar denoting the
step size. Element g, of g equals

— Ologf(yilz®)  0logh(o)
g?"_zi:”l a0, T oe

and element H,; of H equals

3 D log f(yilz:, ) +(9210gh(19)
T 09,00, 99,00,

Hrs =

Latent GOLD computes these derivatives analytically. The step size € pre-
vents decreases of the log-posterior. L

The matrix H™! evaluated at the final 9, H™!, yields the estimated as-
ymptotic variance-covariance matrix of the model parameters. Note that
H~! can be used to obtain the standard error for any function f(9) of ¥ by

4Haberman (1988) proposed estimation standard LC models by Newton Raphson.
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the delta method:

o~ ! o~
5 (f(@)) - (@) H-! (@) (15)

09 0V
The order restrictions in regression are dealt with using an active-set
method (Gill, Murray, and Wright, 1981). For that purpose, we first trans-
form the effects involved in the order constraints into nonnegativity con-
straints of the form 5 > 0. In an active-set method, the equality constraint
associated with an inequality constraint is activated if it is violated (here,

effect set equal to 0), and inactivated if its update yields an admissible value
(here, a positive update).

5.5 Convergence

The exact algorithm implemented in Latent GOLD works as follows. The
program starts with EM until either the maximum number of EM iterations
(Iteration Limits EM) or the EM convergence criterion (EM Tolerance) is
reached. Then, the program switches to NR iterations which stop when
the maximum number of NR iterations ([teration Limits Newton-Raphson)
or the overall converge criterium (7olerance) is reached. The convergence
criterion that is used is
2.

which is the sum of the absolute relative changes in the parameters. The
program also stops its iterations when the change in the log-posterior is
negligible, i.e., smaller than 10712

The program reports the iteration process in Iteration Detail. Thus, it
can easily be checked whether the maximum number of iterations is reached
without convergence. In addition, a warning is given if one of the elements
of the gradient is larger than 103,

It should be noted that sometimes it is more efficient to use only the
EM algorithm, which is accomplished by setting Iteration Limits Newton-
Raphson = 0 in the Technical Tab. This is, for instance, the case in models
with many parameters and in models for continuous y variables with compli-
cated variance-covariance matrix structures. For very large models one might
also consider suppressing the computation of standard errors and Wald sta-
tistics.

~V ~v—1
o9
~v—1

0

T

bl
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5.6 Start Values

Latent GOLD generates random start values. These differ every time that
a model is estimated because the seed of the random number generator is
obtained from the system time, as long as the technical option Seed equals
0. The seed used by the program is reported in the output. A run can be
replicated by specifying the reported best start seed as Seed in the Technical
Tab and setting the number of Random Sets to zero.

Since the EM algorithm is extremely stable, the use of random starting
values is generally good enough to obtain a converged solution. However,
there is no guarantee that such a solution is also the global PM or ML
solution. A well-known problem in LC analysis is the occurrence of one or
more local maxima, which also fulfill the conditions defined by likelihood
equations given in (10).

The best way to avoid ending up with a local solution is to use multiple
sets of starting values since different sets of starting values may yield solu-
tions with different log-posterior values. In Latent GOLD, the use of such
multiple sets of random starting values is automated. The user can specify
how many sets of starting values the program should use by changing the
Random Sets option in the Technical Tab. Another relevant parameter is
Iterations specifying the number of iterations to be performed per start set.
More precisely, within each of the random sets, Latent GOLD performs the
specified number of EM iterations. Subsequently, within the best 10 percent
in terms of log-posterior, the program performs an extra 2 times Iterations
EM iterations. Finally, it continues with the best solution until convergence.
It should be noted that such a procedure considerably increases the proba-
bility of finding the global PM or ML solution, especially if both parameters
are set large enough, but in general does not guarantee that it will be found
in a single.

5.7 Bootstrapping P-Value of L? Statistic

Rather than relying on the asymptotic p-value, it also possible to estimate the
p-value associated with the L? statistic by means of a parametric bootstrap.
This option is especially useful with sparse tables (Langeheine, Pannekoek,
and Van de Pol, 1996). The model of interest is then not only estimated for
the sample under investigation, but also for R replication samples. These are
generated from the probability distribution defined by the ML estimates. The

30



estimated bootstrap p-value, ppoot, is defined as the proportion of bootstrap
samples with a larger L? than the original sample. The standard error of Py

Pboot(1=Pboot)
R

the number of replications R. The number of replications is specified by the
parameter Replications.

The other parameter is Seed, which can be used to replicate a bootstrap.
The seed used by the bootstrap to generate the data sets is reported in the
output.

Two technical details about the implementation of the bootstrap should
be mentioned. For each bootstrap replication, the maximum likelihood esti-
mates serve as start values. Thus, no random sets are used for the replica-
tions. To gain efficiency in terms of computation time, the iterations within
a bootstrap replication are stopped when the L? is smaller that the original
one, even if the convergence criterion or the maximum number of iterations
is not reached.

equals . The precision of py.¢ can be increased by increasing

5.8 Identification Issues

Sometimes LC models are not identified; that is, it may not be possible to
obtain unique estimates for some parameters. Non-identification implies that
different parameter estimates yield the same log-posterior or log-likelihood
value. When a model is not identified, the observed information matrix H is
not full rank, which is reported by the program. Another method to check
whether a model is identified is to run the model again with different starting
values. Certain model parameters are not identified if two sets of starting
values yield the same log P or log £, but different parameter estimates.

With respect to possible non-identification it should be noted that the use
of priors may make identified models that would otherwise not be identified.
In such situations, the prior information is just enough to uniquely determine
the parameter values. Examples of such situations are LC cluster models for
two polytomous nominal indicators and the LC two-factor models for four
dichotomous items.

A related problem is “weak identification”, which means that even though
the parameters are uniquely determined, sometimes the data is not informa-
tive enough to obtain stable parameter estimates. Weak identification can
be detected from the occurrence of large asymptotic standard errors. Local
solutions may also result under weak identification.
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Other “identification issues” are related to the order of the classes of the
latent variables and the uniqueness of parameters for nominal variables. We
force the order of the classes to be unique by reordering the classes according
to their sizes: the first class is always the largest class. In LC factor analysis,
the order between factors is based on the classification R-squared (largest
first), and the order of the levels of each factor is such that the first level
is larger than the last level. Parameters (7’s and (’s) involving nominal
variables are identified by using effect or ANOVA-type coding, which means
that they sum to zero over all their indices. Note that the Parameters output
also contains the redundant v and 3 parameters and their standard errors.

6 Latent Gold’s Output

Below, we provide the necessary technical details on the quantities presented
in the various Latent GOLD output sections: Summary Information for a
Model, Parameters, Profile, ProbMeans, Iteration Detail, Frequencies, Bi-
variate Residuals, and Classification.

6.1 Summary Information for a Model

This first part of the output section reports the number of cases (), the to-
tal number of replications (in regression models with a case ID), the number
of estimated parameters (npar), the number of activated constraints (in re-
gression models with order restrictions), the seed used by the pseudo random
number generator, the seed of the best start set, and the seed used by the
bootstrap procedure. The last part (Variable Detail) contains information on
the variables that are used in the analysis. The other four parts - Chi-squared
Statistics, Log-likelihood Statistics, Classification Statistics, and Prediction
Statistics - are described in more detail below.

6.1.1 Chi-squared Statistics

In LC models containing only discrete dependent or indicator variables (nom-
inal, ordinal, count, or binomial count), the program reports chi-squared and
related statistics. The three reported chi-squared measures are the likelihood-
ratio chi-squared statistic L?, the Pearson chi-squared statistic X2, and the
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Cressie-Read chi-squared statistic CR?.> Let n; denote an observed cell
entry, m; an estimated cell entry, I the number of non-zero observed cell
entries, and N the total sample size. Using these definitions, the chi-squared
statistics are calculated as follows:

n;
L = 2) nilog=,
’ " Ogm

()’
X% = EjA — N,
- m;

I e\ 23
2 . ) _
CR?> = 1.82 N [(ﬂ> 1] .

An expected cell entries m; is obtained by:

i = Nu, [ (vil2:.0) = Ny, (yilz:,9), (16)

i.e., the total number of cases with the same covariate values as response
pattern ¢ times the estimated multinomial probability.

The observed cell counts n; are obtained by grouping identical cases.
With replications, all records of a case have to be considered. The observed
frequency table is set up by grouping cases with identical records; that is,
people that have the same covariate, predictor, and exposure values, and
give the same responses. In order to obtain the chi-squared statistics, we
also need the totals of the relevant multinomials, which are denoted by V,,.
The full predictor, covariate, and exposure pattern defines the multinomial
to which a case belongs. What we have to do is group cases with identical
predictor, covariate, and exposure values. This amounts to grouping cases
without taking into account their responses.

The estimated probabilities under the saturated model are obtained by
dividing the observed frequencies by the corresponding totals. L? can also
be written as

15 For a comparison of the performance of these statistics see Collins et. al. (1993).
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that is, as minus twice the difference of the log-likelihood of the data (=the
saturated model) and the log-likelihood of the model of interest.

Let C, be the total number of different covariate patterns in the data set,
Cy, the number categories of yi, and npar the number of parameters in the
model.'® The number of degrees of freedom is defined by

df = Cy, (H Cy, — 1) — npar.
k

The chi-squared values with the corresponding df yield the asymptotic p-
values, which can be used to determine whether the specified model fits the
data.'”

If the bootstrap option is used, the program also provides the estimated
bootstrap p-value corresponding to the L? statistic, as well as its standard
error. This option is especially useful with sparse tables, in which case the
asymptotic p-values cannot be trusted.

The program reports the Bayesian Information Criterium (BIC), the
Akaike Information Criterium (A/C), and the Consistent Akaike Informa-
tion Criterium (CAIC) based on the L? and df, which is the more common
formulation in the analysis of frequency tables. They are defined as

BIC;» = L*—log(N)df,
AIC,2 L? — 2 df,
CAIC> = L*—[log(N)+1] df.

These information criteria weigh the fit and the parsimony of a model: the
lower BIC, AIC, or CAIC, the better the model.

16 A Hinomial count can take on a value between 0 and the total exposure Ty. Cy, is
therefore equal to Ty + 1. A Poisson count can take on any value, which means that the
number of categories is in fact infinity. However, we set Cy, = max(yx)+2, which amounts
to treating all values that are larger than the largest observed score as a single category.

1"When there is missing data, computation of the number of degrees of freedom is a
bit more complicated. In that case, we have to compute a separate term of the form
Cor([11(Cye )% — 1) for each missing data pattern r, where §x, denotes whether variable
Yk is observed or not in the missing data pattern concerned. The sum of these terms minus
npar yields df. A similar situation as with missing data occurs if cases differ with respect
to their number of replications or their exposures.
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6.1.2 Log-likelihood Statistics

For all models, we report the values of the log-likelihood (log £), the log-prior
(log h(19)), and log-posterior (log P) , where

logl = Znilogf(YHZz’,@),

logP = log L+ logh(V).

In addition, the Bayesian Information Criterium (BIC'), the Akaike Infor-
mation Criterium (AIC), and the Consistent Akaike Information Criterium
(AIC) based on the log-likelihood are reported. The latter are defined as

BIC\ gz = —2logL+ (log N) npar,
AlC\ gz = —2logL + 2 npar,
CAIC\ gz = —2logL+[(logN) + 1] npar.

6.1.3 Classification Statistics

This set of statistics contains information on how well we can predict to
which latent class cases belong given their observed y and z values, or, in
other words, how well the latent classes are separated. Classification is based
on the latent classification or posterior class membership probabilities. For
response pattern i, these are calculated as follows:

~

7(x|z;, 9) f (yilxzi, 9)
f(yilz:,9)

In LC factor models with several factors, these are actually joint classification

probabilities for all J latent variables at once. However, latent classification

probabilities for a single latent variable can be obtained by collapsing these
joint probabilities over the other latent variables; that is,

m(x|z,yi, 9) = (17)

m(zjlzyi9). = Y w(x|zyi,9). (18)

wj/;éa:j
These quantities are used to compute the estimated proportion of classifica-
tions errors (E;) for each latent variable, as well as three R*-type measures:
the reduction of classification error (R? ), an entropy based R*-type mea-

J,error
sure for nominal variables (R? entropy)s @nd a “standard” R? Each of

Jvariance*
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these R? measures is based on the same kind of reduction of error structure;

namely,
error(z;)—error(z;|z,;y;)

R? =

J

error(z;)

where error(x;) is the total error without using information on z;, and y;,
and error(z;|z,y;) the error if we use all available information from case . In

2
R] error’
error(z;) = 1—max 7T(:L'j|’l/§),
n; -~
error(z;lz;y;) = E; = Z N [1 — max 7(z;|z,yi, 9)| ,
2
ln Rj entropy’
error(z;) = —Zﬂ' x]|1/§ logw(xj@)
error(zjlz;y;) = — Z Zﬂ' z|z, yi, O ) log m(x,|z, y,,1A9),

and in R?

7, variance

error(z;) = Z[vmj = Ewy)*r(2;]9),
n; ~
error(z;|z,y;) = Z Z Vg, — xj P (x;]z,yi, 9).

Here, v,, denotes a fixed category score for the jth latent variable and E (x5)
its mean.
In the cluster and regression model, the latent variable is a nominal vari-

able. The definition of R] variance 18 therefore based on the qualitative variance

(Magidson, 1981); that is,

error(z;) = Z[l — 7T(:L'j|’l/§)]ﬂ'(l‘j|’l/§),
n; -~ -~
error(v;|z,y:) = Y N > 11— w(wylzyi, 9)] w7y, D),

which yields a R? of the form of a Goodman and Kruskal tau-b.

7y variance
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The Average Weight of Evidence (AW E) criterion adds a third dimen-
sion to the information criteria described above. It weighs fit, parsimony,
and the performance of the classification (Banfield and Raftery, 1993). This
measure uses the so-called classification log-likelihood, which is equivalent to
the complete data log-likelihood log L€, i.e.,

log L = Z Z nix log m(x|z,, V) f (yi|xz;, ).
AW E can now be defined as
AWE = —2log L° + 2 (g + log N) npar.
The lower AW E, the better a model.

6.1.4 Prediction Statistics

In the regression model, we have a section called prediction statistics. These
are based on the comparison between observed and predicted y;; values. The
predicted value of the dependent variable given the model parameters and the
predictor and covariate values of individual ¢ at replication t, ¥, is defined
as the weighted average of the class-specific expected values E(yi|z,z;, 9).
In other words,

@\it = E(yit‘ziv 19) = Z W(x‘ziYiﬂ ﬁ)E(yit|x7 Z;, 19)
1
As can be seen, person ¢’s posterior membership probabilities serve as weights.
This yields posterior-mean or expected a posteriori predicted values.

The most natural predicted value for ordinal, continuous, and count vari-
ables is the estimated expected value presented above. For nominal variables,
this the mode. As shown below, error measures for categorical variables may;,
however, also be based on the estimated probabilities instead of a single pre-
dicted value. For categorical dependent variables, we report a prediction table
cross-classifying observed and predicted values based on modal assignment.

The average prediction error can be defined in various ways. We imple-
mented measures based on squared error (MSFE), minus the log-likelihood
(=M LL), absolute error (M AE), and, for categorical variables, also the pro-
portion of predictions errors (PPFE). The various types of error measures can
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be denoted by the generic name Error(model). Except for nominal dependent
variables, computation of M SE and M AFE is straightforward:
MSE Zz CWj Zt Wit [ylt - ?/Jit]Q
D i CWi Y TWi
MAE — Zz CWj; Zt Twit|yit - ?/J'Lt|
D i CW; Y TWi

Here, cw; and rw;; denote case and replication weights. For nominal variables,
[yit —Jir]* and |yi: —7it| are replaced by a sum over all categories: Y [, (yit) —
(i = qlzi))* and 3 |1, (yi) — 7(yir = q|2)|, where indicator variable I, (y;)
equals 1 if y;; = ¢ and otherwise 0. The mean minus log-likelihood (—M LL)
is obtained using ¥;; as expected value in the appropriate log density function.
Again, we take the average over all cases and replications. More precisely,

_ > i cw; ) rwirlog flyidYidl
D2 Cwi Yy TWit '
With categorical variables, we replace log f[y|7i] by Zq I (yie) In[m(ys =
qlz)].
The general definition of the (pseudo) R? of an estimated model is the
reduction of errors compared to the errors of a baseline model. More precisely,

—MLL =

R _ Error(baseline) — Error(model)

Error(baseline)

Our baseline prediction, 7, is the average predicted value according to the
specified model; that is,

Y cw >, Twila

Yo = Sooen > rwy
Notice that in most situations, 7 is simply the observed sample mean, or the
predicted value in the intercept-only model. This is, however, not necessarily
the case when restrictions are imposed on the intercept.

6.2 Parameters

In the output section Parameters, the program reports the estimates for the
B and ~ parameters appearing in the linear predictors n and the error vari-
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ances and covariances o, as well as the corresponding estimated asymptotic
standard errors, Se(f3), se(), and se(o).

The significance of sets of parameters can be tested by means of the
reported Wald statistic labeled Wald. In LC regression models, we also report
a Wald statistic labeled Wald(=). This statistic tests whether regression
coefficients can be assumed to be equal between classes (class-independent).
The general formula for a Wald statistic (17?) is

W2 = (C'ﬁ)/ (c 1?11(:)_1 (c'9).

where the tested set of linear constraints is: C'9 = 0. The Wald test
is a chi-squared test. Its number of degrees of freedom equals the number
of constraints. Computation of standard errors and Wald statistics can be
suppressed. This option may be useful in models with many parameters.

In the LC regression model, the parameters output contains class-specific
R? values based on M SFE (see also prediction statistics). In the computation
of the class-specific errors, each observed value y;; is compared with the class-
specific prediction given by the model, E(y;|x). The posterior membership
probabilities 7r(x|zi,y,-,1A9) quantify the contribution case ¢ to the error of
class x. More precisely, M SFE, is obtained as

sk, - Sicwm(ala, i, 9) 55 rwi fyn — B(yale)”
Zi C’U)ﬂT(ﬂ?|Zi, yi, "‘9) Zt TWit
Similarly to the overall R?, in the computation of each class-specific R?,
we use the average F(y;:|x) to derive a baseline error.
We also report the means and standard deviations of the regression coeffi-

cients. These are the typical fixed and random effects in multilevel, mixed, or
random-coefficient models. The mean equals ) 7(x) 3, and the standard

deviation\/zx 7(x) (Bm)2 — [Zm 7(x) /Br} 2.

The parameters output in the cluster and factor models contains a sep-
arate R? value for each indicator. These are similar to explained variances
in analysis of variance and item communalities in traditional factor analysis.
For the scale types ordinal, continuous, and count, these are standard ex-
plained variances; that is, they are defined as the ratio of the between-class
and total variation of the y variable concened. For nominal indicators, the R?
is based on the qualitative variance, which is the sum of the category-specific
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variances (see classification statistics), yielding a Goodman and Kruskal tau-
b measure.

6.3 Profile

The Profile output contains transformations of the 5 and v parameters that
make the interpretation of the results somewhat easier. First, we report the
estimated marginal latent probabilities or class sizes for each latent variable,
7(x;), which are obtained as follows:

) =3 S %%(;qz).

z Tz

Here, N, denotes the number of cases with covariate pattern z. In factor, we
also provide the joint marginal distribution of all latent factors.

The second part of the Profile output contains partial conditional means
or probabilities for each yi-x; combination. These show the strength of the
effects of the latent variables on the dependent or indicator variables using
a more natural scale; that is, depending on the scale type of the y variable:
probabilities, Poisson rates, or normal means. In the factor model, the Profile
output also contains joint partial conditional means or probabilities for each
indicator.

For nominal and ordinal y variables, the linear term used to obtain the
partial conditional probabilities 7 (yx|z;)P* " equals

~Opartial ~1

~partial __
Myplz; = ﬁyk + ﬁyk|$j'
~1
Here, Bykle is the effect that we want to transform to a probability scale.
~Opartial ~0
The intercept term Byi contains the main effect 3, , as well as all the

other 8 terms for y; evaluated at the mean of the other variable entering in
the term concerned. When the other variable is nominal, the term concerned
is simply omitted.

The resulting partial conditional probabilities show the effect of z; on y;
on a probability scale for a person with average values on all other variables
appearing in the model for y;. Note that in models with a single latent
variable, without effects of covariates on 1, and without local dependencies
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involving vy, the resulting partial conditional probabilities equal the condi-
tional probabilities appearing in the model: 7(yx|x;)P*" = 7(yx|z;). This
also applies to the joint partial conditional probabilities in the factor model.
For continuous indicators, we report the normal means fi(k|z;)P**, for
counts, the Poisson rates §(k|xj)parti“l, and for binomial counts, the success
probabilities 7 (k|x;)P*""*!. These are based on linear terms of the form

~Opartial ~1

~partial __

Also (joint) marginal conditional means or probabilities are provided.
These are obtained using the relevant model probabilities and means, and
aggregating over the other variables involved in the model for the y vari-
able concerned. To show how these are obtained, let us consider one of the
more complicated cases. Suppose we have a LC factor model with covari-
ates having direct effects on indicators and with a local dependency between
nominal indicators y; and y2. The marginal probability 7(y;|x;) is obtained
as follows:

7(z))

T(ylz;) =

As can be seen, first we compute the joint probabilities of y;, yo, x, and z,
collapse these over all other variables, and divide the result by the marginal
probabilities of the latent variable(s) concerned.

Standard errors for the (joint) marginal latent probabilities, and the
(joint) partial and marginal means are computed by means of the delta
method (see equation 15).

Latent GOLD 3.0 also provides Profile output for covariates. This is
not computed using the model probabilities and means as for indicators and
dependent variables, but from the posterior membership probabilities. We
compute the probability of having a certain covariate value given class mem-
bership by aggregating and re-scaling posterior membership probabilities.
Profile output for covariates is, in fact, re-scaled ProbMeans output (for
more details, see Probmeans output below).

The (joint) partial and marginal conditional means are plotted in the
Profile Plot. This makes it easy to identify differences between clusters,
classes, or levels of factors.
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6.4 ProbMeans

The Profile output gives the conditional distribution of a y variable given an
individual’s score on a latent variable. However, it may also be of interest to
look at the distribution of the latent variable for a certain level of an observed
variable. Measures of these kinds appear in the ProbMeans output and the
associated Uni-, Bi-, and Tri-Plots.

The probability of being classified in a certain latent class given a person’s
score on a z variable - 7(z;|2) - or y variable - T(x;|yx) - can be obtained
by aggregating and collapsing the latent classification probabilities defined
in equation (18) in the appropriate manner. More precisely,

Rlajlye) = > wlaslzyi, 9) ni/N,y,.
all yix=yx
Here, N,, denotes the total number of persons in level y; of indicator k. A
similar formula can be used to obtain the probabilities for the covariates,
m(xj|ze).

In LC cluster and regression models, the above class membership prob-
abilities are plotted in Uni- and Tri-plots (Vermunt and Magidson 2000;
Magidson and Vermunt, 2001). Similar plots have been proposed by Van der
Ark and Van der Heijden (1998) and Van der Heijden, Gilula, and Van der
Ark (1999) for standard LC and latent budget models.

In LC factor models, we work with factor means rather than class mem-
bership probabilities; that is,

x]|yk Z%J (|Yx)-

Here v,; is the category score of a level of the jth factor. The same formula
can be used to obtain a factor mean for a certain covariate level. Note
that in LC factor analysis we use scores ranging from 0 and 1 for the factor
levels. This implies that with a dichotomous factor, a factor mean equals the
probability of being in level (class) 2.

The factor means for each covariate level and for each indicator level
are plotted in the Uni- and Bi-plots of our LC factor models (Vermunt and
Magidson 2000; Magidson and Vermunt, 2001).

A nice feature of the ProbMeans output is that it describes the relation-
ships between the latent variable(s) and all variables selected as indicators
or covariates. This means that even if a certain covariate effect is fixed to
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zero, one obtains its ProbMeans information. This feature is exploited in
the “inactive covariates method”. An advantage of working with inactive
covariates is that they do not influence the obtained solution.

6.5 Frequencies

Latent GOLD reports observed and estimated cell frequencies (n; and m;),
as well as standardized residuals (7; ), if all the y variables are discrete; that
is, in LC cluster and factor models with indicators that are nominal, ordinal,
or counts and in LC regression models with a dependent variable that is
nominal, ordinal, or a (Poisson/binomial) count. This is also the situation
in which chi-squared statistics are provided.
The definition of the estimated cell entries was given in equation (16).
The standardized residuals are defined as
~ n; — M,
ri = ——F——.

—~

my;

Note that (7;)? is cell i’s the contribution to the X? statistic.

6.6 Bivariate Residuals

As was explained when presenting the various types of LC models imple-
mented in Latent GOLD, one of the main assumptions in LC analysis is the
local independence assumption. The reported bivariate residuals for z-y and
y-y pairs provide very direct checks for this assumption. They indicate how
similar the estimated and observed bivariate associations are. The measures
can be interpreted as lower bound estimates for the improvement in fit (L? or
—2 log L) if the corresponding local independence constraints were relaxed.®

Actually, these measures, which are sometimes referred to as modification
indices, are Lagrange-type chi-squared statistics. Likelihood-ratio statistics
compare the log-likelihood values of a restricted and an unrestricted model,
Wald statistics estimate the decrease of the log-likelihood value if constraints
are imposed in the unrestricted model, and Lagrange-multiplier statistics
estimate the increase of the log-likelihood value if constraints are relaxed in

18Similar but not completely equivalent approaches for detecting local dependencies
have been proposed by Bartholomew and Tzamourani (1999), Reiser (1996), Reiser and
Lin (1999), and Glas (1999).
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the restricted model or, equivalently, if parameters are added to the restricted
model (Buse, 1982). Even though the bivariate residuals reported in Latent
GOLD are similar to Lagrange-multiplier tests, they are not exactly the
same because they do not take into account the dependencies between the
parameters in the restricted model and the new set.

Suppose that a particular local dependency contains R parameters de-
noted by 9“?!, The general formula for our Lagrange-type residuals is:

dlog P 0?log P
R Z (aﬁlocal ) (W) .

Thus, for each of the R parameters, we compute the first- and second-order
derivative of the log-posterior. Dependencies between the parameters in a
set, as well as with the main effects, are dealt with by including redundant
parameters in a set. To further reduce the computational burden, in some sit-
uations, we use an approximation for the second-order derivatives. Note that
because of the factor —+, the measure should be interpreted as the estimated
model fit 1mprovement per extra parameter.

Latent GOLD reports z-y residuals for all types of y variables. These
are based on the (unrestricted) ﬁy ., terms. The y-y residuals for pairs of
categorical (nominal or ordinal) variables are based on ﬁy y,, terms, and
for pairs of continuous variables on the error covariances ojr. For pairs of
Poisson counts, we currently do not have bivariate residuals.

Finally, y-y residuals between variables of different scale types are re-
ported. Residuals for categorical-continuous pairs assume that the categori-
cal variable is used as a covariate in the model for the continuous variable.
The same method is used in the case of pairs consisting of a categorical and
a Poisson variable. As was explained in the subsection on LC cluster models
for mixed mode data, these kinds of local dependencies can only be included
in an indirect manner in the model. Continuous-Poisson residuals are not

reported.

6.7 Classification and Related Output

The Classification output section contains the classification information for
each response pattern 7. Classification is based on the latent classification or
posterior class membership probabilities described equation (18).
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In LC cluster models and LC regression models, we have only one la-
tent variable, which means that we can also denote these probabilities by
7(z1|z,yi, ¥). These quantities can directly be used to determine which class
someone belongs to. More precisely, subjects are assigned to the latent class
with the highest latent classification probability. This method of assignment
is sometimes referred to as empirical Bayes modal (EBM) or modal a poste-
riori (MAP) estimation (Skrondal, 1996).

In LC factor models, there may be more that one latent variable. In
addition, the factors are ordinal or discrete interval variables that can be
used as approximations of continuous latent variables with unknown distri-
butions. Therefore, in LC factor models, Latent GOLD not only reports the
classification probabilities and the modal allocation for each factor, but also
the factor scores or factor means. The factor scores for response pattern ¢
are obtained by

E(z|ziy, {9) = Z 11$]47T(xj|ziyi7 @)

Here, v,; denote the category scores (ranging from 0 to 1) for the levels
of the latent variable concerned. Factor scores computed in this manner are
sometimes referred to as empirical Bayes (EB) or expected a posterior (EAP)
estimators (Skrondal, 1996).

Classification can also be based on covariates only. This involves using the
model probabilities 7(x|z;, 1), sometimes referred to as prior probabilities,
as classification probabilities. The same classification rules can be applied as
with the posterior class membership probabilities.

An issue related to classification is the estimation of individual regres-
sion coefficients. The posterior-mean or expected a posteriori estimate of a
particular regression coefficient for case ¢ is defined as follows:

B, = w(xlziy:, 9) B, ;
that is, as a weighted average of the class-specific coefficients. These es-

timates are similar to the individual coefficients obtained in multilevel or
hierarchical (Bayes) models.
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